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Theory: First-order perturbation theory for molecules having strong

SO couplings



The theory of absorption spectra for molecules having strong SO coupling has
been developed by Nozaki [S1]. It is based on the first-order perturbation theory of
SO coupling matrix elements. For the Ru complexes in mind, the first-order
perturbation theory is accurate enough, because the largest one electron spin-orbit
coupling constant for Ru atom in the (4d)® configuration (1081 cm™! ~ 0.13 eV) is only
about 10 % of the first electronic excitation energy. In order for the present paper to
be self-contained, we will briefly introduce the theory and point out some missing
formulas in the original theory [S1].

From the degenerate perturbation theory, the A-th molecular wavefunction

perturbed by SO coupling, ‘I’;fo> , 1s given by
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where o is the spin index, S and T stand for singlet and triplet states, respectively,

“P;G> is the i-th unperturbed wavefunction of the molecule, and ¢{; is the coefficient

of the linear combination of the perturbed molecular wavefunction. From the general

perturbation theory for degenerate quantum states, the perturbation energy due to SO

coupling, Ey,, is expressed as
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where H so 1s the SO coupling Hamiltonian, 7 is the unit matrix, and C is the
coefficient column vector for ¢;. As shown in FigS1., under the assumption of the

ground-state electronic wavefunction,

qbcg’>, consisting of a single determinant of

Kohn-Sham orbitals with spin index o, we can approximate the k-th unperturbed



molecular excited-state electronic wavefunction,

‘P}f>, as a linear combination of one-

electron excitation configurations from the p-th molecular orbital (MO) with spin o (

¢, ) to the g-th MO with spin o (4, ),

®7(p > )
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where a, , is the coefficient of the linear combination of the unperturbed molecular

excited-state electronic wavefunction in terms of ‘QJZ( p—> q)> .

The SO coupling matrix elements between the k-th and the /-th unperturbed

wavefunctions, <‘P}f ‘19 ) “P}"> , can be approximately represented by the sum of one-

electron one-center SO integrals between these electronic configurations, as shown in
FigS2. [S2, S3]:
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To evaluate one-electron one-center SO integrals presented in FigS2. ((a) is for singlet

transition and (b) is for triplet transition), we will use natural atomic orbitals (‘ ;(j>,

NAO) to expand molecular orbitals:
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where |¢> is the atomic orbital (AO) and b, is the coefficient of the representation of

> . Here, Kohn-Sham

the linear combination of AO,

¢5>, in terms of NAO’s,

ground state,

2 > , can be expressed as

(S6)
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where |L | denotes the Slater determinant. NAO’s are optimal (maximum occupancy)

effective AO’s in the molecular environment. The use of NAO’s is very advantageous
compared with that of other types of AO’s. For example, NAO’s allow us to avoid the
basis set dependence of calculation results because one specific NAO is localized one-

center orbital that maintains intra- and inter-atomic orthogonality to the remaining

NAO’s. Using NAO’s, the SO integral, <‘P}f’ ‘I:I SO “P}"> , can be evaluated as
<\P}€U ‘ﬁSO ‘\P;O- > Z Z Z aquaprlzzqubm:gs;
p=1g=occ+1 r=occ+1
+ Z z z aquarql Z prmbrn:zcrz . (87)

g=occ+1 p=1 r=1

Here, for example,
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if the valence orbital contributing to the SO integrals is d-orbital. Owing to the fact

‘Z£z>+<7fi ‘ﬁSO Wﬂ (S8)

that NAO’s with the intra-atomic orthogonality are similar to the Slater orbitals in shape,
for example, the SO integral in terms of NAO’s given in Eq. (S8), < Vol ‘f[ SO ‘ ;(5 >, can

be approximated by the SO integral between the corresponding Slator orbitals,

(22
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where ¢, is the on-electron SO coupling constant for an effective SO potential resulting

from the screening effect of the nuclear charge by the closed shell electrons [S4 — S8].

The values of ¢, are given in [S4].

By solving the eigenvalue problem of Eq. (S2), one obtains the k-th molecular

wavefunction perturbed by SO coupling,

‘P,fo>, given by Eq. (S1). Using the

perturbed wavefunctions, the oscillator strength proportional to the strength of the

absorption spectra, f, is given by

2
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where m, 1s the mass of the electron, % is the Planck’s constant, e is the unit charge, u

is the transition dipole moment operator, ¥, is the wavenumber of the incident

electromagnetic wave, and “P g> is the ground-state electronic molecular wavefunction.

The transition energy perturbed by the SO coupling, E;“", is given by the ordinary
first-order perturbation theory:

Ef" =E" +E'%, (S11)
where E ,EO) is the zero-th order energy and E,S)SO is the first-order perturbation energy

calculated by Eq. (S2).
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Figure Captions for Supporting Information

FigS1. Pictorial representations of Kohn-Sham molecular ground state with spin index

o ‘<I>§> (usually, because the ground state is the singlet state, o=S), and singly

excited configurations to singlet (‘(Dg( p— q)> ) and triplet states (‘CDZ (p— q)>).

FigS2. Pictorial representation of the one-electron one-center SO integral,

<(D,f( p— q)‘ H SO ‘Cl)fy( p— r)> , between the electronic configurations, @7 (p — q)

and © (p > 7).
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FigS1. K. Mishima et al.
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FigS2. K. Mishima et al.



