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Sadasivan Shankare

aDepartment of Applied Physics and Materials Science, California Institute of Technology, Pasadena, CA 91125,
USA

bProcess Technology Modeling, Design and Technology Solutions, Technology and Manufacturing Group, Intel
Corporation, Santa Clara, CA 95052, USA

cDepartment of Materials Science and Engineering, Texas A&M University, College Station, TX 77843, USA
dDepartment of Mechanical Engineering, Texas A&M University, College Station, TX 77843, USA

eSchool of Engineering and Applied Sciences, Harvard University, Cambridge, MA 02138, USA

S1. Computational methods

S1.1. The CALPHAD method

The method of CALculation of PHAse Diagrams (or CALPHAD for short) has been widely uti-

lized to calculate bulk phase diagrams and thermodynamic properties of multi-component systems

[S1]. It involves the use of Gibbs free energy models developed for various types of phases, such as

random solutions (gases, liquids, and solids), sublattice phases, ionic phases, etc. Variables used in

these models are calculated by fitting either to experimental data or ab initio calculations.

The CALPHAD method [S1] is well established for calculating bulk phase diagrams, and is a

good starting point for calculating phase equilibria in nanoscale systems. In this work, since we

have considered surface effects on binary solution phases, thermodynamic models for only these

types of phases will be described. The Gibbs free energy of a bulk random solution phase φ is given

by,

Gφ,bulkm = Gref + ∆Gidealmix + ∆Gxsmix, (S1)
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where, Gref is the sum of standard Gibbs energies of each component, ∆Gidealmix is the ideal mixing

configurational entropy contribution to the Gibbs free energy of the solution phases, and ∆Gxsmix,

called the excess energy of mixing, takes into account all the non-ideal temperature dependent

effects such as interaction between components, non-ideal configurational entropy, vibrational and

electronic entropy, etc. Expanding each term, Eqn. (S1) becomes,

Gφ,bulkm =
∑
i=A,B

xi
oGbulki + RT

∑
i=A,B

xilogexi + ∆Gxsmix

= xA
oGbulkA + xB

oGbulkB +RT (xAlogexA + xBlogexB) + ∆Gxsmix,

(S2)

where, xA and xB are mole fractions of components A and B of the phase, respectively, and oGφ,bulkA

and oGφ,bulkB are the standard Gibbs energies of the phase containing only the pure component A

and B, respectively. These are obtained from the Scientific Group Thermodata Europe (SGTE)

database [S2]. R is the gas constant, and T is the temperature. The excess Gibbs free energy of

mixing ∆Gxsmix is expanded according to the Redlich-Kister formalism [S3] as,

∆Gxsmix = xAxB
∑
v

Lφv (xA − xB)v, (S3)

where, v is the order of expansion (v = 0 for regular solution phases and v = 1 or above for

non-regular solution phases), and Lφv is called the non-ideal interaction parameter. As the excess

Gibbs free energy of mixing must include temperature dependency of other sources of entropy

(non-ideal configurational, vibrational, and electronic) apart from ideal configurational entropy,

these parameters are further expanded as,

Lφv = Aφv + Bφv .T, (S4)

where, Aφv and Bφv are user-defined parameters that are calculated and optimized in the CALPHAD

method with available experimental data on positions of equilibrium lines in the phase diagram,

phase thermodynamic properties such as enthalpy and entropy of mixing, etc., and/or similar data

calculated from ab initio calculations, which is particularly useful in cases where no experimental

data is available.
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Table S1: Surface area to volume ratio of different shapes of nano-particles.

Geometrical Size Surface Area Volume Ratio of Coefficient of ratio

nanostructure (a or r) Surface Area/Volume

Cube a 6a2 a3 6
a 6

Regular Tetrahedron a
√

3a2 a3

6
√
2

6
√
6

a 14.7

Hexahedron a,L; a/L = 1 (6a2 + 3
√

3a2) 3
√
3a3

2
4√
3a

(1+
√
3
2 ) 4.3

Regular icosahedron a 5
√

3a2 5(3+
√
5)a3

12
12
√
3

(3+
√
5)a

3.97

Sphere r 4πr2 4πr3

3
3
r 3

Cylinder r,H; r/H = 1 4πr2 πr3 4
r 4
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Table S2: Thermodynamic and physical properties used in the calculation of alloy surface tensions and phase

diagrams of the Au-Si, Ge-Si, and Al-Cu nanoscale systems (L: Liquid, S: Solid)

Variable Function Reference

Surface tension (J/m2) σLAu = 1.33 - 1.4 x 10−4T [S4]

σSAu = 1.947 - 4.3 x 10−4T [S5]

σLSi = 0.732 - 8.6 x 10−5(T - 1687.15) [S6]

σSSi = 1.510 - 1.589 x 10−4(T - 298.2) [S7]

σLGe = 0.621 - 2.6 x 10−4(T - 1211.4) [S8]

σSGe = 1.32 - 2.531 x 10−4(T - 298.2) [S9]

σLAl = 0.871 - 1.55 x 10−4(T - 933) [S10, S11]

σSAl = 1.143 - 1.946 x 10−4T [S12, S13]

σLCu = 1.615 - 2.3 x 10−4T [S8]

σSCu = 2.1585 - 4 x 10−4T [S14]

Molar volume (m3/mol) V LAu = 1.02582 x 10−5 + 7.797 x 10−10T [S8]

V SAu = 1.07109 x 10−5 [S8]

V LSi = 11.1 x 10−6[1 + 1.4 x 10−4(T - 1687.15) [S8]

V SSi = 1.206 x 10−5 [S9]

V LGe = 13.2 x 10−6[1 + 8 x 10−5(T - 1211.4) [S8]

V SGe = 1.365 x 10−5 [S9]

V LAl = 11.491 x 10−6[1 + 9 x 10−5(T - 933) [S15]

V SAl = 10.797 x 10−6[1 + 1.29 x 10−4(T - 933) [S16]

V LCu = 7.94 x 10−6[1 + 1 x 10−4(T - 1356.15) [S8]

V SCu = 7.01 x 10−6 + 2.92 x 10−10T + 1.02 x 10−13T2 [S14]

V SAl2Cu = 9 x 10−6 [S17]
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Figure S1: (Color online) Phase diagram of the Ge-Si alloy system calculated for two particle shapes - sphere and a

regular icosahedron, both for a particle size of 5 nm, and compared with the bulk phase diagram.
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Figure S2: (Color online) Calculated melting points of Au as a function of particle size compared with experimental

data from Ref. [S18].
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Figure S3: (Color online) Calculated melting points of Si, using surface tension data from Mallot et al [S6] for liquid

and from Jaccodine et al [S7] for the solid phase, as a function of particle size compared with experimental data from

Iida & Guthrie [S8], Mezey et al [S13], Couchman & Jesser [S19], Buffat & Borell [S20], and Goldstein [S21].
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Table S3: Thermodynamic functions used in the calculation of phase diagrams in this work (in J mol−1 and K). All

bulk and size-independent functions are obtained from (a) Au-Si: SGTE database [S2] and Ref. [S22], (b) Ge-Si:

SGTE database [S2] and Refs. [S23] and [S24] for the liquid and diamond phases, respectively, and (c) Al-Cu: Ref.

[S25] for the liquid and γD83 phases, and the COST-507 database [S26] for the rest of the phases.

Standard element reference Gibbs energies

oGfcc,nanoAu = oGfcc,bulkAu + 6.569×10−5

r − 1.4508×10−8

r .T

oGdia,nanoSi = oGdia,bulkSi + 5.916×10−5

r − 6.0365×10−9

r .T

oGdia,nanoGe = oGdia,bulkGe + 6.000×10−5

r − 1.0883×10−8

r .T

oGfcc,nanoAl = oGfcc,bulkAl + 3.419×10−5

r − 8.07×10−10

r .T − 8.539×10−13

r .T2

oGfcc,nanoCu = oGfcc,bulkCu + 4.767×10−5

r − 6.847×10−9

r .T + 3.257×10−13

r .T2

Liquid phases

Gliq,nanoAu = Gliq,bulkAu + 4.093×10−5

r − 1.197×10−9

r .T − 3.2747×10−13

r .T2

Gliq,nanoSi = Gliq,bulkSi + 2.231×10−5

r + 1.9013×10−9

r .T − 4.009×10−13

r .T2

Gliq,nanoGe = Gliq,bulkGe + 3.347×10−5

r − 6.3326×10−9

r .T − 8.2368×10−13

r .T2

Gliq,nanoAl = Gliq,bulkAl + 3.207×10−5

r − 1.745×10−9

r .T − 4.809×10−13

r .T2

Gliq,nanoCu = Gliq,bulkCu + 3.325×10−5

r − 8.880×10−10

r .T − 5.478×10−13

r .T2

Intermetallic compounds

GAl2Cu,nanoAl:Cu = 2 ∗o Gfcc,nanoAl + oGfcc,nanoCu + (−47406 + 3.479×10−5

r ) + (6.75).T

Interaction parameters

1. Au-Si

Lliq,nano0 = (−24103.3028 − 1.5445×10−5

r ) + (−15.13883 + 7.4895×10−9

r ).T

Lliq,nano1 = (−29375.2777 + 5.200×10−6

r ) + (1.1065 + 1.0399×10−9

r ).T

Lliq,nano2 = (−13032.2412 + 1.5498×10−5

r ) − ( 4.469×10−9

r ).T

2. Ge-Si

Lliq,nano0 = (+6610 + 2.362×10−6

r ) + (−0.354 − 3.596×10−9

r ).T

Ldia,nano0 = (+3765.6 − 1.3823×10−5

r ) + ( 9.6134×10−9

r ).T

3. Al-Cu

Lliq,nano0 = (−67094 − 9.379×10−6

r ) + (8.555 + 4.642×10−9

r ).T

Lliq,nano1 = (32148 − 1.785×10−6

r ) + (−7.118 − 5.667×10−10

r ).T

Lliq,nano2 = (5915 + 6.445×10−6

r ) + (−5.889 − 1.89×10−9

r ).T

Lliq,nano3 = − 8175 + 6.049.T
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Figure S4: (Color online) Calculated melting points of Ge as a function of particle size compared with experimental

data from Ref. [S27].
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Figure S5: (Color online) Unit cell of the Al2Cu compound.

S12



Table S4: Calculated lattice constants (in Å) and cohesive energy, Ecoh (in eV/atom) of Al, Cu, and the Al2Cu

phase from DFT using the LDA approximation. Experimental data are shown in parentheses.

Phase Space group Pearson symbol Lattice constants Ecoh (eV/atom)

Al Fm3̄m (no. 225) cF4 a = 3.9793 (4.047a) 4.133 (3.39c)

Cu Fm3̄m (no. 225) cF4 a = 3.5246 (3.6536b) 4.703 (3.49c)

Al2Cu I4/mcm (no. 140) tI12 a = 5.943 (6.063d) -4.506
c = 4.781 (4.872d)

a: Ref. [S28]

b: Ref. [S29]

c: Ref. [S30]

d: Ref. [S31]
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Figure S6: (Color online) Calculated melting points of Al as a function of particle size compared with experimental

data from Ref. [S32].
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Figure S7: (Color online) Calculated melting points of Cu as a function of particle size compared with experimental

data from Ref. [S33].
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Figure S8: (Color online) Calculated surface tension of the liquid phase in the Al-Cu system compared with experi-

mental data from Refs. [S11, S34].
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