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I. DERIVATION OF QUANTUM MASTER EQUATION

To derive the operator master equation in Eq.(2) in main text, we first need to diagonalize the system Hamiltonian

by Bogoliubov transform: Hs = E1η
†
1η1 + E2η

†
2η2 where

(

a1

a2

)

=

(

cosθ −sinθ

sinθ cosθ

)(

η1

η2

)

, U =

(

cosθ −sinθ

sinθ cosθ

)

(1)

and the mixture angle

θ =
1

2
tan−1

(

2∆

ε1 − ε2

)

,
π

2
< θ <

3π

4
(2)

thus the interaction to T1-bath is

H
(1)
int = (−i)

2
∑

i=1

2
∑

ν=1

(

Uiνην − U †
νiη

†
ν

)

⊗B =

2
∑

i=1

2
∑

ν=1

∑

ων

Aiν(ων)⊗B

B = i
∑

k,σ

gkσ

(

b
(1)
kσe

ik·r − b
(1),†
kσ e−ik·r

)

(3)

where the operator Aiν(ων) takes the form of

Aiν(ων > 0) = −iUiνην , A†
iν(ων > 0) = iU †

νiη
†
ν

Aiν(ων < 0) = iU †
νiη

†
ν , A†

iν(ων < 0) = −iUiνην

(4)

Switching into interaction picture, the interaction reads

H̃
(1)
int(t) =

2
∑

i=1

2
∑

ν=1

∑

ων

Aiν(ων)e
−iωνt ⊗B(t)

B(t) = i
∑

k,σ

gkσ

[

b
(1)
kσe

i(k·r−ωkσt) − b
(1),†
kσ e−i(k·r−ωkσt)

]

(5)

and subsequently the correlation function of the environment can be obtained

〈B(t)B(t− s)〉 =
∑

k,σ

g2kσ
[

nkσe
iωkσs + (nkσ + 1)e−iωkσs

]

(6)

As is known, the general form of the dynamical equation of density matrix up to the 2nd order of system-bath
interaction is

dρs
dt

=
i

~
[ρs, Hs]−

1

~2
e−iHst/~TrR

∫ t

0

ds [H̃int(s), [H̃int(t), ρ̃s(t)⊗ ρR(0)]]e
iHst/~ (7)
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which, in terms of Eq.(4) gives the dissipation term contributed by the T1-bath

D(1)(ρs) =
1

~2
TrR

∫ t

0

(

H̃
(1)
int(t− s)ρ̃s(t)ρRH̃

(1)
int(t)− H̃

(1)
int(t)H̃

(1)
int(t− s)ρ̃s(t)ρR

)

ds+ h.c.

=

2
∑

i,j=1

2
∑

ν,µ=1

∑

ων ,ωµ

ei(ωµ−ων)t
[

Aiν(ων)ρs(t)A
†
jµ(ωµ)−A†

jµ(ωµ)Aiν(ων)ρs(t)
]

×

∫ t

0

eiωνs〈B(t)B(t− s)〉ds+ h.c.

=
1

~2

2
∑

i,j=1

2
∑

ν,µ=1

∑

ων

∑

ωµ

ei(ωµ−ων)tΓ1(ων)
[

Aiν(ων)ρs(t)A
†
jµ(ωµ)−A†

jµ(ωµ)Aiν(ων)ρs(t)
]

+ h.c.

(8)

where

Γ1(ων) =

∫ t

0

eiωνs〈B(t)B(t− s)〉ds =



















π
∑

k,σ

g2kσn
T1

kσδ(ων + ωkσ) = ~
2γnT1

ν , when ων < 0

π
∑

k,σ

g2kσ(n
T1

kσ + 1)δ(ων − ωkσ) = ~
2γ(nT1

ν + 1), when ων > 0

(9)

Notice that γ = πg2ν̄Dν̄/~
2, Dν̄ is the density of states (DOS) and the summation over wave vector was replaced by

the integral in frequency domain

∑

k,σ

−→

∫

D(ωkσ)dωkσ (10)

Under the rotating-wave approximation (RWA), the dissipation term in Schrödinger picture then reads

D(1)(ρs) =
1

~2

2
∑

i,j=1

2
∑

ν,µ=1

{

Γ1(ων > 0)UiνU
†
µj

[

ηνρs(t)η
†
µ − η†µηνρs(t)

]

+ Γ1(ων < 0)U †
νiUjµ

[

η†νρs(t)ηµ − ηµη
†
νρs(t)

]

}

+ h.c.

=

2
∑

j=1

2
∑

p=1

[

γT1,+
p

(

apρs(t)a
†
j − a†japρs(t)

)

+ γT1,−
p

(

a†pρs(t)aj − aja
†
pρs(t)

)

]

+ h.c.

(11)

For the interaction to T2-bath

H
(2)
int = (−i)

2
∑

ν=1

(

U2νην − U †
ν2η

†
ν

)

⊗ C =

2
∑

ν=1

∑

ων

A2ν(ων)⊗ C

C = i
∑

q,s

fqs

(

b(2)qs e
iq·r − b(2),†qs e−iq·r

)

(12)

the procedures are similar as that for radiations and thus we omit the details to avoid redundancy. The dissipation
term induced by T2-bath then is of the form

D(2)(ρs) =
2
∑

p=1

[

γT2,+
p

(

apρs(t)a
†
2 − a†2apρs(t)

)

+ γT2,−
p

(

a†pρs(t)a2 − a2a
†
pρs(t)

)

]

+ h.c. (13)

therefore the whole dissipation term contributed by environments reads

D(ρs) = D(1)(ρs) +D(2)(ρs)

=

2
∑

j=1

2
∑

p=1

[

γT1,+
p

(

apρs(t)a
†
j − a†japρs(t)

)

+ γT1,−
p

(

a†pρs(t)aj − aja
†
pρs(t)

)

]

+

2
∑

p=1

[

γT2,+
p

(

apρs(t)a
†
2 − a†2apρs(t)

)

+ γT2,−
p

(

a†pρs(t)a2 − a2a
†
pρs(t)

)

]

+ h.c.

(14)
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which gives the expression in Eq.(2) in main text. The expressions of dissipation rates in Eq.(13) are

γT1,+
1 = γ~2

[

nT1

ν1
cos2θ + nT1

ν2
sin2θ + 1 + (nT1

ν1
− nT1

ν2
)sinθcosθ

]

γT1,+
2 = γ~2

[

nT1

ν1
sin2θ + nT1

ν2
cos2θ + 1 + (nT1

ν1
− nT1

ν2
)sinθcosθ

]

γT1,−
1 = γ~2

[

nT1

ν1
cos2θ + nT1

ν2
sin2θ + (nT1

ν1
− nT1

ν2
)sinθcosθ

]

γT1,−
2 = γ~2

[

nT1

ν1
sin2θ + nT1

ν2
cos2θ + (nT1

ν1
− nT1

ν2
)sinθcosθ

]

γT2,+
1 = γ~2(nT2

ν1
− nT2

ν2
)sinθcosθ, γT2,+

2 = γ~2(nT2

ν1
sin2θ + nT2

ν2
cos2θ + 1)

γT2,−
1 = γ~2(nT2

ν1
− nT2

ν2
)sinθcosθ, γT2,−

2 = γ~2(nT2

ν1
sin2θ + nT2

ν2
cos2θ)

(15)

II. SOLVING THE DYNAMICAL EQUATION IN COHERENT SPACE

To solve the PDE in Eq.(5) in main text, we first calculate the biorthogonal eigenvectors of the drift matrix Σ and
the results are

λ1 =
1

2
[γ(3 + F ) + i(ν1 + ν2 + γG)] , u(1) =











2(ε+ id)

p+ + iq+

0

0











, v(1) =
(

− p
−
−iq

−

4(ε+id)(F+iG)
1

2(F+iG) 0 0
)

λ2 =
1

2
[γ(3− F ) + i(ν1 + ν2 − γG)] , u(2) =











2(ε+ id)

p− − iq−

0

0











, v(2) =
(

p++iq+
4(ε+id)(F+iG) − 1

2(F+iG) 0 0
)

λ3 =
1

2
[γ(3 + F )− i(ν1 + ν2 + γG)] , u(3) =











0

0

2(ε− id)

p+ − iq+











, v(3) =
(

0 0 − p
−
+iq

−

4(ε−id)(F−iG)
1

2(F−iG)

)

λ4 =
1

2
[γ(3− F )− i(ν1 + ν2 − γG)] , u(4) =











0

0

2(ε− id)

p− + iq−











, v(4) =
(

0 0 p+−iq+
4(ε−id)(F−iG) − 1

2(F−iG)

)

(16)

then the σ-matrix is of the form

σij(t) = 2
∑

α,β∈R

1− e−(λα+λβ)t

λα + λβ
D(α,β)u

(α)
i u

(β)
j , D(α,β) =

∑

k,l∈R

v
(α)
k Dklv

(β)
l (17)

where D is the diffusion matrix defined in Eq.(6) in main text. Hence from the literature the full solution to the PDE
with respect to the initial condition P (αµ, α

∗
µ, 0) = δ(2)(α1)δ

(2)(α2) reads

P (αµ, α
∗
µ, t) =

1
√

(2π)4det[σ(t)]
exp



−
1

2

∑

i,j∈R

σ−1
ij (t)xixj



 (18)

where R = {1, 2, 1∗, 2∗} and x = {α1, α2, α
∗
1, α

∗
2}. The expectation value of observable within normal order is

〈(a†1)
m(a†2)

nak1a
l
2〉 =

∫

(α∗
1)

m(α∗
2)

nαk
1α

l
2P (αµ, α

∗
µ, t)d

2α1d
2α2 (19)
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The coefficients A... are

A13
11 =

1

F 2 +G2

(

1− e−γ(3+F )t

3 + F

p2− + q2−
2

+
1− e−γ(3−F )t

3− F

p2+ + q2+
2

− Re

[

1− e−γ(3+iG)t

3 + iG
(p+ − iq+)(p− − iq−)

])

A13
22 =

2(ε2 + d2)

F 2 +G2

(

1− e−γ(3+F )t

3 + F
+

1− e−γ(3−F )t

3− F
− 2Re

[

1− e−γ(3+iG)t

3 + iG

])

A13
1221 = −

ε(ε2 + d2)

F 2 +G2

(

1− e−γ(3+F )t

3 + F
Re

[

p− − iq−
ε+ id

]

+
1− e−γ(3−F )t

3− F
Re

[

p+ + iq+
ε+ id

]

− Re

[

1− e−γ(3+iG)t

3 + iG

(

p+ − iq+
ε− id

+
p− − iq−
ε+ id

)])

A14
11 =

ε+ id

4(ε2 + d2)(F 2 +G2)

(

1− e−γ(3+F )t

3 + F
(p2− + q2−)(p+ − iq+) +

1− e−γ(3−F )t

3− F
(p2+ + q2+)(p− + iq−)

−
1− e−γ(3+iG)t

3 + iG
(p2− + q2−)(p+ − iq+)−

1− e−γ(3−iG)t

3− iG
(p2+ + q2+)(p− + iq−)

)

A14
22 =

ε+ id

F 2 +G2

([

1− e−γ(3+F )t

3 + F
−

1− e−γ(3−iG)t

3− iG

]

(p+ − iq+) +

[

1− e−γ(3−F )t

3− F
−

1− e−γ(3+iG)t

3 + iG

]

(p− + iq−)

)

A14
1221 = −

ε+ id

2(F 2 +G2)

(

1− e−γ(3+F )t

3 + F
Re

[

p− − iq−
ε+ id

]

(p+ − iq+) +
1− e−γ(3−F )t

3− F
Re

[

p+ + iq+
ε+ id

]

(p− + iq−)

−
1− e−γ(3+iG)t

3 + iG

(

p+ − iq+
ε− id

+
p− − iq−
ε+ id

)

(p− + iq−)−
1− e−γ(3−iG)t

3− iG

(

p+ + iq+
ε+ id

+
p− + iq−
ε− id

)

(p+ − iq+)

)

A24
11 =

(p2+ + q2+)(p
2
− + q2−)

8(ε2 + d2)(F 2 +G2)

(

1− e−γ(3+F )t

3 + F
+

1− e−γ(3−F )t

3− F
− 2Re

[

1− e−γ(3+iG)t

3 + iG

])

A24
22 =

1

2(F 2 +G2)

(

1− e−γ(3+F )t

3 + F
(p2+ + q2+) +

1− e−γ(3−F )t

3− F
(p2− + q2−)− 2Re

[

1− e−γ(3+iG)t

3 + iG
(p+ + iq+)(p− + iq−)

])

A24
1221 = −

ε

4(F 2 +G2)

(

1− e−γ(3+F )t

3 + F
Re

[

p− − iq−
ε+ id

]

(p2+ + q2+) +
1− e−γ(3−F )t

3− F
Re

[

p+ + iq+
ε+ id

]

(p2− + q2−)

− Re

[

1− e−γ(3+iG)t

3 + iG

(

p+ − iq+
ε− id

+
p− − iq−
ε+ id

)

(p+ + iq+)(p− + iq−)

])

(20)
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The expressions of I...... in Eq.(18) in main text are

I13
11 = −

1

2(F 2 +G2)

(

p2− + q2−
(3 + F )2

+
p2+ + q2+
(3− F )2

− 2Re

[

(p+ − iq+)(p− − iq−)

(3 + iG)2

])

I13
22 = −

2(ε2 + d2)

F 2 +G2

[

1

(3 + F )2
+

1

(3− F )2
−

18− 2G2

(9 +G2)2

]

I13
1221 =

ε(ε2 + d2)

F 2 +G2





Re
[

p
−
−iq

−

ε+id

]

(3 + F )2
+

Re
[

p++iq+
ε+id

]

(3− F )2
− Re

[

p+−iq+
ε−id − p

−
−iq

−

ε+id

(3 + iG)2

]





I14
11 = −

1

4(ε− id)(F 2 +G2)

[

(p2− + q2−)(p+ − iq+)

(

1

(3 + F )2
−

1

(3 + iG)2

)

+ (p2+ + q2+)(p− + iq−)

(

1

(3− F )2
−

1

(3− iG)2

)]

I14
22 = −

ε+ id

F 2 +G2

[(

1

(3 + F )2
−

1

(3− iG)2

)

(p+ − iq+) +

(

1

(3− F )2
−

1

(3 + iG)2

)

(p− + iq−)

]

A14
1221 =

ε+ id

2(F 2 +G2)

(

p+ − iq+
(3 + F )2

Re

[

p− − iq−
ε+ id

]

+
p− + iq−
(3− F )2

Re

[

p+ + iq+
ε+ id

]

−
p− + iq−
(3 + iG)2

(

p+ − iq+
ε− id

+
p− − iq−
ε+ id

)

−
p+ − iq+
(3− iG)2

(

p+ + iq+
ε+ id

+
p− + iq−
ε− id

))

I24
11 = −

(p2+ + q2+)(p
2
− + q2−)

8(ε2 + d2)(F 2 +G2)

[

1

(3 + F )2
+

1

(3− F )2
−

18− 2G2

(9 +G2)2

]

I24
22 = −

1

2(F 2 +G2)

(

p2+ + q2+
(3 + F )2

+
p2− + q2−
(3− F )2

− 2Re

[

(p+ + iq+)(p− + iq−)

(3 + iG)2

])

I24
1221 =

ε

4(F 2 +G2)

(

p2+ + q2+
(3 + F )2

Re

[

p− − iq−
ε+ id

]

+
p2− + q2−
(3− F )2

Re

[

p+ + iq+
ε+ id

]

− Re

[

(p+ + iq+)(p− + iq−)

(3 + iG)2

(

p+ − iq+
ε− id

+
p− − iq−
ε+ id

)])

(21)


