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Figure S2: Graphs showing replicate chromatograms obtained during a 6 × 6 × 6 grid search of the
reaction parameter space. 216 uniformly spaced grid points were tested in a randomised order, of which
191 were tested once, 20 were tested twice and 5 were tested three times. The chromatograms shown

here correspond to those grid points that were tested multiple times. The numbers listed in the top left
of each graph specify the measurement number of the chromatograms, while the numbers listed on the

right denote the corresponding temperature, reaction time and molar ratio of sultine to C60.
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Some comments on the construction and properties of the merit
function used for constrained optimisation

For the work described here constraints were applied using an analytical technique due to Huyer
and Neumaier

1
which, building on earlier work by Dalwig et al.

2
, involves the transformation

of an unconstrained objective function f(x) (for the lead property) into a new bounded func-
tion f∗(x), onto which an easily constructed bounded constraint function p(x) (for the other
properties) may subsequently be appended:

f∗(x) =
f(x)− f0

∆ + |f(x)− f0|
(S1)

where f0 is the value of the original objective function at a previously determined feasible point
x0 (i.e. at a point that satisfies all constraints) and ∆ is a fixed positive number. There is
some flexibility in the choice of ∆, although it is convenient to set it equal to the median value
of |f(x) − f0| obtained from a small set of data points distributed throughout the parameter
space.

The constraint function p(x) is a compound penalty function that assumes a positive value
– and so increases the value of the objective function – whenever one or more of the constraints
is violated. Specifically, the constraint function takes the form:

p(x) = 2(

∑
i p

2
i (x)

1 +
∑

i p
2
i (x)

) (S2)

where the index i runs over all constrained properties and pi(x) denotes the corresponding
penalty function. For each constrained property a window [FLower

i , FUpper
i ] is specified that de-

notes the preferred lower and upper limits for the property, together with a positive variable ∆Fi

that denotes the maximum allowed digression away from these limits. pi(x) is assigned a value
[FLower

i − Fi(x)] / ∆Fi, zero, or [Fi(x)− FUpper
i ] / ∆Fi according to whether Fi(x) lies below,

within, or above the bounds of the window. In other words, whenever a constrained property
lies outside the preferred range, a positive penalty is applied of a size that is proportional to
the digression from the nearest limit.

From (S1), f∗(x) lies in the range [-1, 1], with negative values corresponding to points with
f(x) < f0. From (S2), p(x) lies in the range [0, 2], with a value of zero signifying feasible
points for which all constraints are fully satisfied, positive values in the range [0, 1] signifying
semi-feasible points for which no constraint is violated by more than its corresponding sigma
value, and positive values greater than one signifying infeasible points for which at least one
constraint is violated by more than its corresponding sigma value. Combining the two functions,
we obtain a new objective function f soft(x) spanning the range [-1, 3] that takes into account
both the value of the lead property and the constraints:

f soft(x) = f∗(x) + p(x) (S3)

The constrained optimisation is carried out by searching for the location x̂ of the global mini-
mum of f soft(x) - a straightforward procedure since, providing all properties vary smoothly with
x, Eq. (S3) yields a continuously differentiable merit function that may be readily minimised
using standard optimisers.

From the above discussion, all feasible points (of which there is assumed to be at least one at
x0) have f soft-values less than or equal to one, while all infeasible points have f soft-values greater
than zero. x̂ cannot therefore be an infeasible point since, by construction of Eq. (S1), at least
one feasible point has a lower f soft-value of zero (and other feasible points may have negative

9



f soft-values); moreover x̂ can only be a semi-feasible point if the reduction in f∗(x) achieved by
straying outside the feasible zone exceeds the penalty p(x̂) due to the transgression. Given the
monotonic relationship between f∗(x) and f(x), it follows that x̂ will only be a semi-feasible
point if f(x̂) is smaller than the lowest known value of f(x) inside the feasible zone – a sensible
basis for violating the constraint(s).

The individual penalty functions in (S2) merely require one to specify the preferred bounds
for each property, together with a ∆F value defining the maximum permissible digression from
these bounds – easily supplied quantities in many cases.∗ Hence the complete penalty function
can be readily constructed on the basis of easily acquired physical information. This contrasts
with conventional penalty functions where the penalty parameters (used to control the extent
to which the constraints may be violated) are purely mathematical parameters with no direct
physical interpretation, meaning their values cannot be set a-priori and must instead be decided
through extensive experimentation

3
.

The only other information required to carry out the constrained optimisation is a feasible
point, which may be found by first minimising p(x) until a value of zero is obtained. Alter-
natively, to avoid the need for a separate optimisation, measurements may be carried out at a
small set of initial data points that are evenly distributed throughout the parameter space (the
same ones used to determine ∆). If any of these points are found to be feasible, f0 is set equal
to the objective function value of the best feasible point in the set; otherwise it is set equal to
2f(x) − fmin as a temporary proxy for a feasible point, and the optimisation proceeds until a
genuine feasible point is found. At this point f0, ∆ and all the f soft values so far obtained are
recalculated, before resuming the optimisation.† Either way, the optimisation routine requires
little prior knowledge of the system and, by using only easily supplied values for the constraints,
avoids the usual need for laborious tuning of merit function parameters.
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