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Solution of the crack problem

Before solving these equations, the following dimensionless parameters are introduced:
(F,2)=(r,z)/c, (4,0)=(u,u)/c, r=alc,and 6=8/c (S1)

Using the axisymmetry of the crack problem and the properties of the Bessel functions, = can be

expressed as
E= jo‘” P(k, 2)kJ, (kF)dk (S2)

Applying the Hankel transform of the first order and the zeroth order on G (7, Z) and G, (F, Z),

respectively, one has

Rk, 2)= j:ar(r, 7). (kP)dF (S3)
Z(k, 7) = jo‘”az(r, 7)7d, (kP)dF (S4)
a,(F, 2) = j: R(k, 2)kJ, (kr)dk (S5)
a,(F, 2) = _[:Z(k, 7)kd, (kF)dk (S6)
The stresses in terms of the auxiliary functions are (S7)
o, =u[’ (Z—F;— kzj kJ, (kF)dk (S8)
G, =2u j:(l_vzv P +g—§j kd, (kF)dk (S9)
Substituting Egs. (S2), (S5) and (S6) into Egs. (1)-(3) yields
er kR(k, 7) = P(k, 2) (S10)
ai;—k? R(k,i):ﬁp(k,f) (S11)
(%Zz—kz Z(k,2)=—1_12v¥ (S12)
* ., i
g_k P(k,2)=0 (S13)

The formal solutions of Egs. (S10)-(S13) for Z<0 are



P(k,2) = 2(1-2v)kAe" (S14)

R(x,Z) =[A(3—4v) + AkZ + B]e¥ (S15)

Z(k,7) = —(AkZ + B)e¥ (S16)
where A and B are to be determined. Substituting Egs. (S14)-(S16) in Egs. (S8) and (S9), one

obtains

G, =2u j:[B +2A1-v) + Akz]e" k2J,(kF)dk (S17)

G, =-2u j:[B + A(l—2v) + AkZ] k% J, (kF)dk (518)
Using the boundary condition of (10), the relationship between A and B is found to be

A=- 2(1B— v) (519

and the stress components are expressed as

G, —2uj Aze" KkJ,(kF)dk (S20)

o, —2uj A(l-k2)k%e¥ J, (kF)dk (S21)

From the conditions of (9), (11) and (13), the boundary value problem is reduced to the following

solution of dual integral equations as
j: AkJ, (kF)dk =0 for 7 >1 (S22)

—o, + f(F)

0 2 - _
jo Ak2J, (kF)dk = o

for r<1 (S23)

The solution of the dual integral equations has been extensively studied *, and A can be expressed
as

A= j tsinktdt [ [0, + 1:(tp)]pcl (S24)
0 1 p

Using the following equation,

o 0 p>k
[ sintkd, (pt)ct ={(k2 Lo ek (S25)
the crack opening is found as
. L 8(1 v )c [, — f (txc)]xdx N
A=u,(F,0")—u,(F,07) = j \/tz = jo 0 - for 7 <1 (S26)



with tx=F. The normal component of the stress field in front of the crack tip is

X[o f(txc)] o
6, (F,00=—=| oJ,(cF)dg| tsin(gt)dt| =—>—=-2d forr >1 (S27)
2 [ s, (enetsinear]; Lo L
Using Eq. (S25) and the following relationships
d 3 © . 0 p>k
i [xJ,(x)]=xJ,(x) and .[0 smthl(pt)dt_{p/k(kz_pz)ﬂ2 o<k (S28)
Eq. (S27) can be further simplified to
L 21d 1 tiq(t) ~
o, (F,0) = - drjo N dt for F >1 (S29)
where
1[o, — f (txc)]x
t)=| —>——""dx (S30)
L

To derive both the normal component of the stress field and the crack opening with the function
f(r) of (13), we first consider the auxiliary problem that a penny crack of dimensionless radius 1

in an infinite elastic space is only subjected to uniform pressure of p, on the crack surface over a

circular area of dimensionless radius b (b<1), i.e.

o, =0 for |z|> (S31)
(r,0)=f(r)=4 M for " <P (S32)
o , = =
# 0 b<f<1l

Using Eq. (S32), one obtains

(t) = for t<bandx>ft/b (533)
9 0(1_\/1 b? /t?) t>bandx<fF/b
Define
2
A, = 8L=V)CR (S34)
nE
The crack opening is
j xdx j(x‘“x ‘bz)dx for F<b (S35)
a 2
A _j (X‘VX —bJax for b<f<1 (S36)

which can be expressed as



. A - F? (1-~/1-b? )+b(E[—] E[sm’lb ]) for F<b (S37)

0

i_a:u_rz (1-V1-b%) for b<F<1 (S38)
0

+r(E[—2] E[sin™ ]+(1—b—2j(IF[Sln‘“b2] KLZ]D

Here [F(e,0) and [E(e,e) are the first and second elliptical integrals, respectively, and E(e) and K(e)

are the first and the second complete elliptical integrals, respectively. Note that the /b and b/ f
in the elliptical integrals in the work of Parihar and Krishna Rao 2 need to be replaced by #*/b?

and b®/ 2, respectively. Forb <1, there is
2
Kb =22 (S39)

Eq. (S36) gives

2 2
4(1 v )Cpo bTCOS_l f= 4(1—\/ )C Fj cos*f for b« <1 (540)

A" =

with P being the applied load. For 7 —1, there is

|~irqi—a=\/l—l’2 (1-+1-b?) (S41)
0

which reduces to the result for b=1.

The normal component of the stress field in the front of the crack tip is

2 2
o%(F.0) _ 21d f dta rt(t—— VED) 4| for 51 (S42)
Po CnEdr «/ _t2 b 2 —t?

—J1-p? 2_p2
:E[ﬁ_ﬁ_%_cot‘l( [FZ _1)+%tan_1 2 b J
. 1

NI 21-b2 /7
which gives the same stress distribution as that by Parihar and Krishna Rao 2. For b<1, there is
a (& 2
°(10) _2 1?2[ L b ]+ b D (S43)
po w27\ -1 VP -b? ) VP2 -b? F2 —b?

Equation (S42) gives the stress intensity factor, K/, as

Ke = Ijrr;«/ch(F—l o, (F,0) = 2p0(1—\/1—b2)\/E (S44)

r—. T



Here, the superscript a represents the auxiliary problem.
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