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Appendix A: Details of the minimum assignment algorithm

Consider two M x M matrices A' and A? with clements A’ € {p,s,z} defining the
relative position of links [ and !’. The aim is to find a one-to-one assignment k(l) of the
links from 1 — k minimizing the Hamming distance D(A', A?) =37, (1 — o1 Aik/)' Here,
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to shorten the notation, we use k, k" for k(l), k(I').
We start from the local marginals s (k) of the probability measure p(k) oc e #PAA%) of

the assignments written in the Bethe approximation for a finite 5 [1],

—B(1=6,1 A2 ) ,
pu (k) oc H (Z e BB gy (k )> . (A1)
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The cavity marginals p—,; (k") give the probability of assigning I’ — &’ in the absence of link
l. The recursive equations governing these cavity marginals are called the belief propagation

equations [1, 2],

,ul/%l(k/) x H (Z e_ﬁ(l_(SAll/lmAi,k”),ul’/ﬁl/(k”)> . (A2)

VALY k'K
We can solve the equations by iteration starting from a random initial condition.

But we are interested in the limit 5 — oo of the equations concentrating on the optimal
assignments minimizing D(A!, A%). Assuming the scaling i,y (k) = e v ®) for the cavity
marginals, the limit § — oo of the BP equations read

hooa() = 3 min {(1 =0y, a0

1!t
VLl k' k! k'K

)+ hl//->l/(/f”)} — Cy. (A3)

Here Cy_,; is a constant to make ming hy (k') = 0. These equations are called minsum
equations [2].

We use the above equations in a reinforcement algorithm to fix smoothly the assignment
variables [3]. To this end, we use the information in the local marginals p;(k) = e #n®*) to
increase slowly an external field acting on the variables. The aim is to concentrate more and

more the cavity and local marginals on a minimum assignment as the algorithm proceeds.
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More precisely, we start from random initial messages hj(k), h{ ,,

(k), and in each step we
update the message in the following way:
ML) = mlk) + OB + 3 min {0 gy, pe )+ B}~ G (A9
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In the same way, we update the local messages

k) = k) + r(OR](R) Y min { (1= ouy, 0
l//;él

) bR} =G (AD)

k!

Here r(t) is the reinforcement parameter; it is zero at the beginning and increases slowly
by time as r(t + 1) = r(t) + dr, for a small ér ~ 0.01. In addition, we introduced a small
noise 7;(k) to the equations to reduce the number of possible minimum assignments. In each
iteration one updates all the local and cavity messages selected in a random sequential way,
according to the above equations. In the end, one obtains an assignment by looking at the

local messages; that is [ — k = arg min A} (k).

Appendix B: Ordering statistics of the local changes

Consider two link configurations Ly, Ly connected by a sequence of local changes, that is
Ly = ur---uily. To be specific, we assume the us are local changes (LC) of type II, where
u is an elementary permutation of the neighboring endpoints (i,,4, + 1). There could be
different orderings of the LCs connecting the same boundary configurations. The question
is how these different orderings affect on a macroscopic behavior (phenotype) of the chain,
for example a monotonically increasing (fitness) function of the N, g .

For simplicity, let us ignore the link labels and work with the connectivity patterns of
the endpoints C. We will also focus on the simple case of two local changes u,v of type
II. The local change u commutes with v in the context of C if vuC = uvC. Note that the
transformations are reversible, that is from C' = vuC we obtain C = uvC’. The definitions
can readily be extended to link configurations with distinguishable links as well.

The two local changes u, v may involve two, three, or four distinct links; we will not
consider permutation of neighboring endpoints that belong to a single link, because it has
no effect. In table I we summarize the possible effects of two commutative local changes
on a contact configuration, considering only the nontrivial case of three links. One can
easily construct the other cases with two or four links, following the above rules. Note that
each transformation in the table can also happen in the reverse direction. As the table
shows, the changes in numbers N, in the two paths are correlated depending on how
that quantity changes form C to C'. In particular, when N, increases (or decreases) the

corresponding changes in the two paths do not have different signs; a LC-II only changes



pe s g Na N, | Ns | N, ppsNs g Na N, | Ns | N,
p* = (PPa,p*z) = p* | (1, 1) (= ) |(1,D)] 8° = (s*2,5%x) — sz | (=, —)| (1, 4) [(1,71)
a¥ — (pa?,52%) — psz |(1, )| (=) |(L V]| 2* = (2, pr®) = pPx | (1,1) |(=, )| (L)
ps* = (psz,s°x) — sz? (=, 1)| (L, =) | (1, D)||p2? = (PP, psz) = p*s| (1, =) | (= 1) (1, 4)
pr? = (psz,2%) = sz? | (=, )| (1, =) |(LD)|| pa® = (pPz,2%) = pa® | (1,4) [(= )| 1)
p*s = (psz,psz) — sz®| (4, 4) (=, =) [(1,D)|[p*s = (psz,p*x) — p?| (I, =) | (=) [(1,1)
p*a = (pr?,p*s) — psz| (L =) | (= 1) [(1, V)| P’z — (22, p°) = pPx | (L 1) [(— —)[(1,4)
s*x — (ps®, sx®) — psz|(T, =) | (= 1) |(L,D)|| s°x = (5%, 52%) = sz |(—,—)| (h,1) |4, 1)
psz — (sz?,p®s) — psz| (4, 1) | (= =) |(1,4)

TABLE I. The set of distinct transformations C — (uC,vC) — C’ = uvC = vuC obtained by
two commutative local changes of type II applied on three links. The arrows in each column show
the change in the numbers N, ,: positive (1) or negative (]). The first (second) arrow in the

NT’SNS:L‘

parenthesis corresponds to the first (second) transition. Here p Nz shows a configuration of

N, contact pairs of type ¢ = p, s, x.

the state of two links from x to (p,s), or from (p,s) to x. This means that in a LC-IT we
have 0N, s = —0N, = £1, and two LC-II can at most change NN, ; , by two. Consequently, if
N, increases (decreases), the changes N, resulted by the two LC-II can not have different

signs, because they can not give the expected total variation in V.

Appendix C: Details of the minimum evolution algorithm

Let us start from the dynamical partition function

Zlo—=Lr) = Y e uu@. i) L (C1)

where L, = L(u(1),u(2),...,u(t)|Lo) is the link configuration at time step ¢, and u(¢) defines
the position of the possible local changes. In the following, we assume the local changes are
of type IL. Here € = .1 E(t) + S0, E(t — 1,t) with E(t) = —N,(t), and E(t — 1,t) =
= geq Mg Nomsg (t = 1,1) for ¢ = p, s, 2. We recall that a link configuration is defined by

the endpoints of all the links, and any two links have different endpoints. A local-change
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configuration u(t) = {uw (t) = 0,1] 32, uw(t) < 1} is a matching of neighboring links with
adjacent endpoints along the contact chain.

We solve the above problem by a dynamic programming (message-passing) algorithm:
Define the cavity messages p;;+1(L) and p;;—1(L¢) as the probability of having link con-
figuration L; in the absence of the energy terms and constraints imposed by the other part
of the system; i.e. the segment (¢, 7] for the forward message p;_,;+1, and [0,¢) for the back-
ward message ;1. From the above partition function we can easily write the equations

for these cavity marginals

pi—sti1(Le) = Z5L(u (t)|Le—1) 6E(t_1’t)ut_1_>t(Lt_1), (C2)
Zt—>t+1
r
#t—n&—l('—t) = ﬁE Z 5L(u (t+1)|Le),Le41 € R t+1)ﬂt+1—>t(|—t+1) (C3>
Bt—st— 1 u(t+1)

Then the total marginal at time step ¢ is given by

1
Mt('—t) = —eﬁE(t),ut—nH(Lt)Mt—>t—1(Lt)- (04)

Zt

The z_;+1 and z; are normalization constants.

1. Approximating the messages

We represent a link configuration L by the set of endpoints e; = (i, j;), and label the links
according to the order of their first endpoints. We also approximate the cavity messages by
a Bethe distribution

iw
Hi 1 (617 el’)
pi-1-¢(L) ~ | |/~Li—1—>t(€l) | | e : (C5)
!

<l Mi—l—)t(el)/‘bi—l—%(el/)

Using this structure for the cavity messages in the right hand side of the equations, we

obtain the equations for the two-link marginals u!’,, (e, er),

/if:l;tﬂ(ez(t),el/(t)) X Z 25'- Ol L€ —BE(t—1,t)

{epr ()" AL}

, ) Wbt = 1), ewlt — 1)
<L mdete =) 1 e ey (0

We compute the sum in the right hand side of the above equation using the Bethe

approximation [1]. To this end, we introduce auxiliary variables &l to see how the local
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changes affect link [. More precisely, given ¢;(t) and 6l we can recover the endpoints and
the link label ex(t — 1) in previous step. Note that §l takes a small number of values as
the number of possible local changes of type II are small; the endpoints and the label of a
link can at most change by £1. The approximate two-link marginal p!’,, (e, ey) can be
obtained by considering the constraints involving (e, ey), and by taking into account the
effect of the remaining degrees of freedom. The latter is provided by a new set of cavity
marginals v,y (e;(t); 0l;uy (t)) giving the probability of indicated variables in the absence
of I’. Putting all together, we obtain
e et e () o< Y ww(elt), en(t); 6L, 61w (1))
81,61 gy (t)

X Vl—>l’(€l (t); 5[, wyy (t))l/l’—>l(€l’ (t); 5[’; uy (t)), (07)

where we defined

wy (er(t), en (t); 61, 615w (t)) = wyi(eg(t), en (£); 0L, 61w () gy, (ex(t — 1)), (C8)

with

wy_)l(el(t), Gll(t); ol (5[’; Uy (t)) = ]I((Sl, 6l’, Uy (Zf) |6[(t), 6[/(t))eﬁéq(el(t)’el’(t))’p

% eull/(t)ﬂ/\q(ek(t—l),ek/(tfl))ﬁq(el(t),el/(t))'uff/lﬁt(ek/ (t _ 1)|ek(t _ 1)) (09)

Here 1(81, 00", uy (t)|e;(t), er(t)) is an indicator function to ensure that: (i) e;(t) # ep(t), (ii)
the links are labeled from left to right according to their first endpoints, and (iii) to check
for the possibility of a local change given the endpoints and the 7, ', u;(t). Moreover,
P (e (t—1)]ex(t —1)) = p¥ L, (ep(t — 1), en(t —1))/uk |, (ex(t — 1)) is the conditional
probability of ey (t — 1) given ex(t — 1), and q(e;, er) € {p,s,z} depending on the link
endpoints.

The vy (e(t); 6l;uy(t)) are determined by the following Bethe equations:

Vlﬁl/(el 5[ 0 O( H Z wl”‘)l 6[ 6[// (t), 5[, (Sl//; O)Vl”*)l(el” (t), (5l”; O)
VLY \ ey (t),61"

t 2 wyri(e(t), e (t); 61, 61" Vv (e (t); 0175 1)
l”#hl, € (t),(sl”

X H wlmﬁl<€l(t), ey (t); (Sl, (Sl”/; O)Vl///%l(elm (t); (Sl”/; O) , (ClO)

VLU \ epn (t),00



and,
I/l—)l’(el<t); 5[7 1) XX H Z U)l//*)l(el(t), e (t), (51, 51//; O)Vl”%l<el” (t), (SZH; 0) . (Cll)
VLY \ ey (t),00"

Similarly, we obtain the cavity marginals ., |(e;(t),ex(t)), and finally the local

marginals read

i (ea(t), ev(t)) oc vis (e(t))du (en(t), er () voi(er(t)), (C12)
where now
Wi (ex(t), ev (1)) = @usi(er(t), er () g (€(t)) e (e(t)), (C13)
with
By(ea(t), en(t)) = =@yl (e () ]e(t) o (er (£)]en(t)), (C14)
and,

Vl—>l’ 6l O( H Z @ln_)l(el(t), elu(t))ulu%l(elu(t)) . (C15)

VAL \ ey (t)

Given the local marginals t(e;(t)) and pl (e;(t),er(t)), an estimation of the entropy at
time step ¢t can be obtained by the Bethe entropy [1],

(Z ASy — (M —2 Z Asl> (C16)

<V

S(t) =

where

AS == pi(en) In py(er), (C17)
ASy = — Z ! (er, en) Inpil! (eq, er). (C18)
er,eyr

In summary, from Eq. C7 we obtain the cavity marginals ul,, (e;(), ey (t)), and simi-
larly for pl*., | (e;(t),er(t)). Then, Eq. C12 gives the local marginals p!' (e;(t), ey (t)), which
are used in Eq. C16 to compute the Bethe entropy.
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2. The zero temperature limit 8 — oo

To take the limit 8 — oo, we assume the above probability distributions scale as

i (e(t) = e i), (C19)

i (en(t), en(t)) = e Prme(@®a®), (C20)
and similarly for the messages from ¢ to ¢ — 1. In addition, we define

Vl—>l’(€l (t); 5[7 wy (t)) — 6_5glﬁll(€l(t)§5l;ull/(t))’ (CQl)

v (en(t)) = e P, (C22)

Now the zero temperature (minsum) equations read [1, 2],

l/

1 .
hsia(al®), er(t)) = mﬁlj}(ﬂ;n{ = (E) Aqgen(t=1) epo (-1 >ater(®)eur (1)

= daterren 0 + DT a(en(t = 1), ew(t = 1)
o+ g (en(t); O (£)) + gralen(t); 00w (1)} (C23)

where the minimum is subject to the constraints in 1(dZ, 61, wy (t)|e;(t), er(t)), and

gl%l' (el (t), (Sl, 0) — mln {F}(L)l/(el (t), (51), l}/l;glll}/ F}il/ (61 (t), 51)}, (C24)

G (en(t); 813 1) = B2,y (en(t), 81). (C25)

Here we defined

Fp(e(t), o) = Z for—a(e(t), 1), (C26)

1LY
Flll)l’(el(t% &) - fﬁ’—ﬂ(el(t)’ &) + Z flg”él(el(t)v 6l)7 (027)

e A RN
(C28)
with
0 _ : _
floala. o= omin L= e

+ iy (en(t = 1) e (t = 1)) = hi_yy(en(t = 1)) + gooa(er (t); 0 0)}’ (C29)



and
foa(®),d) = min { — Aa(en(t-1)eypr(t=1) saler(them () ~ Oater(t)epr ()

B en(t = 1), ean(t = 1) = By _ylen(t = 1)) + gooalen (0005 1)} (C30)

Similarly we obtain the minsum messages A, |(e;(t),ey(t)), and finally the local mes-

sages read

Wi (en(t), v () = da(er(oy.en oy + Misra (en (t), () + Ml (en(t), en(t)

+ g (e(t)) + grilen(t)), (C31)

and,

gv(alt) = ) ol {5q(ez<t>,el~(t>>,p+hi2t+1(€z~(t)7€z(t))
VAL " [

— B () + By (e ), @) = By () + gralen (@)} (C32)

We use the above equations in a reinforcement algorithm to find a minimum evolution
path satisfying all the connectivity constraints. In a reinforcement algorithm, we use the
information in the local messages hi¥ (e;(t), ey (t)) to slowly polarize the cavity messages
R (e)(t), e (t)) in the direction favored by the local messages, as we did in Appendix A
for the minimum distance algorithm.

In summary, the cavity messages hl',,  (e;(t),er(t)) are obtained by solving Eq. C23
(similarly for hl’,, |(e;(t),er(t))). These messages are used in Eq. C31 to compute the
local messages h¥ (e;(t), ey (t)) which are utilized in a reinforcement algorithm to find an

approximate optimal pathway.

Appendix D: More details and figures

In this section, we give more details of the numerical data and figures obtained in this
study.

We are interested in topological evolutions connecting two boundary contact configura-
tions (Lo, L7) by a sequence of local changes in the link arrangements. More specifically, we

look for optimal pathways of length 7' minimizing the energy functional £ = — tT:_ll Ny(t) =
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x6

x3x3

p3x3 @@ m ——————————————————————————————————————————————————— -

FIG. 1. Examples of contact configurations of M = 6 links used as boundary configurations in the

minimum evolution algorithm: x6 (top), 3z3(middle), and p3x3 (bottom).

—N,,or € =— Zle [Nyosp(t—1,8) + Nyoys(t—1,1)] = —Nisps. Here N, is the total number
of contact pairs of type p, and N,_,, s gives the total number of contact pairs changed from
x to p, s during the evolution. Figure 1 shows some boundary contact configurations we use
in the following examples. For now, we assume the paths are simple with no loops, that is
each configuration in the path is visited only once.

Figure 2 shows the optimal pathways from the all-z (26) configuration of M = 6 links
to the modular structure p3z3, following the local changes of type I. The results have been
obtained by an exact algorithm searching in the space of all paths connecting the two
boundary configurations. In Fig. 3, we compare the optimal paths connecting two random
link configurations of M =5 links with local changes of type II and (II4+M*). In the latter
case, two link configurations are connected if they are related either by LC-IT or LC-M*.

Figure 4 displays an example of evolution with variable number of links from x4 to p2z2.

So far we have considered simple paths with no loops (also called off-pathways). The
off-pathways can localize the dynamics in a small region of the configuration space wasting
the evolution time. To escape from these traps, one may increase the path length 7" in the
hope of finding another path dominating the off-pathways, but probably another set of off-
pathways would appear. Another strategy is to perturb the system, for example, by adding
the transition rates N, to the original energy function & = — Zf;ll N,(t). However,
we observe that in this case the off-pathways are very robust. The reason is that the off-
pathways that maximize N, maximize also the number of these transitions making the
above perturbations ineffective. Table II shows some examples of evolution in the presence

of off-pathways.
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16 18 16 16

14 (a) x6 --> p3x3: Np —— 16 (b) x6 --> p3x3: Np —— 14 (c) x6 --> p3x3: Np — 14 (d) p3x3 --> x6: Np ——
12 Ng 14 Ng 12 Ng 12 Ng
10 % N, - 12 Ny % 10 s N o 10 . . N, -
10 X, *,
8 *. 8 * 8 *
- 8 :

6 *, 6 % 6 ® % % 6 % % *

4 4 x 4 * 4 \//,(_’\

2 2 2 2

*. * *: *
0 0 0 . 0
0 1 2 3 4 5 0O 1t 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0O 1t 2 3 4 5 6 7 8 9
t t t t
5 5 5 5
4 4 4 4 \/
3 3 3 3
2 2 2 2
1 (a):D(0t) —+— 1 (b): D(0,t) —+— 1 (c): D(0,t) —+— 1 (d): D(Ot) —+—
D(t,T, D(t,T) D(t,T) D(t,T)

0 0 0 0

0 1 2 3 4 5 0o 1 2 3 4 5 6 7 8 9 0o 1 2 3 4 5 6 7 8 9 0o 1 2 3 4 5 6 7 8 9

t t t t

FIG. 2. Evolution with local changes of type I: (top) Np (%), and (bottom) D;(t) of the inter-
mediate link configurations from the boundary configurations in the paths obtained by the exact
algorithm for M = 6 links. The paths connect the all-z (z6) configuration to a modular structure
of two components (p3x3) at shortest distance D; = 5. Besides the shortest path (a), we display
the path maximizing N, (b), and the path maximizing N,_,, s for 6 — p3z3 (c) and p3z3 — =6
(d). Here t denotes the number of local changes of type I. The path degeneracy g and energy gap
Aare: (=2,A=2),, (9=8A=2),(g=1,A=4), (g=1,A=4),.

T Np (9,4) Nzgff (g,A)"ff off-pathway

31| (1,1) || 31| (1,1) -

6/58] (3,1) || 58 | (3,1) -

886 (24,1) | 86 | (24,1) -

10{[113] (48,1) || 114 | (24,1) — loop

12][142| (48,1) || 143 | (24,1) — loop — loop

14|1169((372,1)|| 172 | (120,1) |— loop — loop — loop

TABLE II. The total number of parallel two-links N, degeneracy of the optimal paths g, and
energy gap A obtained by an exhaustive search algorithm with local changes of type II. The
optimal paths maximizing A, connect tow boundary configurations of M = 6 links at shortest
distance Dy = 4. We compare the cases with and without off-pathways. An off-pathway which
is a single loop appears for the first time at 7' = 10. By increasing the path length 7', we observe

that more loops appear following each other.
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14 S A e — 16 ——

12| (a) LC-1I: Np —+ 14 | (b) LC-(I1+M*): Np —+ |
10 Ns 12 ¢ Ny ]
8l Ny - 10 | Ny e
6 8 M
6
4 % . " 4% 1
0 ‘ Koo Ok ‘ 0 Rk ol
0 1 2 3 4 5 6 7 8 9 0O 1 2 3 4 5 6 7 8 9
t t
5 3 — . .
34 2 / Y " L
2 L
16
1 (@):D(0,t) —— (b): D(O,t) ——
0 D(t,T) 0 D(t,T
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 6 7 8 9

FIG. 3. Evolution with local changes of type II (a,b) and (II4+M*) (c,d): (top) Npsz(t), and
(bottom) distance D(t) of the intermediate link configurations from two random boundary config-
urations of M = 5 links. The boundary configurations have shortest distance Dy; = 3, and the
optimal paths are obtained by the exact algorithm maximizing N,. Besides the optimal shortest
paths (a,c), we display the results for a larger evolution time T = 9 (b,d). Here t denotes the
number of local changes of type II (a,b) or II+M* (c,d). The path degeneracy g and energy gap
Aare: (g=1,A=14),, (9=T8,A=1), (9 =1,A=2)., (9 =64,A=1),.

Figure 5 display the results we obtained by the approximate minimum-evolution algo-
rithm for paths minimizing £ = — tT;f N,(t). In this figure, we show instances of evolution
paths between two random link configurations for a larger number of links M = 10 and steps

T =09.
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18 18 —
16 16 (b) LC—(I1+M7): Np —+
* *
14 F., 14 . Ng
2 | 21" N -
10 1 10 |
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6 r 6
4 4+
2t 4 2t
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5 . . 8 : : : ,
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3t 51 : 1
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1| (a): D(0,t) —— 27 (b): D(0,t) ——

. D(LT) ; i D(LT)

01 2 3 4 5 6 7 8 9 10 01 2 3 4 5 6 7 8 9 10
t t

FIG. 4. Evolution with local changes of type [+M¥* (a) and II+M=* (b): (top) Nps.(t), and
(bottom) distance D(t) of the intermediate link configurations from the boundary configurations for
T = 10 steps. The boundary configurations (26, p2x2) have different number of links with shortest
distances 4(a) and 6(b). The optimal paths are obtained by the exact algorithm maximizing N,,.
Here ¢ denotes the number of local changes of type I+M¥ (a) or II+M™* (b). The path degeneracy

g and energy gap A are: (9 =1,A=1),, (9=3,A=1),.
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FIG. 5. Evolution paths of M = 10 links for T" = 9 coarse-grained steps from a random link
configuration to another random configuration obtained by the approximate minimum evolution
algorithm minimizing & = — ZtT;ll Np(t). The endpoints on the chain start from ¢ = 0 (at the

bottom of the circle) and increase to i = 2M — 1 in the counter-clockwise direction.
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