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ESI1. Systems X, {n; ABn,}X,, for which explicit solutions are reported

Table ESI1
ni+n, | ng, Nz | number of objects | number of equilibria | X,. {n;ABn,}X,.
(ny+1)(nz+1) (n: +1)(n; +1)-1 rci=0,1,...,0 | 1¢:=0,1,...,nz
12 120 | 13 12 0,...,12 0
4,8 | 45 44 0,...4 0,...8
6 6,0 7 6 0,...,6 0
51 |12 11 0,...5 01
4,2 15 14 0,....4 0,1,2
3,3 16 15 01,23 01,23
5 50 |6 5 0,...5 0
4,1 10 9 0,....4 0,1
3,2 12 11 01,23 01,2
4 40 |5 4 0,...4 0
3,1 8 7 01,23 0,1
2,2 |9 8 012 0,12
3 3,0 |4 3 0123 0
2,1 6 5 0,1,2 0,1
2 2,0 |3 2 012 0
1,1 |4 3 01 01
1 1,0 2 1 0,1 0

The solution for systems with n,=0 correspond to the results described in ref. 1 and are not further discussed.

ESI2. Solutions for the X, {n; ABn,}X,, equilibrium systems

Table ESI2. {1AB1}

Xre, {1AB1}X,

{1AB1}X + X = X{1AB1}X Ku
{1AB1} +X=X{1AB1} Ky
{1AB1} +X={1ABI}X Ky

Xee, {1AB1}X, Lc: Ky = Kyy
Ci= [X{1AB1}X] K;1KoX3C, | Ci=  K2,X2C,
C.=  [X{1AB1}] K1oXCy | Co=  KyoXCy

C:= [{1AB1}X] Kp1XC, | C3=  KgiXC,y

C=__ [{1AB1}] LG [ G= A -3

Ay —




Table ESI3. {2AB1}
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Xoe, (ZABT}X;
X{2AB1}X + X = X,{2AB1}X Kz
{2AB1}X + X = X{2AB1}X Ky
X{2AB1} +X=X,{2AB1} Ky

{2AB1} +X=X{2AB1} Ky

{2AB1} +X={2AB1}X Ky
Xre, (2AB1}X,., Lc: Ky = Kqg

pd: K, = f(2,1)Ky, and Kuo = £(2,1)Ky0

C= [X(28B13X] = K, KK X3C, | Ci= 1KIoKo1X*Cq
C= [X{28B1}X] = K, Ko X2C, | Co= 2K 10K1X*Cg
C= [X,{2AB1})] = K;oK,0X%Cs | Ca= K3 X2Cq
Ci=  [X{2aB1}] = K,XCgs | Ca= 1K10XCs
Cs= [{2AB1}X] = Ko1XCe | Cs= Ko1XCe
Co= [{2AB1}] = A—Y2.C | Ce= A—Y5 .G

Table ESI4. {3AB1} and {2AB2} (These data are reported and explained in Tables 2, 3, 4, and 5 of the main text.)

Table ESI5. {4AB1} and {3AB2}

Xy, {4AB1}X, Xy, {3AB2}X
X {4ABLIX + X = X, {4AB1}X  Ku | X,{3AB2}X, + X = X,{3AB2}X, Kz
X,{4AB1}X +X = X,{4AB1}JX Kg | X{3AB2}X, +X=X,{3AB2}X, Kz
X{4AB1}X +X =X,{4AB1})X Kz {3AB2}X, + X = X{3AB2}X, Ky
{4AB1}X +X=X{4AB1}X Kn X,{3AB2}X + X = X,{3AB2}X Kn
X;{4AB1} + X = X,{4AB1}  Kuo X{3AB2}X + X = X,{3AB2}X  Ku
X, {4AB1} + X = X,{4AB1} Kz {3AB2}X + X = X{3AB2}X Ku
X{4AB1} + X = X,{4AB1}  Ku X,{3AB2} + X = X,{3AB2} Kz
{4AB1} + X = X{4AB1} Kio X{3AB2} + X = X,{3AB2}  Ku
{4AB1} + X = {4AB1}X Ka (3AB2} + X = X{3AB2} Kio
{3AB2}X + X = {3AB2}X, Koz
{3AB2} + X = {3AB2}X Ko
Xy, {4AB1}X; Xre, 3AB2}X,,
CGi=  [X,{4AB1}X] = Ky;K;;K3,K41K(1X5Cy | The solution of the X, {3AB2}X,., system
Co= [X;{4AB1}X] = K11K51K3:K01X*Cyo | is reported and discussed in detail in ref. 25.
Cs= [X,{4AB1}X] = K11K;1Ko1X3Cho
Ci=  [X{4AB1}X] = K11Ko1X2Cyo
Cs= [X,{4AB1}] = K;0K20K30 KaoX*Cyo
Co= [X;5{4AB1}] = K0K20K30X*Cyo
Cr= [X,{4AB1}] = K10K20X2C10
Ce= [X{4AB1}] = KyoX Cyo
Co= [{(4AB1}X] = Ko:X Cyo
Cio= [{4AB1}] = A —Y2.C

Relation between the equilibrium constants of the two X, {n;ABn,}X,,systems with 5 sites
as a consequence of Langmuir’s condition Lc and the particle distribution pd.

Xre, {4AB1}X,, Xre, {3AB2}X,,
Kit | Ka1 Ks1 Ka1 Kio | Kao K3o Kao Ko1 | seeref. [25]
Lc | Kio
pd f(4,1) Ko | f(4,1) f(4,2)Kuwo | f(4,1) f(4,2) f(4,1) Kwo | f(4,1) f(4,2)Kuwo | f(4,1) f(4,2)
£(4,3)Kio £(4,3)Kio
Kio g Kio % Kio i Kio Kio g Kio % Kio i Kio Koz
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Xpe, {4AB1}X, Xpe, {3AB2}X,,
Cy 1 (2K Ko [X]°] see ref. [25]

C, 15K T0Kor [X1*

Cs gKqum[X]a

Cy KoK, [X]?

Cs|(X) = sektolx1t [C1o(X)

Cs LK X1

% 3Kk, [X12

o KyolX]

SO L Ko [X]

9
C1o(0) =4y = ) € ()
i=1

Table ESI6. {5AB1}, {4AB2} and {3AB3}

chl{SABl}XrC chl{4-AB2}XrC chl{SAB3]Xrc
X,{5AB1}X + X = Xs{5AB1}X Ks1 X3{4AB2}X, + X = X,{4AB2}X, Kaz X,{3AB3}X, + X = X3{3AB3}X, Kss
X3{5AB1}X + X = X,{5AB1}X Ka X,{4AB2}X, + X = X3{4AB2}X, Ka X{3AB3}X, + X =X,{3AB3}X; Kas
X,{5AB1}X + X = X;{5AB1}X Ka1 X{4AB2}X, +X =X,{4AB2}X, Kz {3AB3}X, + X = X{3AB3}X; Kis
X{5AB1}X + X = X,{5AB1}X Kot {4AB2}X, +X = X{4AB2}X, Kiz X,{3AB3}X, +X = X;{3AB3}X, Kz
{5AB1}X + X = X{5AB1}X Ku1 X;{4AB2}X + X = X,{4AB2}X Ku X{3AB3}X +X = X,{3AB3}X, K22
X,{5AB1} + X = X;{5AB1} Kso X,{4AB2}X + X = X;{4AB2}X Ks1 {3AB3}X + X = X{3AB3}X, K12
X;{5AB1} + X = X,{5AB1} Kao X{4AB2}X + X = X,{4AB2}X K21 X,{3AB3}X + X = X;{3AB3}X K31
X,{5AB1} + X = X;{5AB1} K3o {4AB2}X + X = X{4AB2}X Ki1 X{3AB3}X +X = X,{3AB3}X K1
X{5AB1} + X = X,{5AB1} Kzo X;{4AB2} + X = X,{4AB2} Kao {3AB3}X + X = X{3AB3}X Kt
{5AB1} + X = X{5AB1} Kio X,{4AB2} + X = X;{4AB2} K3o X,{3AB3} + X = X;{3AB3} K3o
{5AB1} + X = {5AB1}X Kot X{4AB2} + X = X,{4AB2} Kzo X{3AB3} + X = X,{3AB3} K20
{4AB2} + X = X{4AB2} Kio {3AB3} + X = X{3AB3} Kio
{4AB2}X + X = {4AB2}X, Koz {3AB3}X, + X = {3AB3}X; Kos
{4AB2} + X = {4AB2}X Ko1 {3AB3}X + X = {3AB3}X, Koz
{3AB3} + X = {3AB3}X Ko1
Xy, {5AB1}X; Xro, {4AB2}X,,
Ci= [Xs{4AB1}X] = Ki1KpiKsi Ky K51KoiX6Chp | Gi= [X,{4AB1}X,] = Ki2Kz:K355Kap Ko1 K2 XCys
Co= [X4{4AB1}X] = K;1K51K31K41 K0y X5Cpp | Co= [X5{4AB1}X,] = K,K;5,K3,Ko1 K2 X*Cys
Cs= [X5{4AB1}X] = K11K21K31K01X4C12 Cs= [X,{4AB1}X,] = K12K22K01K02X4C15
Ca= [X,{4AB1}X] = K11K21K01X3C12 Ci= [X{4AB1}X,] = K12K01K02X3 Cis
Cs= [X{4AB1}] = K;1Ko1 X?Cyp | Cs= [X,4{4AB1}X] = K1 K1 K31 Kyy Ko X3Cis
Co= [Xs{4AB1}] = K;0K30K30K40 K5oX*Cyp | Ce= [X3{4AB1}X] = K;1K51K31 KoiX*Cy5
Cr= [X,{4AB1}] = K10K20K30K40X4C12 Cr= [X,{4AB1}X] = Ky1Kp K01X3 Cis
Ce= [X;{4AB1}] = Ko KpoK50X3 Cyp | Co= [X{4AB1}X] = K11Ko1X? Ci5
Co= [X,{4AB1}] = KioKz0X? Cpp | Co= [X,{4AB1}] = KyoKz0K30Ka0X* Cy5
Cio= [X{4AB1}] = K10X Cy; | Cro= [X;{4AB1}] = K10K20K30X3 Ci5
Cu= [{4AB1}]X = K¢1XCy, | Cuu= [X,{4AB1}] = K10K20X? Cys
Ci= [{4AB1}] = Ay — Y G Ci2= [X{4AB1}] = K10X Cyis
Ciz= [{4AB1}]X, = Ko1Kz X% Cys
Cu= [{4AB1}X] = Ko1X Cy5
Cis=_ [{4AB1}] = Ag—¥H G
Xre, {3AB3}X
Ci= [X3{3AB3}X;] = | KiaKpaKaaKos KopKeaX6Cig
Co= [X,{3AB3}X;] = K13K73Kos K02K03X5C16
Cs= [X{3AB3}X;] = K;3Ko1 KopKoaX*Cyg
Ce= [Xs{3AB3}X,] | = K12Kz2K3, Ko Koo X3Chg
Cs= [X,{3AB3}X,] = K;,Kp Koy KopX*Cog
Ce= [X{3AB3}X,] = Ky, Ko1K X3Cy
Cr= [X5{3AB3}X] = K;1K51Kas Ko X*Cyg
Cs= [X,{3AB3}X] = K 1Ky Kot X3 Cig
Co= [X{3AB3}X] = Ky K1 X? Cye
Cio= [X;{3AB3}] = KszoKaoX3 Cis
Cu= [X,{3AB3}] = K10K20X2 Cis
Ci= [X{3AB3}] = KX Cyig
Ciz= [{3AB3}X;] = Kog KozKosx3 Cis
Cu= [{3AB3}X,] = K1 K2 X%Cyq
Cis= [{3AB3}X] = Kg1X Cig
Cie= [{3AB3}] = Ay — 25 G
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Relations between the equilibrium constants of the two X, {n; ABn,}X.,systems with 6 sites
as a consequence of Langmuir’s condition Lc and the particle distribution pd.

Xre, {5AB1}X,,
Kin  Ka Ks1 Ku Ks1 Kio K20 Kso Kso Kso Ko1
Lc Ko
pd f(5,1) f(51) f(51) f(5,1) f(5,1) f(51) f(5,1) f£(51)
Kio f(52) f(5,2) £(5,2) Kio f(5.2) f(52) f£(52)
Kio £(5,3) £(5,3) Kio f(5,3) f(53)
Kio f(5,4) Kio f(5,4)
Ki1o Kio
Kio g Kio % Kio % Kio 21—5 Kio Kio § Kio % Kio 1—10 Kio 21—5 Kio Ko
Xre, 14AB2}X,,
Kiz Kz Ks2 Ka2 K K21 Ks1 Ku Kio Kao Kso Kao Ko1 Koz
Lc  Kio Kio
pd f(4,1) f(41) f(41) K22 K32 Kaz K22 K32 Kaz f(2,1)
Kio f(4,2) f(4,2) Ko1
Kio f(4,3)
Kio
Kio 2 Ki1o % Kio i Kio Kio % Kio % Kio i Kio Ko g Kio % Kio i Kio Ko1 i Ki1o
Xre, {3AB3}X,,
Kiz Kz Kss K12 K22 Ks2 Ku1 K21 Ks1 Kio K20 Kso Ko1 Koz Kos
Lc Ko Ki1o Kio
pd f(3,1) f(31) K23 Kss K23 Kss K23 Kss f(3,1) f(31)
Kio f(3,2) Kot f(3,2)
Kio Ko1
K 1 L K 1 L K L L K L L K 1 L
10 3 Kio 5 Kio 10 3 Kio 5 Kio 10 3 Ki1o 5 Kio 10 3 Kio 5 Kio 01 3 Ko1 5 Ko1
Xy, {5AB1}X; Xy, {4AB2}X Xre, {3AB3}X,,
c ﬁ Ki10°Ko1[X1°] -#Km[}%KmZ[X]s_ c _%[X]6K103K013_
rCy rCy 7 21, 3
Cl L Ko Koy [XT° Gy L1K,0 Koy *[X]° o 2[X1°K10°Koy
2 4 3
Cs 2 s g [X]* G K10 Ko, [X]* C, HX1*K10Koy
C 25 G K. 1K 2[X]3 C %[X]SKluszz
4 22 3 103801 [ ] 4
C sKioKo1[X] C, C 1%]%K,0%Ko,
s KyoKoy [X]? c 1210 Koa [X® 5 PR k2
C6 (X) = 107%01 Clz(X) 5 N 3 4 C6 31X1°K10Ko1
c, 317K T0X13 Ce 7eK10”Koq [X] c, 1 [0%Ks0™Kon
EN C
Cg 1§5K3fo[x]: C; X)) = %1(1021{01[)(]3 Cis(X) Cs |(X) = %[X]sszKm Cre(X)
& el P KioKo1 [X]? G [XIKy0Ko,
Cio KiolX] c #Km‘t[x]‘@ Cio 1[X]K 3
c,,] KyolX] o P’ € e
Koy [X] 11 6710 c 5[X1°K1o
L o1 C a2 [X? 12
C1z 3810 Cy3 [X]Kyo
Ca(X) = 4y = ZH, C; (%) e KaolX] Cus Ko’
T Ko "[X]? €5 AX1*Kos?
L Ko1[X] [X]Ko,
Cis(X) =40 — ilil G X) Cie(X) =40 — 1121 G X)




Table ESI7. {8AB4}: X, (8AB4}X,,
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1 X,{AB}X, + X = X;{AB}X, Kaa
2 X {AB}X, + X = X,{AB}X, K7a Ci= [XB{AB}X4] = K180X12Pa10(0)K61-1
3 XS{AB}X4 +X= Xs{AB}X4 K64 CZ— [X7{AB}X4] = Kfoxllpalo(l)Kal-l
4 X4{AB}X4 +X x_—‘Xs{AB}X4 K54 Cg— [X6{AB}X4] = KlenoxlOPalo(z)Kall
5 X {AB}X, + X = X,{AB}X, Kaa Com  [LUABIX] = KSX°Palo@)K:
6 XZ{AB}X4 +X x_—‘X3{AB}X4 K34 C5= [X4{AB}X4] = K140X8Pa10(4)1(31
7 X{AB}X, + X = X,{AB}X, Kas Ce= [(X.{4B}X,] = K130X7Pa10(5)1(61-1
8 {AB}X4+X T—‘X{AB}X4 Kia C,= [X,{AB}X,] = K120X6Pa10(6)1(61-1
9 X, {AB}X; + X = Xg{AB}X; Kes Ce= [X{AB}X,] = K10X5Pa10(7)1(61-1
10 X {AB}X; + X = X,{AB}X, K73 Com  [XABMX.] = KAX''Pa21(0)K:
11 Xs{AB}X; + X = X, {AB}X, Kes Com [Xj (A B}Xz] _ 1<17§ X19pa21(1) K§3i
12 X {AB}X; + X = X;{AB}X, Kss Cum [XAABIX] =  KSX°Pa2l(2)Ki
13 X3{AB}X3 +X :X4{AB}X3 K43 C12— [XS{AB}X3] = K150X8Pa21(3)K031
14 X,{AB}X; + X = X;{AB}X; Kaz Ci= [X{AB}X;] = Kf0X7Pa21(4)K031
15 Xl{AB}X3 +X= XZ{AB}X3 K23 C14— [X3{AB}X3] = K130X6Pa21(5)K031
16 {AB}X; +X <= X{AB}X, Kiz Cis=  [X,{AB}X,] = K120X5Pa21(6)K031
17 X,{AB}X, + X = Xg{AB}X, Kez Ciw= [X{AB}X,] = K, X*Pa21(7)KE,
18 Xe{AB}X, + X = X,{AB}X, Kz, Cu= [X{AB}X,] = K&XPa32(0)kZ
19 Xs{AB}X, + X = Xs{AB}X, Ksz Ci= [X,{AB}X,] = KJ,X°Pa32(1)KZ
20 X,{AB}X, + X = Xs{AB}X, Ksa Cio= [X,{AB}X,] = KS%X®Pa32(2)KZ
21 X3{AB}X, + X = X,{AB}X, Kez Co= [Xs{AB}X,] = K5X7Pa32(3)KZ
22 X,{AB}X, + X = X3{AB}X, Ks, Ca= [X,{AB}X,] = K{X®Pa32(4)KZ
23 X{AB}X, + X = X,{AB}X, Kz, Cx= [X3{4B}X,] = K3X°Pa32(5)K4
24 {AB}X, + X = X{AB}X, K1 Cu= [X,{AB}X,] = KZX*Pa32(6)K
25 X, {AB}X + X = Xg{AB}X Kz Co= [X{AB}X,] = K, pX*Pa32(7)KZ
26 X{AB}X + X = X,{AB}X Kn Co= [X{AB}X] = K5X°Pa4(0)K,,
27 Xs{AB}X + X = X.{AB}X Ke1 Co= [X{AB}X] = K/, X®Pa4(1)K,,
28 X,{AB}X + X = Xs{AB}X Ks1 Co=  [X{AB}X] = KSX7Pa4(2)K,,
29 X;{AB}X + X = X,{AB}X Kay Cx= [Xs{AB}X] = K5 XOPa4(3)Ky,
30 X{AB}X + X = X;{AB}X Kay Co= [X{AB}X] = KhX°Pa4(Ky,
31 X{AB}X + X = X,{AB}X Ka1 Co= [X;{4B}Xx] = K3,X*Pa4(5)Ky,
32 {AB}X + X = X{AB}X Kus Ca= [%,{4B}X] = K%X*Pad(6)K,,
33 X {AB}+X = Xg{AB} Kso Cx=  [X{AB}X] = K zX?Pa4(7)Ky,
34 Xs{AB}+X = X,{AB} K7 Cu=  [Xs{4B)] = K% X8Pas5(0)
35 Xs{AB}+ X = X {AB} Keo Ca= [X,{AB}] - K7,X"Pa5(1)
36 Xi{AB} +X = X;{AB} Kso Co=  [X{AB}] =  K§X°Pa5(2)
37 X;{AB}+ X = X,{AB} Kao Cas= [X-{AB}] = K3, X5Pa5(3)
38 X,{AB}+ X = X;{AB} Kao Co=  [X{4B}] = K X*Pa5(4)
39 X{AB}+ X = X,{AB} Kao Ca= [Xs{AB}] = K3,X3Pa5(5)
40 {AB} + X = X{AB} Kio Caw=  [X,{AB}] = K2 X2Pa5(6)
41 {AB}X; + X = {AB}X, Kos Co=  [X{4B}] = Ky XPa5(7)
42 {AB}XZ +X= {AB}X3 K03 C4l— [{AB]X ] = X4PL(0)K611
43 {AB}X +X= {AB}XZ KOZ C42— [{AB}X:] = X3PL(1)K31
44 {AB} +X= {AB}X KOl Cu= [{AB}XZ] = XZPL(Z)Kgl
Cu= [{AB}X] = XPL(3)Ky,
Cus= [{AB}] = A ¥ G
5~-0.1.7
1 1 3 1 i
42949167296 268435456 1342;7728 16777916 6777216
—_— — v 1 1
67108864 4194304 2097152 62144 260144 2,013
7 7 21 . 7 1
16777216 1048576 524288 5% 65536 ber
7 _7 2 7 7 1
Pal0(k) = RIS Pa2(x) = (D Pa32(x) = S2Ice Pad(c)=| 4096 Pas(c)=| 4096 PL(L) =| 16
55 58 = 35 35 3
524288 32768 16384 2048 2048 &
7 T 21 7 7 1
16384 1024 512 ™ ”
. 7 21 7 7
4096 256 128 e 16
1 1 3 1 1
256 16 8




