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Content

This document presents a classification of the main linear viscoelastic models and provides, for
each of them, a constitutive equation and analytical forms of the relaxation, creep and complex
moduli in the time domain wherever possible, or in the Laplace domain otherwise. Graphs of these
functions are included for provide a qualitative picture of how key rheological parameters influence
the response.

These models are integrated in the software package RHEOS [1], and the code used to generate
the figures in the document is available in the software repository [2].
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1 Spring-pot

Constitutive equation
3
o(t) =cp d;;ét) for0<pg<1

Relaxation modulus

_ s 4B
G(t) = rgyt

Creep modulus

J<t) = C/3F(11+5) 7

Complex modulus
G*(w) = cp(iw)”

Storage modulus
G'(w) = cpw’ cos(3 )

Loss modulus
G"(w) = cpw’ sin(3 )
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Special cases

e Spring: 5 =10

e Dashpot: =1
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Figure 1: Springpot behaviour for varying 8. Color reference 3 values are red (0.0), orange (0.3),
yellow (0.5), green (0.7) and blue (1.0). (a) Relaxation response to step loading. (b) Creep response
to step loading and unloading. (c) and (d) Storage (solid line) and loss (dashed line) moduli for

the main values of 8 with colors ascribed above.
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2 Fractional Maxwell model

Ca, O

Constitutive equation
o d*Pa(t d%e(t
o(t) + (C’Ta dtaflg L=, dt((’)

Assuming 0 < g <a <1

Relaxation modulus
G(t) = cst P Eapa-s (‘%ﬁta_ﬂ)

Creep modulus

1 ’ 1
T = e + sras

Complex modulus
38

G*(w) = gl

Storage modulus
G,( ) . (cgw5)2~caw" Cos(a%)jt(cuw“)?c;;w‘s cos(ﬁ%)
w)= (caw®)?+(cpwB)?+2cqw cawh cos((a—ﬁ)g)

Loss modulus
G”(w) _ (clgwﬂ)z.cawo‘ sin(a%)—&-(caw"‘)z.cﬁwﬂ sin(B%)

(caw®)2+(cpwh )2 +2cqw cgwh cos((afﬁ)%)

cg, B




Special cases

e Maxwell model: S =0and a =1
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Figure 2: Maxwell model behaviour with n = 10 for varying k. Color reference k values are red
(1.0), orange (2.5), yellow (5.0), green (10.0) and blue (15.0). (a) Relaxation response to step
loading. (b) Creep response to step loading and unloading. (c) and (d) Storage (solid line) and
loss (dashed line) moduli for the main values of @ with colors ascribed above.
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Figure 3: Fractional Maxwell behaviour with 8 = 0 for varying « (¢, = 0.5 and k& = 1). Color
reference o values are red (0.1), orange (0.3), yellow (0.5), green (0.7) and blue (0.9). (a) Relaxation
response to step loading. (b) Creep response to step loading and unloading. (c) and (d) Storage
(solid line) and loss (dashed line) moduli for the main values of « with colors ascribed above.
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Figure 4: Fractional Maxwell behaviour with o = 1 for varying 5 (n = 10 and ¢z = 1.0). Color
reference [ values are red (0.1), orange (0.3), yellow (0.5), green (0.7) and blue (0.9). (a) Relaxation
response to step loading. (b) Creep response to step loading and unloading. (c) and (d) Storage
(solid line) and loss (dashed line) moduli for the main values of 8 with colors ascribed above.



3 Fractional Kelvin-Voigt model

Cay QU

Cp, B

Constitutive equation

d° dP
a(t) = cq d;(f) +cp d;(f)

Assuming 0 < < a <1

Relaxation modulus
G(t) = rizayt ™ + miﬂ)fﬁ

Creep modulus
J(t) = S Bapiva (- 2t°77)

Complex modulus
G*(w) = ca(iw)® + c5(iw)?

Storage modulus
G (w) = cqw® cos (@) + caw’ cos (B%)

Loss modulus
G (w) = cqw®sin (aF) + caw’ sin (BF)




Special cases

e Kelvin-Voigt

model: =0and a=1
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Figure 5: Kelvin-Voigt behaviour with k = 1 for varying n. Color reference 7 values are red (0.1),
orange (0.5), yellow (1.0), green (2.5) and blue (5.0). (a) Relaxation response to step loading. (b)
Creep response to step loading and unloading. (c) and (d) Storage (solid line) and loss (dashed
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line) moduli for the main values of « with colors ascribed above.
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Figure 6: Fractional Kelvin-Voigt behaviour with § = 0 for varying « (¢, = 1 and k = 1). Color
reference « values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue (1.0). (a) Relaxation
response to step loading. (b) Creep response to step loading and unloading. (c¢) and (d) Storage
(solid line) and loss (dashed line) moduli for the main values of o with colors ascribed above.
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Figure 7: Fractional Kelvin-Voigt behaviour with o = 1 for varying 5 (n = 10 and ¢ = 1).
Color reference 5 values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue (1.0). (a)
Relaxation response to step loading. (b) Creep response to step loading and unloading. (c¢) and
(d) Storage (solid line) and loss (dashed line) moduli for the main values of 8 with colors ascribed
above.
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4 Fractional Zener model

Cay O B, /8

N

Constitutive equation

co 4 Pa(t) d%e(t) dYe

t cacy dOTTBe(t
U(t)+5 qa—7 . = Ca~ga T Cy dtg)_‘_( - 2

cp dtati—B

Assuming 0 < g <a <1

Relaxation modulus
G(t) = cst " Ea—pi1-p (‘tha‘ﬁ) + syt

Creep modulus

J(s)=1 Cas®+egs”
T s cas¥cpsPteysT(cas¥+cgsh)

Complex modulus

iw)*-cg(iw)? .
G (@) = et + o (iw)”

Storage modulus
G (o) = (7)o con(ad) Henw)cu” con(55)
w) = (Cawa)2+(cﬁw5)2+2caw“-cﬁwﬂ cos((afg)g)

Loss modulus,
G”(w) _ (cgwﬁ) Caw® sin(a%)+(cuw“)2.c5w3 sin(ﬂg)

Y qy us
(caw®)?+(cpwh)?+2caw cawh cos((a—pB)F ) +cywi s (’72)
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Special cases

e Standard Linear Solid model: « =1 and g =v=0

Ca =1 Cﬁ=k1
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Figure 8: Standard Linear Solid model behaviour with o =1, 8 =0, v = 0 for varying n (k1 = 2
and ko = 1). Color reference 7 values are red (1.0), orange (2.0), yellow (4.0), green (6.0) and blue
(8.0). (a) Relaxation response to step loading. (b) Creep response to step loading and unloading.
(c) and (d) Storage (solid line) and loss (dashed line) moduli for the main values of o with colors
ascribed above.
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e f=~v=0
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Figure 9: Fractional Zener behaviour with § = 0, v = 0 for varying a (¢, = 1, k1 = 1 and
k2 = 0.5). Color reference « values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue
(1.0). (a) Relaxation response to step loading. (b) Creep response to step loading and unloading.
(c) and (d) Storage (solid line) and loss (dashed line) moduli for the main values of o with colors

ascribed above.
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o Jeffreys model: a=y=1and 8 =0
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Figure 10: Jeffreys model behaviour for varying 7, (k = 3 and 1 = 1). Color reference 7, values
are red (1.0), orange (2.0), yellow (4.0), green (6.0) and blue (8.0). (a) Relaxation response to step
loading. (b) Creep response to step loading and unloading. (c) and (d) Storage (solid line) and
loss (dashed line) moduli for the main values of 3 with colors ascribed above.
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Figure 11: Fractional Zener behaviour with o = 1, v = 1 for varying 8 (m = 1, ¢g = 1 and
n2 = 1). Color reference S values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue
(1.0). (a) Relaxation response to step loading. (b) Creep response to step loading and unloading.
(c) and (d) Storage (solid line) and loss (dashed line) moduli for the main values of 8 with colors
ascribed above.
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e Fractional Zener model: o =1 and v =0
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Figure 12: Fractional Solid model behaviour with o = 1, v = 0 for varying 5 (n = 1, ¢g = 1,
k = 0.5). Color reference /8 values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue
(1.0). (a) Relaxation response to step loading. (b) Creep response to step loading and unloading.
(c) and (d) Storage (solid line) and loss (dashed line) moduli for the main values of 8 with colors
ascribed above.
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e y=aory=0
It is then possible to demonstrate that the constitutive equation of the Zener and that of the
Poynting-Thomson model presented in the next section are equivalent.

For v = « the constitutive equation of the Zener model is

)4 BT o @) | P
T g e T e TS g T T ggah
whereas the constitutive equation of the Poynting-Thomson is

T+ CET d*Po(t) _ T d%e(t) CETCE;T 4> Pe(t) (2)
ch’ dte=6 7 e cpt  dt?e=h

o(t) +

Note that the superscript Z refers to the parameters of the Zener model while PT to those
of the Poynting-Thomson model. By equating the coefficients of the terms in equation 1 and
2 we can relate the parameters of the Zener model to those of the Poynting-Thomson model

A CAT)

« CE
Z.Z Z\2
PT — %(cater) (3)
B (c8)?
PT _ 7 v/
Cy =cy o

Therefore, we can calculate the creep modulus from the equivalent Poynting-Thomson model.

For v = 8 we simply need to exchange a and § in equation 3 for both PT and Z parameters.
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5 Fractional Poynting-Thomson model

C(X7 a

cg, B
Constitutive equation
LAY Yo (t d’o(t d™e(t dPe(t
o(t) + 2 Gt + 2 Tt = e G + e 5

Assuming 0 < f<a <1

Relaxation modulus
é 1 C—YS’Y-[CQSQ+C[3Sﬁ]
(S) I cy8THcas¥+cgsP

Creep modulus
_ ¢ - 1
J(t) = ¢ Ba-p1+a (—fta B) +oramt

Complex modulus
" oy (iw) 7 [ea (iw)*+ep (iw)?]
G (W) T ey (iw)TFeq (iw) g (iw)?

Storage modulus
cyw” cos('yg) {(caw“‘)z—i-((zgwﬁy] +(cwoﬂ)2[caw"‘ cos(a%)—&-clgwﬁ cos(ﬁ%)]—&-caw"'clgwﬂcww”’ [cos(((x—ﬂ—'y)%)-f—cos((ﬁ—a—'y)%)]

/ _
G (w) B (caw®) 2+ (cpwh) 2+ (cyw)2+2cqw cawh cos((a—ﬁ)%)+2cawu<c7w7 cos((a—'y)%)—&-?cﬂwﬁlcww’Y cos((ﬁ—’y)%)
Loss modulus
G”( ) cyw? sin(’y%){(caw“‘)2+<05wﬂ)2]+(cww’)2[caw“‘ sin(a%)+05wﬂ sin(B%)]+caw°‘~05w5~cﬂ,w“’[sin((a—ﬂ—’y)%)—&-sin((ﬁ—a—w)%)]
w) =

(caw®)?+(cpwB)?+(cyw)2+2cqw -cgwh cos((a—ﬂ)%)—&-Qcawo"c,yw’Y cos((a—’y)%)-&-QcQwﬁcww‘Y cos((ﬂ—'y)%)
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Special cases
e Standard Linear Solid model: « =1 and g =v=0
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Figure 13: Standard Linear Solid model behaviour for varying k1 (n = 1, ko = 4). Color reference
k1 values are red (1.0), orange (2.0), yellow (3.0), green (4.0) and blue (5.0). (a) Relaxation
response to step loading. (b) Creep response to step loading and unloading. (c¢) and (d) Storage
(solid line) and loss (dashed line) moduli for the main values of 8 with colors ascribed above.
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o Jeffreys model: a=y=1and 8 =0
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Figure 14: Jeffreys model behaviour for varying 7 (1 = 1, k = 2). Color reference 7y values are
red (1.0), orange (2.0), yellow (4.0), green (6.0) and blue (8.0). (a) Relaxation response to step
loading. (b) Creep response to step loading and unloading. (c) and (d) Storage (solid line) and
loss (dashed line) moduli for the main values of 3 with colors ascribed above.
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Figure 15: Fractional Poynting-Thomson model behaviour for varying « (¢, =1, k1 =1, ko = 1).
Color reference « values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue (1.0). (a)
Relaxation response to step loading. (b) Creep response to step loading and unloading. (c) and
(d) Storage (solid line) and loss (dashed line) moduli for the main values of 8 with colors ascribed
above.
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Figure 16: Fractional Poynting-Thomson model behaviour for varying a (1 =1, ¢cg =1, ¢y = 1).
Color reference « values are red (0.0), orange (0.3), yellow (0.5), green (0.7) and blue (1.0). (a)
Relaxation response to step loading. (b) Creep response to step loading and unloading. (c) and
(d) Storage (solid line) and loss (dashed line) moduli for the main values of 8 with colors ascribed
above.
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e y=aory=0
In this case, it is possible to demonstrate that the constitutive equation of the Poynting-
Thomson and that of the Zener model are equivalent.

For v = « the constitutive equation of the Poynting-Thomson model is

chTdo(t) et dPTIo(t) | ppde(t) | prd’e(t) 4
PT dpor TP @iy e g TP Tggp )

o(t) +

By taking the a — -th derivative of the equation and multiplying both sides by csT / CET we

obtain PT PT PT _PT
o(t) + ¢y eyt dPo(t) _PT d%e(t) | o Gy d**Pe(t) (5)
chr dto=p T dte cgt  dt2e=h

whereas the constitutive equation of the Zener model becomes

é d*Bo(t)

t
oft) + cg dta—>8

doe(t) — chcZ d2o—Pe(t)
dte cg dt2o—5

Z Z
= (ca +¢f)

(6)

Note that the superscript PT refers to the parameters of the Poynting-Thomson model while
Z to those of the Zener model. By equating the coefficients of the terms in equation 5 and 6
we can relate the parameters of the Poynting-Thomson model to those of the Zener

PT
o I—S’CI"Yi):T
« cy +cﬂ/
oz — cg(e51)? (7)
B (CETJ’_CET)Z
PT _PT
Z — Ca %
Y CET+CET

Therefore, we can calculate the relaxation modulus from the equivalent Zener model.

For v = 8 we simply need to exchange a and 3 in equation 7 for both PT and Z parameters.
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