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Ab-initio electronic transport properties: DFT+NEGF

For the ab-initio quantum transport calculations, we apply the non-equilibrium Green’s

function (NEGF) formalism as implemented in the Smeagol code.1,2 Within this approach,

the retarded Green’s function of the scattering region, GD, is given by

GD(E) = lim
η→0

[(ESD + iη)−HD − ΣL − ΣR]−1 , (1)

where E is the energy, ΣL,R are the self-energies of the left and right electrodes, SD andHD are

the overlap and the Hamiltonian matrices, respectively, of the scattering region obtained from
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DFT calculation. The coupling to the electrodes are given by ΓNEGF
L,R (E) = i

(
ΣL,R − Σ†L,R

)
,

i.e., the imaginary part of the self-energy defined as

ΣL(E) = (ESLD − V †LD)GL(E)(ESLD − VLD), (2)

where GL is the surface Green’s function of the isolated left(L) electrode and VLD is the

interaction between the scattering region and the electrode. All these quantities are matrices.

The same can be defined for the right electrode. Finally the density of states (DOS) of

the isolated left electrode can be written in terms of its Green’s function as νNEGF
L (E) =

1
2π

Tr
[
GL(E)− G†L(E)

]
SLD. From the Green’s function and couplings, the non-equilibrium

charge density can be computed and by following a self-consistent procedure, for a specific

applied bias, the transmission coefficients are given by T (E) = Tr
[
ΓLG†DΓRGD

]
. Within

NEGF the electrical current between the two electrodes is

I =
2e

h

∫ +∞

−∞
Tr
[
ΓLG†DΓRGD

]
(fL − fR) dE, (3)

where fL,R is the Fermi’s distribution function of the (L,R) electrodes in its respective chem-

ical potential µL,R.

Constrained Density Functional Theory and Electrostatic Model

Here we describe the CDFT method used to calculate the image charge plane used as pa-

rameter in the electrostatic classical model.3,4 For a given distance, d, from the center of

the molecule to a single metallic surface, the procedure is as follows: first, a conventional

DFT calculation is performed, where no constraint is applied. This yields the total the

charge density, and the amount of charge present on each fragment (one fragment being the

molecule and the other fragment the metal surface). In a second step, a CDFT calculation is

performed. A full electron is removed from the molecule and added to the substrate, and the
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charge density is obtained. From these two sets of calculations we can evaluate the image

charge plane by

z0(d) =

∫ dB
dA

z ∆ρxy(z; d) dz∫ dB
dA

∆ρxy(z; d) dz
. (4)

In other words z0 can be interpreted as the center of gravity of the screening charge den-

sity localized on the metal surface, and in general it depends on d. Here ∆ρxy(z; d) =∫
dxdy∆ρ(r; d) and ∆ρ(r; d) is the difference between the charge densities of the DFT

(ground state) and the CDFT (charge transfer state) solutions for a fixed d. Note that

the charge transfer between the surface and the molecule leads to the formation of a spu-

rious charge layer on the back side of the Au slab (i.e. opposite to the surface where the

molecule is placed), which is due to the finite number of atomic layers used to simulate the

metal surface. In order not to consider such spurious charge while evaluating the integral

in Eq. 4, the two integration limits, dA and dB, are chosen in the following way: 1) dA is

taken after the first two ∆ρ(d) charge oscillations on the back of the cluster, and 2) dB is

the distance at which ∆ρ(d) changes sign between the top Au layer and the molecule (i.e.

it is in the vacuum). Once we have information on the image charge plane, we consider

the electrostatic classical model where a point charge is interacting with two infinite flat

surfaces,5,6 given by

U(d) = − Q2

2(d/2− z0)
ln2, (5)

where Q is a point charge located at the center of the molecule, and d is the distance between

the two surfaces; z0 is the height of the image charge plane with respect to the surface atomic

layer, and is the center of gravity of the screening charge density formed on the metal surface.

Since we evaluate z0 by CDFT, our classical model is effectively parameter-free.

Scissor Operator method

For the particular case of a single molecule attached to the electrodes, first a projection of the

full KS-Hamiltonian matrix and of the overlap matrix is carried out onto the atomic orbitals
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associated with the molecule subspace, which we denote as H0
mol and S0

mol (the remain-

ing part of Ĥ describes the electrodes). By solving the corresponding eigenvalue problem,

H0
molψ = εS0

molψ, for this subblock we obtain the eigenvalues, {εn}n=1,...,M , and eigenvectors,

{ψn}n=1,...,M , where M is the number of atomic orbitals on the molecule. Subsequently, the

corrections are applied to the eigenvalues, where all the occupied levels are shifted rigidly

by the constant Σo while the unoccupied levels are shifted rigidly by the constant Σu. We

note that in principle each state can be shifted by a different amount. Using the shifted

eigenvalues we can construct a transformed molecular Hamiltonian matrix, HSCO
mol , given by

HSCO
mol = H0

mol + Σo

∑
io=1,no

ψioψ
†
io

+ Σu

∑
iu=1,nu

ψiuψ
†
iu
, (6)

where the first sum runs over the no occupied orbitals, and the second one runs over the

nu empty states. In the full Hamiltonian matrix we then replace the subblock H0
mol with

HSCO
mol .5–9 The SCO procedure can be applied self-consistently, although in this work we apply

it non-selfconsistently to the converged DFT Hamiltonian.

The correction applied to the frontier energy levels of a molecule in a junction has two

contributions. First we need to correct for the fact that the gas-phase LDA HOMO-LUMO

gap (Egap
LDA) is too small when compared to the difference between IP and EA. Secondly, the

renormalization of the energy levels (Eq. 5), when the molecule is brought close to metal

surfaces needs to be added to the IP and EA levels. Hence, for the molecule attached to two

metallic surfaces forming a molecular junction, we approximate the overall corrections for

the molecular levels below EF by

Σo(d) = −[IP + εHOMO] + U(d) (7)

and similarly for the levels above EF as

Σu(d) = −[EA + εLUMO]− U(d); (8)
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where εHOMO/LUMO are the gas-phase KS eigenvalues.

Model Hamiltonian and master equation for electronic transport

The steady-state current are computed via the master equation formalism. Within the T -

matrix10–13 approach we evaluate the diagonal terms of the reduced density matrix13,14 and

the steady-state occupation probabilities are obtained as

ρ̇qm(t) =
∑

α;n6=m,q′

(
Γnm;q′q
α ρq

′
n − Γmn;qq

′
α ρqm

)
+

∑
αα′;n,q′

(
Γnm;q′q
αα′ ρq

′
n − Γmn;qq

′

αα′ ρqm

)
+

1

τ

ρqm − ρqeq∑
q′

ρq
′
n

 ,

(9)

where ρqm is the occupation of the state |m, q〉 . To lowest order in the tunnelling Hamiltonian,

ĤT, one describes the sequential-tunnelling processes where one electron is transferred from

one electrode to the molecule and vice-versa. The transition rates, Γmn,qq
′

α , for electrons to

tunnel between the molecule and the electrode α when the molecule makes a transition from

the state |m; q〉 with total energy Emq to the state |n; q′〉 of energy Enq′ are given by13,15

Γmn,qq
′

α =
Γα
~
∑
iσ

{
f(Emq − Enq′ − µα)|Aiσnm|2|Fq′q|2 +

[
1− f(Enq′ − Emq − µα)

]
|Aiσmn|2|Fqq′|2

}
,

(10)

where m → n and q → q′ represent changes on the number of electrons and excited vi-

brons, respectively. Γα = 2πγ2ανα are the bare electronic couplings to the electrodes, να is

the density of states and γα is the momentum independent hopping parameter. Moreover,

Aiσn′n′′ = 〈n′| ciσ |n′′〉 = δn′,n′′+1 is the matrix element of the annihilation operator for the

single-particle state i with spin σ and Fq′q = 〈q′| e−λ(b̂†−b̂) |q〉 are the Franck-Condon matrix

elements.14,16 These processes are dominant as long as the conducting energy level is within

the bias window. However, if the level is outside the bias window, the sequential tunnelling

decreases exponentially and higher order processes will dominate.

To the next-to leading-order of the T -matrix expansion, cotunnelling processes dominate
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(second term of Eq. 9) and the transition rates are given by11,13,17–19

Γnn
′;qq′

αα′ =
ΓαΓα′

2π~
∑
i′′σ′′

∑
i′σ′

∫
dE

∣∣∣∣∣ ∑
n′′,q′′

(
Ai

′′σ′′
n′n′′Ai

′σ′∗
nn′′ Fq′q′′F

∗
qq′′

E + Enq − En′′q′′ + iη
+

Ai
′′σ′′∗
n′′n′ Ai

′σ′
n′′nF

∗
q′′q′Fq′′q

−E + En′q′ − En′′q′′ + iη

)∣∣∣∣∣
2

× f(E − µα)
[
1− f(E + Enq − En′q′ − µα′)

]
.

(11)

Γnn
′;qq′

αα′ describes the transition rates to transfer coherently (tunnelling) one electron from

the electrode α while the molecule is in the state |n; q〉 to the electrode α′ and leaving

the molecule in the state |n′; q′〉 . The occupation of the molecule changes just virtually

in the intermediate state, i.e., the number of electrons in the molecule is the same during

cotunnelling processes. We disregard tunnelling processes changing the number of electrons

in the molecule by ±2. This is achieved by constructing a general final state as |j′〉 |n′〉 =

d̂†α′k′ d̂αk |j〉 |n′〉 , with α 6= α′. Note that Eq. (11) can not be directly computed due to the

second order poles. To circumvent this, we apply a regularization scheme as presented in

Ref.14.

By solving Eq. (9) with the time derivatives set to zero and the normalization condition∑
i ρi = 1 one obtains the steady-state current through the left electrode as13,14

IL = −e
∑
nm;qq′

(Nn −Nm) Γnm;q′q
L ρm;q − e

∑
nm;q′q

(
Γnm;q′q
LR − Γnm;q′q

RL

)
ρm;q, (12)

where Nn is the number of electrons in state |n; q〉 . In our model, we map the problem in

an orthogonal basis set and we consider only the two single-particle states relevant to the

problem, i.e., they represent the frontier highest occupied molecular orbital (HOMO) and the

lowest unoccupied molecular orbital (LUMO). The states are considered spin-degenerated so

that the contributions of each spin are cast out into a spin factor constant.14 For simplicity,

we do not allow a second electron in the molecule, i.e., U → ∞. Therefore, the states used

to construct the basis set for the reduced density matrix are |0; q〉 , |1, 0; q〉 and |0, 1; q〉 , i.e.,

empty molecule, an electron in the HOMO and an electron in the LUMO, respectively, for
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q number of vibrons.

Fig. S1 shows the total current and the sequential tunnelling contributions. The cotun-

nelling current adds minor features in the current-voltage profile, beind dominant in the

region of small bias. The oscillatory feature at voltages corresponding to the position of the

energy levels is due to the fact that the cotunnelling current changes sign,16 as also shown

in Fig. 4 of the main text.
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Figure S1: Transport properties of several thiol-terminated junctions for different binding
angle, θ, as obtained from the ME: Total current (solid lines) and sequential tunnelling
contribution (dashed-dotted lines) as a function of bias at a temperature Θ = 80 K. The
position of the energy levels and the electronic couplings are given by Fig. 3 and Table 1 in
the main text, respectively.

Extracting electronic couplings from DFT-NEGF calculations

The energy level alignment as a function of the electrode separation is determined (see

computational methods in the main text) and a scissor operator approach is used to shift

the energy levels to the corrected positions.3,4 Subsequently, we perform the transport cal-

culations within NEGF and obtain the transmission coefficients with the corrected energy

levels positions. The electronic couplings are extracted by fitting a Lorentzian curve20 to
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the transmission coefficients as

T (E) =
∑
i

ΓLiΓRi

(E − Ei)2 + 1
4

(Γi)
2 , (13)

where Γi = ΓLi + ΓRi for i = HOMO,LUMO levels.

In order to make the connection between the electronic couplings obtained with NEGF,

ΓNEGF
L,R (E), and the ones defined within ME, Γα, we first assume that the scattering region

(within ME) is given just by the molecule and that its energy levels are non-degenerated

and well separated in energy. Therefore, the interaction VL,R between the scattering region

and the electrode is given, for a single-particle level, by the momentum independent hopping

parameter γL,R. Then, the self-energy given in Eq. (2) becomes ΣL,R(E) = πγ2L,Rν
NEGF
L,R (E).

If we further assume the wide-band approximation, i.e., the density of states is energy inde-

pendent which is a good approximation for metallic electrodes, we obtain

ΓNEGF
L,R = 2πγ2L,Rν

NEGF
L,R ≈ 2πγ2L,RνL,R ≡ ΓL,R. (14)

We note that, for a metallic surface, DFT-LDA generally yields satisfactory results for νL,R.

Fig. S2 shows the non-self-consistent transmission coefficients through the KS-HOMO level

for different values of applied bias. By evaluating Eq. 13 we extract the electronic couplings

and we observe a reduction of about 20 % for 2 V when compared to 0 V. This explains

the reduction of the current as we increase the bias voltage, see black-dashed line of Fig. 4.

Moreover, the extracted couplings for the non-self-consistent transmission at 0 V (ΓL,R ∼ 0.01

eV) are larger than the ones for the self-consistent case shown in Tab. 1 (ΓL,R ∼ 0.006 eV).

This explains, in Fig. 5 of the main text, why the non-self-consistent current (black-dashed

line) is larger than the current obtained with the master equation (blue-solid line).

We have performed transport calculations for the flat and tip electrodes where we change

symmetrically the distance between the linking group and the gold atom. From this we

extract the electronic couplings for the HOMO level as a function of the S-Au distance. Fig.
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Figure S2: Non-self-consistent transport calculation for θ = 00. Transmission as a function
energy for different values of bias voltage. The resonant peak corresponds to the KS-HOMO
level. The different width of the peaks show that the electronic couplings are reduced when
the bias voltage increases. For 0 V, Γ = 0.01 eV whereas for 2 V, Γ = 0.008 eV.

S3(a)-(b) shows the transmission coefficients for the equilibrium position (dS−Au=2 Å) and

compare to the case where we increase the bond length by 0.5 Åand 1.5 Å. Fig. S3(c)-(d)

show the respective electronic couplings. In Fig. S3(d) we also show the electronic coupling

extracted for Fig 1(d) in the main text.

Fig. S4 we show how the current depends on the number of vibrons (qmax), the electron-

vibron coupling strength (λ) and on the vibron relaxation time τ . We have considered

qmax ≤ 150 for which above this value numerical problems arise since the transition rates

matrix becomes bad-ranked. Fig. S4(a)-(b) show the current versus bias for several values

of qmax and λ. For values of λ ≤ 1.5 the excitations do not lead to the linear increase of

the current after the onset. Nevertheless, for λ = 2 and qmax ≥ 100 is already visible the

increase in the current due to vibration excitations. In particular, for qmax ≥ 120 the current

increases rapidly due to avalanche effects as discussed by Koch et. al (PRB 74, 205438,

9



-1 0 1 2
E-EF (eV)

10
-6

10
-4

10
-2

10
0

T
(E

)
eq
eq+0.5 Å
eq+1.5 Å

-1 0 1 2
E-EF (eV)

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

T
(E

)

mol-top

2 2.5 3 3.5
S-Au bond length (Å)

1.5

3

4.5

6

Γ
 (

m
eV

)

2 2.5 3 3.5
S-Au bond length (Å)

0

1

2

3

Γ
 (

m
eV

)

(a) (b)

(c) (d)

flat electrodes (0
0
) tip electrodes (0

0
)

Figure S3: Transmission coefficients for flat electrodes (a) and tip electrodes (b) for different
distances between the linking SH group and the gold atoms. (c) and (d) show the electronic
couplings for the HOMO level as a function of the S-Au distance where the equilibrium
distance is 2 Å. The purple data point in (d) shows the electronic coupling for the HOMO
when the molecule is placed on top of the two tips, as shown in Fig. 1(d) in the main text.

2006). When we include vibron relaxation [Fig. S4(c)] we observe a sensitive dependence

on the values of τ when considering qmax = 150. Although we treat the relaxation time for

vibrations as a parameter by setting it to 1 ps, this is the order of magnitude for vibration

relaxation time in closely related systems.21,22

In Fig. S5 we show the wavefunction plots for the frontier molecular levels HOMO and

LUMO for the isolated ZnTPPdT(thiol) molecule.
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Figure S4: Sequential tunneling current versus bias for a single-level model with vibrations.
(a)-(b) Several values of qmax and λ without vibron dissipation, i.e., τ = 0. (c) Comparison
when vibron relaxation is allowed. Other parameters: ΓL(R)=6 (5.5) meV. kBΘ=0.34 meV,
~ωp= 10 meV.
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