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This ESI file contains (i) definition of the partial trace and direct product operators, (ii) relaxation super-
operators and (iii) extended set of equations describing SABRE kinetics.

A. Derivation of Trace and Product Operators

In order to calculate the propagator of equation (5) from the main article we derived the Liouville space
representations of the direct product and partial trace.

Let us consider two (square) density matrices (1 and 6, with Hilbert space indices i, j and m, n and
dimensions denoted as dim(ﬁ(l)) and dim(ﬁ(z)), that are equal to the number of rows or columns in
the corresponding matrices. The direct product of the two matrices is 87 = 6 ® 2. The elements of

this direct product matrix 6f; = 65,1_]-,1 = 61'(]'1) . 6,(,12,2 are obtained using the following index relation:

k=(—1)-dim@62) +m )

l=(—1)-dim(6?) +n

The resulting dimensionality of 67 is given by the product of dimensionalities:
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dim(6?) = dim(8?') - dim(6?) (2
Now let us demonstrate how one can go from the full density matrix ¥ to a partial density matrix, e.g.,
to ¢ by taking partial trance over subspace (2). The partial trace over the subspace that corresponds

to operator 6 results in the reduced matrix with elements:



m

A ~(1) A2 ~(1) A2 (1 ~ 3
Tr(z)(dlfl) = Zai(j) ' Ur(m)l “Omn = Zai(j) ' Jr(m)n = i(j) : Tr{a(z)} )
mn

Thus, in this simplest example, the partial trace of the direct product is obviously equal to the matrix
defined in the first subspace. Here §,,,, is the Kronecker delta. The same procedure is used in this work
for performing the partial trace operation for general matrices (which are not necessarily given by the
direct product of partial density matrices).

In this work, we also work in the Liouville space, where the density matrix is presented as a column
vector. Thus, we need an index relation to transform a square matrix 6;; from the Hilbert space into the
Liouville space, where the resulting vector has only one index L, i.e., 6, = 6;;. The corresponding index
relation is as follows:

L=(—- 1) -dim(d) +j (4)
Thus, L changes from 1 to dim(@)?. Using these index relations the Liouville space representation of the
direct product and partial trace are derived in a straightforward manner.

Partial trace. Each element {ij} of the resulting reduced density matrix (in the first subspace), with the
Liouville space index I, is calculated by summing up all elements with m = n (in the second subspace),
which belong to the same subspace {ij}, see equation (3). Essentially setting all elements of the trace
operator that are included in the summation to 1. The second index, /, of the trace operator is a
combination of equations (1) and (4) yielding the following trace operator:

{§Tr}1] = Omn ©

The Liouville space indices, {IJ}, are:

I=(-1)-dim(6®W) +j (6)
J=(((= 1)~ dim(8?) +m) - 1) - dim(6®) dim(62) + (= 1) - dim(6?) +n
where i,j € {1, ...,dim(&(l)) }, are the indices of the reduced dimensionality in the Hilbert space and
m,n € {1,...,dim(6?%)} are the indices of the density matrix 2 which is traced out.

Direct Product. The expression for the direct product operator is obtained in the same manner as the
expression for 6f; = 65,1,]-”, i.e., by combining the index relations (1) and (4). The product of each
element of 6,,,, and 6;; is calculated by selecting the correct element (of ij) using the index J (equation
(8)) and then by placing the result at the correct position in the density matrix of the full space by using
the index I (equation (8))

E®) _ (ain (7)
{S }1] (O-Hz)mn
The Liouville space indices are:
I= ((((i — 1) - dim(6") +m) — 1) -dim(6™) dim(6) + (G — 1) - dim(6) + n (8)

J= (-1 -dim(6®)+;



Where i,j € {1, ...,dim(ﬁ(l))} are the indices of the substrate density matrix in the Hilbert space and

m,n € {1, ) dim(&{{;) } are the indices of the density matrix if H,: 6{{; = fpu,0pn, t fou,00m,-

One can readily see that the superoperator S™ and S are non-square matrices because of the different
dimensionality of the spin-state spaces of the substrate and SABRE complex: the substrate has (at least)
two spins % less.

B. Relaxation Operator

Random fluctuations of magnetic interactions, which gives rise to spin relaxation, are contained in the
time-dependent part of the spin Hamiltonian Hp.

HF(t) = _VZ(Bx(t)iix + By(t)iiy + Bz(t)iiz) ©)

l
To treat relaxation, we employ a formulation of the Redfield relaxation theory' based on random
fluctuating fields, which was previously used in the study of relaxation field dependency’.

We are considering only the simple case of extreme narrowing regime where T; = T,. Furthermore, we
assume that the field fluctuations are uncorrelated for different nuclei and for different spatial
dimensions, x,y,z. Under these assumptions we get the following expression for the relaxation
operator.

1 (10)
Rijirjr = 5 2]y jjr — 6 Z]ki’,ki — &y Z]kj,kj'
% %

The correlation super-matrix J is expressed via Hg(t) by equation (11):

(11)

Jurjjt = f O + Dl )d

These elements are calculated in the eigen-basis of the static Hamiltonian, see equation (12), main
article. For isotropic random fields equation (12) holds:

f B (OBt + Ddr = f B, (DB, (¢ + D)dr = f B, (OBt + Ddr = -
—o0 —00 —00 1

Where the average is taken overt and over ensemble. When the field fluctuations uncorrelated for
different nuclei and spatial dimensions (as assumed here), equation (11) can be simplified into equation
(13):

N (13)
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Where the sum is taken over all N nuclei and Ty; are the high field relaxation constants. Combining these

equations the Relaxation operator is readily calculated. The last step is conversion of R into the Zeeman
Basis via equation (14). When the basis transformation is given by a matrix V for super-operators the
transformation matrix will be



(14)
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C. Extended System

As mentioned in the main article a more general set of differential equations can be formulated, as
shown in equation (15), in order to take account of polarization transfer to Ir-HH and time-dependent
supply of pH,. However, the resulting set of equations is not linear and therefore no simple propagator
can be derived.

do, 2

d_ts = Lsas — kq[Cilog + kg - Try, (o) (15)
do, =2

d_tc = Leoc + ko{os®0¢,} — kqoc
do

H 2

dtz = Ly,oy, + kex[HZ ]Uc1 - kex[cl]UHz —Wooy, + Wy ([pH,]opn, + [0H;]ooy,)

do, 2

d? = Le,oc, + kq - Trs(oc) — ka[S]Uc1 - kex[H2]0'51 + kex[cl]UHZ

Here we introduce two additional equations to the system describing the state of H, in solution, O,/ and
the state of the intermediate complex, ac,- In addition, two more rates are introduced, which describe
the exchange of hydrogen in solution with the external source (W,) and the exchange of hydrogen with
the reaction intermediate (k,,). When the just mentioned rate constants are large compared to the
substrate exchange (i.e. k4[C] K kg [H,][C;] < W,[H3]), equation (15) can be approximated by the
set of equations used in the main text.
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