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I. THE ROTOR-EVENT ANALYSIS9

For the purpose of clarity, part of the main manuscript is repeated here in order to help the reader. As explained10

previously, high magnetic field MAS-DNP simulations can be efficiently computed in the µw rotating frame as11

described in [1–3]. The corresponding Hamiltonian for two electrons (with indices i, i′ = a, b) and one nucleus (with12

indices j = 1) can be written:13

Ĥ(t) = Ĥ0(t) + Ĥµw

Ĥ0(t) = ĤZ(t) + ĤHF(t) + ĤJ + ĤDip(t) + Ĥd(t), (1)

and the terms are:14

ĤZ(t) = (ωa(t)− ωµw)Ŝa,z + (ωb(t)− ωµw)Ŝb,z − ωnÎn,z

ĤHF(t) = Az(t)Ŝa,z În,z +
1

2
(A+(t)Ŝa,z Î

+
n +A−(t)Ŝa,z Î

−
n )

Ĥµw = ω1(Ŝa,x + Ŝb,x)

ĤJ = −2Ja,b(Ŝa,zŜb,z +
1

2
(Ŝ+
a Ŝ
−
b + Ŝ−a Ŝ

+
b ))

ĤDip(t) = Da,b(t)(2Ŝa,zŜb,z −
1

2
(Ŝ+
a Ŝ
−
b + Ŝ−a Ŝ

+
b )) (2)

The time propagation of this three-spin system with two electrons with S = 1/2 and a nucleus with I = 1/2 can15

be evaluated by solving the Master equation (Liouville-von Neumann (L-vN) equation including relaxation) for its16

spin density operator. In operator space this equation determines the time evolution of the expectation values of a17

full set of independent operators Ŝ(m) that are required to decompose the spin density matrix ρ̂(t). For the three18

spin 1/2 problem, the dimension of ρ̂(t) is 23 × 23 = 64, and requires 64 independent operators (m ∈ J1, 64K) to19

decompose this matrix in operator form on the basis of Ŝ(m) spin operators20

ρ̂(t) =

64∑
m=1

2s(m)(t)Ŝ(m) (3)

We define here the vector σ(t) composed of all coefficients σm(t) = s(m)(t) that are equal to the expectation values21

〈Ŝ(m)〉(t) = s(m)(t), with m ∈ J1, 64K, when assuming that Tr(Ŝ(m)2) = 1/2. The components of the Liouvillian ̂̂L22

operating on the 64 expectation values are thus 64× 64 matrix23

d

dt
σ(t) =

̂̂
LH(t)σ(t) +

̂̂
R2σ(t) +

̂̂
R1(σ(t)− σeq) (4)

The σeq vector is composed of all s(m)
eq ’s of the thermal equilibrium ρ̂eq in the laboratory frame. The elements of24 ̂̂

LH are determined by the matrix elements of the Hamiltonian and ̂̂R2 and ̂̂R1 by the relaxation rates responsible25

for the decay of coefficients of the off-diagonal operators and the return of the coefficients of the diagonal operators26

the to the thermal equilibrium values s(m)
eq , respectively. The large dimension, and the time dependence of ̂̂L are27

the main cause of the long time span necessary to solve the master equation. The present work aims at reducing28
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the size of the σ(t) vector and thereby the dimension of ̂̂L in an effort to shorten significantly the computational29

time.30

In earlier studies we accomplished the evaluation of the time dependence of ρ̂ by evaluating the evolution operators31

of a single rotor period by subdividing this time period in a large number of small time intervals (κ − 1)δt to κδt32

with κ = J1,KK and tr = Kδt the length of the rotor period. During these calculations we represented the density33

operator by a state vector composed of its elements and ̂̂L(t) in the master equation was defined accordingly. To34

determine the spin evolution, during each time interval we constructed the constant operator ̂̂Lκ =
̂̂
L(κδt) derived35

from Ĥ(κδt) and calculated the evolution operator ̂̂Uκ = exp(
̂̂
Lκδt).

̂̂
Uκ is determining the propagation of ρ̂ via36

ρ̂(κδt) =
̂̂
Uκρ̂((κ − 1)δt). During sample rotation the evolution during each interval can be characterized by the37

action of the four possible rotor events happening during the interval and the relaxation mechanisms.38

In the following sections we derive expressions for the ̂̂Lκ and ̂̂Uκ operators corresponding to the rotor events after39

possible reduction of the dimensionality of σ(t). In the next discussion we assume that two or more rotor-events40

do not occur at the same time. During the derivations we will use the fact that each event involves a crossing41

of only two energy levels and that therefore a reduction of the dimensions of the the ̂̂Lκ and ̂̂Uκ matrices can be42

accomplished.43

A. The Bloch equation for two anti-crossing energy levels.44

At first we describe the evolution of a system with two spin states |1〉 and |2〉 that cross at a time t×. When45

we define the energy difference between the states crossing two states by ∆ω12(t) then at time t×, ∆ω12(t×) = 0.46

When in addition the two levels are coupled via an interaction of strength ξ12(t) then the effective Hamiltonian47

determining the spin evolution of the two-level system has the form48

Ĥ12(t) =
1

2

(
∆ω12(t) ξ12(t)
ξ∗12(t) −∆ω12(t)

)
(5)

where in general ξ12(t) = 1/2(ξ12
x − iξ12

y ). Then this Hamiltonian can expressed in operator form as49

Ĥ12(t) = ∆ω12(t)Ŝ12
z + ξ12

x (t)Ŝ12
x + ξ12

y (t)Ŝ12
y , (6)

where Ŝ12
x , Ŝ

12
y , Ŝ

12
z are the fictitious spin-1/2 operators corresponding to the transition |1〉 − |2〉. In Liouville50

space ̂̂LH(t), ̂̂R1 and ̂̂
R2 matrices can be derived that operate on the state vector defined by the coefficients51

{s12
z (t), s12

y (t), s12
x (t)} of the spin density operator ρ̂(t) =

∑
p=x,y,z s

12
p (t)Ŝ12

p + s12
0 Ŝ

12
0 . The form of these operators52

are53

̂̂
L

1,2

H (t) =

 0 −ξ12
x (t) ξ12

y (t)
ξ12
x (t) 0 −∆ω12(t)
−ξ12

y (t) ∆ω12(t) 0

 ;
̂̂
R2 =

 0 0 0
0 −1/T2 0
0 0 −1/T2

 ;
̂̂
R1 =

 −1/T1 0 0
0 0 0
0 0 0

 (7)

Insertion of these operators in the master equation in Eq. 2 results in the well-known Bloch equations. Levit54

and Di Bari as well as Levante and Ernst [4, 5] have suggested to extend the σ(t) vector by choosing a constant55

coefficient s0 = 1 of the unit operator Ŝ12
0 in order to transform the master rate equation from a in-homogeneous56

to a homogeneous form. In that case the Bloch operator ̂̂LB(t) =
̂̂
L

1,2

H (t) +
̂̂
R1 +

̂̂
R2 becomes a 4×4 matrix and the57

master equation gets the form58

d

dt


1
s12
z

s12
y

s12
x

 (t) =


0 0 0 0

s12,eq
z /T1 −1/T1 −ξ12

x (t) ξ12
y (t)

0 ξ12
x (t) −1/T2 −∆ω12(t)

0 −ξ12
y (t) ∆ω12(t) −1/T2




1
s12
z

s12
y

s12
x

 (t) (8)

where we assumed that ρ̂eq = 2s12,eq
z Ŝ12

z . The solution of this equation provides the spin evolution of a two-level
system in the form of the time dependence of the sp(t) , p = x, y, z, vector elements. This solution depends on
all Hamiltonian parameters, and in particular on the value ξ12(t×) around t× for which ∆ω12(t×) = 0. The time
dependence of the σ(t) vector can be obtained by step integration of the master equation. Defining the boundaries
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of the time intervals of the integration by tκ = κδt with κ ∈ J1,KK and δt = tr/K, the propagator ̂̂U(0 : tk)
responsible for the spin evolution from t = 0 to tk can be calculated as:

̂̂
UB,(0 : tk) =

k∏
κ=1

̂̂
UB,κ ;

̂̂
UB,κ = exp(

̂̂
LB(tκ)δt) (9)

The ̂̂R2 causes a decay of the coherences s12
x (t) and s12

y (t) and indirectly influences the time evolution of s12
z (t)59

towards its equilibrium value.60

B. The Landau - Zener solution of the two level anti-crossing event.61

Following notations introduced in section 2 B, we are now addressing the case of rotor events for which ω2
1,2 � 1.62

In such cases, the jump time associated with the transition is typically smaller than 1 µs. As a consequence, the63

electronic T2 relaxation time can easily be longer than the duration of the crossing, and thus its influence on the64

spin evolution conveniently ignored. In that case we can rely on the Landau-Zener formula for the change of the65

difference between the populations of |1〉 and |2〉, expressed by the value of s12
z (t), before and after the crossing t×.66

When t× is included in the time step interval [tκ−1, tκ], we can define a ̂̂ULZ,κ propagator based on this formalism67

that act on the elements of the state vector, assuming that s12
x (tκ−1) = s12

y (tκ−1) = 0, as68

s12
x (t+κ−1) =

̂̂
ULZ,κs

12
x (tκ−1) = 0

s12
y (t+κ−1) =

̂̂
ULZ,κs

12
y (tκ−1) = 0

s12
z (t+κ−1) =

̂̂
ULZ,κs

12
z (tκ−1) = [1− 2ε12

κ ]s12
z (tκ−1)

with ε12
κ = 1− exp

[
−π|ξ12(tκ−1)|2

2| d
dt∆ω12|tκ−1

]

where we rely on the fact that tκ−1
∼= t× and t+κ−1 is the time just after the event. In the case we can rely on the69

Landau-Zener formalism, ̂̂UB,κ can be approximated by the single element operator ̂̂ULZ,κ operating on s12
z (tκ−1)70

times the longitudinal relaxation propagator during the time interval [tκ−1, tκ]. With this approach it is possible71

to account for the longitudinal relaxation by working with the {1, s12
z } coefficients. The propagator for this time72

interval containing a level crossing event equals then73

̂̂
Uk = exp(

̂̂
R1δt)×

̂̂
ULZ,κ =

[
0 0

[s12,eq
z (1− e−δt/T1)] [e−δt/T1(1− 2ε12

κ )]

]
where74

̂̂
R1(t) =

[
0 0

s12,eq
z (t)/T1 −1/T1

]
; eR1δt =

[
0 0

s12,eq
z (1− e−δt/T1) e−δt/T1

]
and ̂̂

ULZ,κ =

[
1 0
0 1− 2ε12

κ

]
.

In the following sections we will determine the necessary Ŝ(m) operators (or s(m) coefficients) and which of the two75

approaches, the Bloch type or the Landau-Zener propagation, are required to present the four rotor-events in our76

thee-spin system and shorten the simulation’s duration.77

1. The µw rotor events78

Let us assume that the electron a in the {ea − eb − n} spin system undergoes a µw rotor-event at time t×. For79

simplicity we further assume that the four events, where the levels |βaχbχn〉 and |αaχbχn〉 cross with χ = α, β,80

occur at the same moment t×. This is indeed the case if we ignore all anisotropic time dependent hyperfine and81

dipolar and J interactions in the spin Hamiltonian. Such assumption appears reasonable since these interactions82

are usually smaller than the g-tensor anisotropies. In the µw rotating frame the Hamiltonian can then be written:83

Ĥµw(t) = (ωa(t)− ωµw)Ŝa,z + (ωb(t)− ωµw)Ŝb,z − ωnÎn,z + ω1(Ŝa,x + Ŝb,x)

With this assumption the four simultaneous µw rotor events happen when ∆ωa(t×) = (ωa(t×) − ωµw) = 0.84

These four crossings can be described by a Liouville space vector σ(t) composed of the following elements85
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{sa,z(t), sa,y(t), sa,x(t)}. In the matrix representation of Ĥµw(t), the Liouvillian can be written:86

̂̂
L
a,µw

H (t) =

 0 −ω1 0
ω1 0 −∆ωa(t)
0 ∆ωa(t) 0

 with σa,µw(t) =

 sa,zsa,y
sa,x

 (t) (10)

To obtain an homogeneous master equation, s0 = 1 can be added (see section A for details) in order to introduce87

both transverse and longitudinal relaxation. This Bloch-type Liouvillian has thus the following form in the basis88

set {Ê, Ŝa,z, Ŝa,y, Ŝa,x}:89

̂̂
L
a,µw

B (t) =

 0 0 0 0
seqa,z(t)/T1,a −1/T1,a −ω1 0

0 ω1 −1/T2,a −∆ωa(t)
0 0 ∆ωa(t) −1/T2,a

 with σa,µw(t) =

 1
sa,z
sa,y
sa,x

 (t) (11)

and with90

d

dt
σa,µw(t) =

̂̂
L
a,µw

B (t)σa,µw(t)

The propagator of the κth time interval, ̂̂U ,µw

B,a,κ = exp(
̂̂
L
a,µw

B (tκ)δt), can be straightforwardly calculated and applied91

on the four elements of σa,µw(t). In cases where the electron T ea,2 is long enough, e.g. at low temperatures, or ω1 is92

weak enough and the µw event happens during an interval κ we can apply the Landau-Zener (LZ) formalism and93

use the 2× 2, for both electron a and b, ̂̂U ,µw

LZ,κ evolution operator94 [
sa,z
sb,z

]
(t+κ ) =

̂̂
U
,µw

LZ,κ

[
sa,z
sb,z

]
(tκ−1) =

[
1− 2εa,µw

κ 0
0 1− 2εb,µw

κ ]

] [
sa,z
sb,z

]
(tκ)

with

εa,µw
κ = 1− e−π|ω1|2/[2(d/dt)∆ωa]tκ−1 if µw crossing, or = 0 if no crossing

εb,µw
κ = 1− e−π|ω1|2/[2(d/dt)∆ωb]tκ−1 if µw crossing, or = 0 if no crossing

The relaxation can be included here as well by introducing the unity operator and in that case 1
sa,z
sb,z

 (tκ) = exp(
̂̂
R1δt)

̂̂
U
µw

LZ,κ

 1
sa,z
sb,z

 (tκ−1)

=

 0 0 0
seqa (1− e−δt/T1,a) e−δt/T1,a 0
seqb (1− e−δt/T1,b) 0 e−δt/T1,b

 1 0 0
1 1− 2εa,µw

κ 0
0 0 1− 2εb,µw

κ ]

 1
sa,z
sb,z

 (tκ−1)

Consequently, combining both types of µw rotor events in our Bloch type of calculations requires an extension of the95

necessary coefficient of σµw(t) to {sa,z(t), sa,y(t), sa,x(t), sb,z(t), sb,y(t), sb,x(t)}. With this manifold of coefficients96

the Liouville matrix gets a dimension 6×6 (or 7×7 with relaxation). When the LZ approach is sufficient to describe97

the µw rotor-events, the dimension of the propagators should be extended to 2× 2 (or 3× 3 with relaxation).98

2. The dipolar-J rotor-events99

The D-J rotor-events occur when two resonant frequencies of electrons a and b become equal ωa(tk) = ωb(tk).100

Then the levels |αaβb, χn〉 and |βaαbχn〉 anti-cross when experiencing a dipolar and/or spin exchange coupling101
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(D-J), due to the off-diagonal element. For an isolated D/J event the Hamiltonian can be written as102

ĤD-J(t) = (ωa(t)− ωµw)Ŝa,z + (ωb(t)− ωµw)Ŝb,z − ωnÎn,z
+(Dab(t)− Jab)(2Ŝa,zŜb,z − 1) + 1/2(2Jab +Dab(t))(Ŝ

+
a Ŝ
−
b + Ŝ−a Ŝ

+
b )

= 1/2(ωa(t) + ωb(t)− 2ωµw)(Ŝz,a + Ŝz,b) + (Dab(t)− Jab)(2Ŝa,zŜb,z − 1)

+∆ωabŜZQ,z + (2Jab +Dab(t))ŜZQ,x − ωnÎn,z

where ∆ωab = 1/2(ωa(t) − ωb(t)) and ŜZQ,z = 1/2(Ŝa,z − Ŝb,z) and ŜZQ,x = 1/2(Ŝ+
a Ŝ
−
b + Ŝ−a Ŝ

+
b ). Ignoring

the hyperfine coupling, at the time of a D-J rotor-event two two-levels anti-crossings happen simultaneously for
χn = αn, βn. These events can be described using the three fictitious spin-half operators, known as the electron
zero-quantum operators describing the |αaβb, χn〉 - |βaαbχn〉 transitions:

ŜZQ,x = 1/2(Ŝ+
a Ŝ
−
b + Ŝ−a Ŝ

+
b )

ŜZQ,y = −i/2(Ŝ+
a Ŝ
−
b − Ŝ

−
a Ŝ

+
b )

ŜZQ,z = 1/2(Ŝa,z − Ŝb,z)

The evolution of the σD-J(t) vector during these events can be fully described by following the time dependence of103

the coefficients {sZQ,zsZQ,y, sZQ,x} of these operators only. We also define the double quantum operator ŜDQ,z =104

1
2 (Ŝa,z + Ŝb,z), and during the D-J event the sZQ,z gets modified while the coefficient sDQ,z is invariant. Thus ̂̂LD-J

H ,105

without relaxation, in the master equation considering only the elements of the Hamiltonian gets the form in the106

manifold of {sDQ,z, sZQ,z, s
D-J
ZQ,y, s

D-J
ZQ,x}107

d

dt


sDQ,z
sZQ,z
sD-J
ZQ,y
sD-J
ZQ,x

 (t) =
̂̂
L

D−J

H


sDQ,z
sZQ,z
sD-J
ZQ,y
sD-J
ZQ,x

 (t) =

 0 0 0 0
0 0 −DJab(t) 0
0 DJab(t) 0 −∆ωab(t)
0 0 ∆ωab(t) 0



sDQ,z
sZQ,z
sD-J
ZQ,y
sD-J
ZQ,x

 (t)

where DJab = (Dab + 2Jab) is assumed to be real. To combine with the µw rotor-event, ρ̂ must be re-expressed in108

the basis that includes Ŝa,z and Ŝb,z, and here we use the double quantum z operator to perform a basis change109

from {ŜDQ,zŜZQ,zŜ
D-J
ZQ,y, Ŝ

D-J
ZQ,x} to the basis {Ŝa,z, Ŝb,z, ŜD-J

ZQ,xŜ
D-J
ZQ,y} via110 

sa,z
sb,z
sD-J
ZQ,y
sD-J
ZQ,x

 =

 1/2 1/2 0 0
1/2 −1/2 0 0
0 0 1 0
0 0 0 1



sDQ,z
sZQ,z
sD-J
ZQ,y
sD-J
ZQ,x

 . (12)

Using this transformation the L-vN equation can be re-written in with the coefficients {sa,zsb,z, sD-J
ZQ,y, s

D-J
ZQ,x}

d

dt


sa,z
sb,z
sD-J
ZQ,y
sD-J
ZQ,x

(t) =
̂̂
L

D−J

H


sa,z
sb,z
sD-J
ZQ,y
sD-J
ZQ,x

 (t) =

 0 0 −DJab(t)/2 0
0 0 DJab(t)/2 0

DJab(t) −DJab(t) 0 −∆ωab(t)
0 0 ∆ωab(t) 0




sa,z
sb,z
sD-J
ZQ,y
sD-J
ZQ,x

 (t) (13)

In many circumstances the dipolar interaction is relatively large and therefore it will be necessary to use this111

Bloch type of Liouvillian. Of course, in the case of large coupling we have to realize that the “single event at the112

time” assumption could be violated, i.e there may be an overlap between a µw and a D-J rotor-event. Assuming113

independent rotor-event, the three spin system evolution can be obtained by combining operators ̂̂Lµw

H and ̂̂LD-J

H in114

equations 11 and 13. This results in a 8× 8 Liouville operator, after the addition of {sD-J
ZQ,x, s

D-J
ZQ,y} to the six terms115

of σµw. Once relaxation is added, that leads to a 9 × 9, ̂̂Lµw⊕D-J

B matrix that is much smaller than the 16 × 16116

problem size required in the full Liouville space calculations.117

When the dipolar interaction is weak and the duration of the D-J rotor-event is short enough such that the
transverse relaxation can be ignored, we can use the L-Z formula for the change of the single sZQ,z(t) element only.
However the fact that our presentation for describing the µw events involves already sa,z(t) and sb,z(t), we first
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write the L-Z propagator ̂̂ULZ,κ of the κth time interval as :[
sDQ,z
sZQ,z

]
(t+κ−1) =

̂̂
ULZ,κ

[
sDQ,z
sZQ,z

]
(tk−1) =

[
1 0
0 1− 2εD/J

] [
sDQ,z
sZQ,z

]
(tk−1)

with118

εD/J = 1− exp

[
−π|Dab + 2Jab|2tκ−1

2
(

d∆ωab
dt

) ]
if D− J crossing, or = 0 if no crossing

and then use the transformation of Eq. 12 to combine the LZ approach of the µw and the D-J events. The obtained
dimension of the Liouville space stays 3× 3 and the D-J event taking single quantum T1 relaxation into account 1

sa,z
sb,z

 (tκ) = exp(
̂̂
R1δt)

̂̂
U

D/J

LZ,κ

 1
sa,z
sb,z

 (tκ−1)

=

 0 0 0
[seqa,z(1− e−δt/T1)] [1− εD/J + e−δt/T1 ] εD/J
[seqb,z(1− e−δt/T1)] εD/J [1− εD/J + e−δt/T1 ]

 1
sa,z
sb,z

 (tκ−1)

The above calculations account for the presence of an electron exchange interaction Ja,b (see equation 2) that are119

smaller than the EPR linewidth otherwise, the basis isn’t appropriate to describe the events. The product state120

representation of the spin states during crossing and in between must be modified, which complicates our discussion.121

3. The CE rotor-events122

In a similar fashion as the first two rotor-events, the cross-effect rotor-events have their own frequency matching
conditions. When the nuclear Larmor frequency ωn is much larger than the value of D−Jab, two conditions are met
when |ωa(tk)− ωb(tk)| ' ±ωn (more rigorous expressions can be found in [1, 6–9]). These two types of CE events
occur when the energies of |αaβbαn〉 and |βaαbβn〉 (CE−: ωa(t) − ωb(t) ' −ωn) or when |βaαbαn〉 and |αaβbβn〉
(CE+ :ωa(t) − ωb(t) ' +ωn) match. To simplify the forthcoming discussion we define the eight spin states of the
three-spin system as follows:

|1〉 = |αaαbβn〉 ; |2〉 = |αaαbαn〉 ; |3〉 = |αaβbβn〉 ; |4〉 = |αaβbαn〉
|5〉 = |βaαbβn〉 ; |6〉 = |βaαbαn〉 ; |7〉 = |βaβbβn〉 ; |8〉 = |βaβbαn〉

In this notation the |1〉 − |7〉 and |2〉 − |8〉 transitions are electron DQ transitions and the |3〉 − |5〉 and |4〉 − |6〉 are123

the electron ZQ transitions. The even states are nuclear |χaφbαn〉 states and the odd ones |χaφbβn〉 states. The124

CE events happen when the four states |3〉 to |6〉 meet each other. Thus the CE−and CE+events involve125

CE− : |4〉 ↔ |5〉 ; CE+ : |3〉 ↔ |6〉.

The computational approach for finding the necessary s(m)(t) elements that compose the σ(t) vector describing126

the CE events is more complex than in the case of the events discussed earlier. The Hamiltonian defining the127

spin system does not contain matrix elements between the crossing states and therefore it is not straightforward128

to determine directly the coefficients of the fictitious spin-half operators ŜCE-
x , ŜCE-

y , ŜCE-
z of the transition |4〉 − |5〉129

and ŜCE+
x , ŜCE+

y , ŜCE+
z of |3〉− |6〉. As previously shown by Hu and others [6–8], effective matrix elements between130

two CE crossing states can be derived using degenerate perturbation theory when the spin-spin interactions are131

smaller than the nuclear Zeeman interaction (high field approximation). The presence of the flip-flop dipolar132

coupling matrix elements connecting the ZQ states 〈4|ĤD−J|6〉 (and 〈3|ĤD−J|5〉), and the existence of pseudo-133

secular hyperfine coupling matrix element of the nuclear transitions 〈6|ĤHF|5〉 (and 〈3|ĤHF|4〉), combined with the134

ωn energy difference connects the levels |4〉 − |5〉 and |6〉 (and |3〉 − |6〉 and |5〉) via an effective matrix element135

〈4|ĤCE−|5〉 (and 〈3|ĤCE+|6〉). These effective elements can then be used to introduce the fictitious spin-half136
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operator, assuming it is real, into the Hamiltonian operator expansion with the coefficient [7]137

hCE
x ŜCE±

x =
√

(A+)2 + (A−)2Da,b/ωnŜ
CE±
x

with138

〈4|ŜCE−
x |5〉 = 1/2 ; 〈3|ŜCE+

x |6〉 = 1/2

At this point we should try to express the Hamiltonian using the ŜCE±
p operators. Since these operators only have139

matrix elements in the electron ZQ subspace defined by the states {|3〉, |4〉, |5〉, |6〉} we split the Hamiltonian in140

two terms, ĤCE(t) that contains operators in the ZQ subspace and Ĥnon−CE(t) which does not influence the CE141

rotor-events142

Ĥ(t) = ĤCE(t) + Ĥnon−CE(t).

This is made possible by projecting the În,z operator in two parts În,z = ÎZQ
n,z + ÎDQ

n,z as well. The first ÎZQ
n,z has

four matrix elements in the ZQ subspace {|3〉, |4〉, |5〉, |6〉} and ÎDQ
n,z has four elements in the electron DQ subspace

{|1〉, |2〉, |7〉, |8〉}. After replacing the dipolar flip-flop operator term (Ŝ+
a Ŝ
−
b + Ŝ−a Ŝ

+
b ), and the pseudo-secular

hyperfine operator terms (Ŝa,z În,p) with p = x, y, by the hCE
x ŜCE±

x terms we get that

ĤCE(t) = 1/2(ωa(t)− ωb(t))(Ŝa,z − Ŝb,z) + ωnÎ
ZQ
n,z + hCE

x Ŝx
CE+ + hCE

x Ŝx
CE-

Ĥnon−CE(t) = 1/2(ωa(t) + ωb(t))(Ŝa,z + Ŝb,z) + ωnÎ
DQ
n,z +AŜa,z În,z +DŜa,zŜb,z

The last two terms in Ĥnon−CE(t), although with matrix elements in the ZQ subspace, do not influence the CE143

event spin dynamics. The ĤCE part of the Hamiltonian can be rewritten:144

ĤCE(t) = ∆ωCE-Ŝz
CE- + ∆ωCE+Ŝz

CE+ + hCE
x Ŝx

CE+ + hCE
x Ŝx

CE-

using the following notations

∆ωCE- = (ωa(t)− ωb(t) + ωn)

∆ωCE+ = (ωa(t)− ωb(t)− ωn)

and145

Ŝz
CE- = 1/2((Ŝa,z − Ŝb,z)/2 + ÎZQ

n,z)

Ŝz
CE+ = 1/2((Ŝa,z − Ŝb,z)/2− ÎZQ

n,z)

We can then derive a 6×6 Liouvillian operating on a σ(t) vector consisting of the coefficients {szCE+, sz
CE-, sy

CE+, sx
CE+, sy

CE-, sx
CE-}.146

However, to combine these coefficients with the σµw(t)+σD/J(t) vector we must add two coefficients of two additional147

operators with the same norm as ŜzCE+ and ŜCE-
z , namely the DQ space operators ŜDQab,z = (2−3/2)(Ŝa,z + Ŝb,z) and148

SDQ
n,z = (2−1/2)ÎDQ

n,z , with s
DQ
ab,z and s

DQ
n,z respectively. σCE becomes {szCE+, sz

CE-, sDQ
ab,z, s

DQ
n,z , sy

CE+, sx
CE+, sy

CE-, sx
CE-}.149

We can now derive the form of the Liouville operator ̂̂LCE

H (t) =
̂̂
L

CE+

H (t) +
̂̂
L

CE−

H (t) starting with (the time depen-150

dence is omitted here for formatting reasons)151

d

dt



sz
CE+

sz
CE-

sDQ
ab.z

sDQ
n,z

sy
CE+

sx
CE+

sy
CE-

sx
CE-


=
̂̂
L
H

CE



sz
CE+

sz
CE-

sDQ
ab.z

sDQ
n,z

sy
CE+

sx
CE+

sy
CE-

sx
CE-


=



0 0 0 0 hCE+
x 0 0 0

0 0 0 0 0 0 hx
CE- 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−hCE+
x 0 0 0 0 −∆ωCE+ 0 0
0 0 0 0 ∆ωCE+ 0 0 0
0 −hxCE- 0 0 0 0 0 −∆ωCE-

0 0 0 0 0 0 ∆ωCE- 0





sz
CE+

sz
CE-

sDQ
ab.z

sDQ
n,z

sy
CE+

sx
CE+

sy
CE-

sx
CE-


(14)
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When we want to combine this vector with the σµw(t) + σD/J(t) vector we have to perform the following transfor-152

mation in order to reach the elements {sa,z, sb,z, sn,z, sresz , sy
CE+, sx

CE+, sy
CE-, sx

CE-}:153

1

2



sa,z
sb,z
sn,z
sresz
sy

CE+

sx
CE+

sy
CE-

sx
CE-


=

1

4



1 1
√

2 0 0 0 0 0

−1 −1
√

2 0 0 0 0 0

−1 1 0
√

2 0 0 0 0

1 −1 0
√

2 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1





sz
CE+

sz
CE-

sDQ
ab.z

sDQ
n,z

sy
CE+

sx
CE+

sy
CE-

sx
CE-


,

where we have added the operator Ŝres
z = ÎDQ

z − ÎZQ
z = 4ÎzŜa,zŜb,z to maintain the dimensionality of the vector154

after the transformation. After the transformation of Eq. 14 becomes (the time dependence is omitted here for155

formatting reasons)156

d

dt



sa,z
sb,z
sn,z
sresz
sy

CE+

sx
CE+

sy
CE-

sx
CE-


=



0 0 0 0 1
4h

CE+
x 0 1

4hx
CE- 0

0 0 0 0 − 1
4h

CE+
x 0 − 1

4hx
CE- 0

0 0 0 0 − 1
4h

CE+
x 0 1

4hx
CE- 0

0 0 0 0 1
4h

CE+
x 0 − 1

4hx
CE- 0

−hCE+
x −hCE+

x hCE+
x −hCE+

x 0 −∆ωCE+ 0 0
0 0 0 0 ∆ωCE+ 0 0 0

−hxCE- hx
CE- −hxCE- hx

CE- 0 0 0 −∆ωCE-

0 0 0 0 0 0 ∆ωCE- 0





sa,z
sb,z
sn,z
sresz
sy

CE+

sx
CE+

sy
CE-

sx
CE-


Joining the elements of σCE with the elements of σµw + σD/J we have to add the {sresz , sCE±

p , p = x, y} coefficients
to the last vector. In practice it turns out that the value sresz (t), which is the coefficient of the tri-linear Ŝres

z =

4ÎzŜa,zŜb,z operator that is initially equal to zero, does not contribute to the time dependence of the other coefficients
and it can be ignored during the calculations. This was shown in equation 36-37 in ref [10]. The operators involved
in this derivation can all be expressed in terms of the z-components of the electron and nuclear angular momentum
operators:

Ŝz
CE+ =

1

2
(ŜZQ
z + 4ŜZQ

z ) =
1

4
(Ŝa,z − Ŝb,z)(1 + 2În,z)

Ŝz
CE- =

1

2
(ŜZQ
z − 4ŜZQ

z ) =
1

4
(Ŝa,z − Ŝb,z)(1− 2În,z)

ŜDQ
z =

1

2
√

2
(Ŝa,z + Ŝb,z)

ŜDQ
n,z =

1√
2
ÎDQ
n,z =

1

2
√

2
În,z(1 + 4Ŝa,zŜb,z)

Ŝres
z = ÎDQ

z − ÎZQ
z = 4În,zŜa,zŜb,z

In general, CE rotor-events are usually fast and it is usually possible to assess the amount of polarization, that is157

transferred between the spins using the LZ approximation. If the off-diagonal element lead to a crossing of efficiency:158

εCE± =

2 exp

−π|hCE
x |2

2
(

dω±
CE

dt

)
− 1


then the LZ approach can be applied to describe the CE events using the ŜzCE+(t) and ŜzCE-(t) coefficients. Adding159

the sDQ
ab,z and sDQ

n,z elements the crossing can be represented as:160 
sCE+
z

sCE−
z

sDQ
ab.z

sDQ
n,z

 (t+k−1) =

 εCE− 0 0 0
0 εCE− 0 0
0 0 1 0
0 0 0 1



sCE+
z

sCE−
z

sDQ
ab.z

sDQ
n,z

 (tk−1)
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using the above transformations, and ignoring the sresz coefficient, we obtain:161  sa,zsb,z
sn,z

 (tk+1) =
̂̂
L

LZ

CE

 sa,zsb,z
sn,z

 (tk−1) =
1

4

 3 + εCE± 1− εCE± ±(1− εCE±)
1− εCE± 3 + εCE± ∓(1− εCE±)
±(1− εCE±) ∓(1− εCE±) 3 + εCE±

 sa,z(tk−1)
sb,z(tk−1)
sn,z(tk−1)


The combine (

̂̂
L
µw

LZ +
̂̂
L

D-J

LZ +
̂̂
L

CE+

LZ +
̂̂
L

CE−

LZ ) is at this point in the discussion is of a dimension (3× 3), the number162

of spins in the system.163

4. The SE rotor-events164

The SE rotor-events occur when the µw irradiation is “on resonance” with, for instance, the electron a - nucleus165

zero quantum transition |αaχbβn〉↔ |βaχbαn〉or double quantum transition |αχα〉 ↔ |βχα〉 which correspond to the166

matching conditions (ωa−ωµw ' ωn) or (ωa−ωµw ' −ωn) respectively. The hyperfine interaction between electron167

a and the nucleus n can be represented by the secular and the pseudo-secular terms in the Hamiltonian, which are168

assumed to be much smaller than the nuclear Zeeman interaction (high field approximation). The application of169

perturbation theory allows diagonalizing the Hamiltonian, shifting the energy levels by an amount of the order of170

ηHF = {A+(t)2 + A−(t)2/ω2
n}. As shown previously, for instance by Corzilius et al. [11], such an effect can be171

accounted for by replacing the the Ŝx operator of the µw Hamiltonian by:172

Ŝx → Ŝx + (1/2)ηHF {(Ŝ+
a Î
−
n + Ŝ−a Î

+
n ) + (Ŝ+

a Î
+
n + Ŝ−a Î

−
n )}.

The two additional terms become significant in the rotating frame Hamiltonian when the µw frequency is close to the
ZQ and DQ transition frequencies. Ignoring for simplicity the energy shifts induced by the hyperfine interactions,
we can write the following effective Hamiltonians:

ĤZQ = (1/2)∆ωSE
ZQ(Ŝa,z − În,z) + (1/2)ωSE

1 (Ŝ+
a Î
−
n + Ŝ−a Î

+
n ) ; ∆ωSE

ZQ = (ωa(t) + ωµw − ωn) , ωSE
1 = ηHFω1

ĤDQ = (1/2)∆ωSE
DQ(Ŝa,z + In,z) + (1/2)ωSE1 (S+

a I
+
n + S−a I

−
n ) ; ∆ωSE

DQ = (ωa(t) + ωµw − ωn) , ωSE
1 = ηHFω1

which represent the two ZQ- and DQ-SE events with χb = αb, βb. The Liouville operators corresponding to these
Hamiltonians must be represented in the appropriate s(m) representations. Similarly to the CE events, we can
choose the two representations {sZQ

x , sZQ
y , sZQ

z } and {sDQ
x , sDQ

y , sDQ
z }, where these coefficients corresponding to the

following operators in the density matrix expansion are:

ŜZQa
x = (1/2)(Ŝ+

a Î
−
n + Ŝ−a Î

+
n ) ; ŜZQa

y = (i/2)(Ŝ+
a Î
−
n − Ŝ−a Î+

n )

ŜDQa
x = (1/2)(Ŝ+

a Î
+
n + Ŝ−a Î

−
n ) ; ŜDQa

y = (i/2)(Ŝ+
a Î

+
n − Ŝ−a Î−n )

ŜZQa
z = (1/2)(Ŝa,z − În,z) ; ŜDQa

z = (1/2)(Ŝa,z + În,z)

The Liouville operators take the form173

d

dt


sZQa
z

sZQa
y

sZQa
x

sDQa
z

 =
̂̂
L

ZQa

SE (t)


sZQa
z

sZQa
y

sZQa
x

sDQa
z

 =


0 −ωSE

1 (t) 0 0
−ωSE

1 (t) 0 −∆ωZQ(t) 0
0 ∆ωZQ(t) 0 0
0 0 0 0



sZQa
z

sZQa
y

sZQa
x

sDQa
z


174

d

dt


sDQa
z

sDQa
y

sDQa
x

sZQa
z

 =
̂̂
L

DQa

SE (t)


sDQa
z

sDQa
y

sDQa
x

sZQa
z

 =


0 −ωSE

1 (t) 0 0
−ωSE

1 (t) 0 −∆ωDQ(t) 0
0 ∆ωDQ(t) 0 0
0 0 0 0



sDQa
z

sDQa
y

sDQa
x

sZQa
z


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These equations can be transformed to the basis {sa,z, sn,z, sZQa
y , sZQa

x , sDQa
y , sDQa

x } via the definitions of ŜZQ/DQa
z175

d

dt


sa,z
sn,z
sZQa
y

sZQa
x

sDQa
y

sDQa
x

 =
̂̂
L

SE

H (t)


sa,z
sn,z
sZQa
y

sZQa
x

sDQa
y

sDQa
x

 =


0 0 ωSE

1 (t) 0 ωSE
1 (t) 0

0 0 −ωSE
1 (t) 0 ωSE

1 (t) 0
−ωSE

1 (t)/2 ωSE
1 (t)/2 0 −∆ωZQ(t) 0 0

0 0 ∆ωZQ(t) 0 0 0
−ωSE

1 (t)/2 −ωSE
1 (t)/2 0 0 0 −∆ωDQ(t)

0 0 0 0 ∆ωDQ(t) 0




sa,z
sn,z
sZQa
y

sZQa
x

sDQa
y

sDQa
x


To include the SE to the previous description, we need to complement the manifold of 14 coefficients of (

̂̂
L
µw

B +176 ̂̂
L

D-J

B +
̂̂
L

CE

B ) with {sZQa
x , sZQa

y , sDQa
x , sDQa

y } to reach the final 18× 18 Liouville operator (
̂̂
L
µw

B +
̂̂
L

D-J

B +
̂̂
L

CE

B +
̂̂
L

SE

B ).177

In general the SE events are relatively short in duration, and thus can be represented by the Landau-Zener178

approach. We obtain:179 [
sZQa
z

sDQa
z

]
(tk−1) =

[
εZQ
SE 0
0 1

] [
sZQa
z

sDQa
z

]
(tk+1) ;

[
sZQa
z

sDQa
z

]
(tk−1) =

[
1 0

0 εDQa
SE

](
sZQa
z

sDQa
z

)
(tk+1)

with180

εSE =

2 exp

 −π|ωeff
1 |2

2
(

dωDQ/ZQ
dt

)
− 1


If we know perform a basis change ,we can rewrite the effect of the propagator ̂̂ULZ

SE in the basis {saz , sbz}:181 [
sa,z
sn,z

]
(tk+1) =

̂̂
U

SE

LZ,κ

[
sa,z
sn,z

]
(tk)

with182

̂̂
U

,SE

LZ,κ =

[
1 + εZQ

SE 1− εZQ
SE

1− εZQ
SE 1 + εZQ

SE

]
or

[
1 + εDQ

SE −1 + εDQ
SE

−1 + εDQ
SE 1 + εDQ

SE

]
for ZQ-SE and DQ-SE rotor-events respectively.183

5. Reduced “Bloch operator” and “LZ operator”184

In order to compute MAS-DNP mechanisms, we need to derive Liouville operators but we also need to account185

for all relaxation pathways, namely the longitudinal and transverse relaxation times of the electrons T e1 , T e2 and186

the nucleus Tn1 , Tn2 . Previous work on MAS description of T1 and the T2 relaxation used in in DNP simulations187

[1, 10, 12] used definitions in the eigenbasis of the Hamiltonian. While this has little impact on the T1 for high188

magnetic field and MAS simulations, it has more drastic effect on T2. This is particularly critical for the D-J rotor-189

events as it impacts T e2,ZQ’s definition. To be more specific let’s consider two electrons with a frequency offset of the190

same magnitude as the D-J interaction. The eigenbasis of the 3 spin system is then |ααχ〉, a1(t)|αβχ〉+a2(t)|βαχ〉,191

a2(t)|αβχ〉 − a1(t)|βαχ〉 and |ββχ〉, where a1(t) and a2(t) depends on the offset and the D-J interaction. χ stands192

for the nuclear state (either alpha or beta) and will be ignored in the following). During the dipolar rotor-event,193

the T e2,ZQ involves the loss of the coherence between the states a1(t)|αβ〉 + a2(t)|βα〉, a2(t)|αβ〉 − a1(t)|βα〉. In194

the eigenbasis T e2,ZQ depends therefore on the state mixing and becomes offset dependent: i.e. 1/T e2,ZQ(t) ∝195

|a2
1(t)− a2

2(t)|. Notably 1/T e2,ZQ is equal to zero when the two electrons are on resonance and equal to 1/2T e2 when196

offset term dominates. Nevertheless, the T e2,ZQ relaxation parameter was held constant in the present work, and197

simply approximate to T e2,ZQ = 2T e2 since it gives correct results as compared to Full Liouville calculations. In the198

CE and SE rotor-event case, the treatment of relaxation appear to be even less critical. The state mixing only199

occurs for very short time periods contrary to the D-J rotor-events. To achieve complete analogy with the full200

Liouville calculations, we define T2,CE = T e2 /2 + Tn2 and T2,SE = (T e2 + Tn2 )/2.201

Assuming that the rotor-events are independent, the previous derivations can be combined into a single evolution202
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operator, sum of all individual operators.203

̂̂
LB =

̂̂
L
µw

B +
̂̂
L

D-J

B +
̂̂
L

CE

B +
̂̂
L

SE

B

In the end, the σ vector can be represented with the following coefficients {1, sa,z, sa,y, sa,x, sb,z, sb,y, sb,x,204

sn,z, sZQ,y, sZQ,x, sCE+
y , sCE+

x , sCE−
y , sCE−

x ,sDQa
y , sDQa

x ,sZQa
y , sZQa

x } within the corresponding to the basis {Ê, Ŝa,z,205

Ŝa,y, Ŝa,x, Ŝb,z, Ŝb,y, Ŝb,x, ŜZQ,y, ŜZQ,x În,z, ŜCE+
y , ŜCE+

x , ŜCE−
y , ŜCE−

x ,ŜDQa
y , ŜDQa

x , ŜZQa
y , ŜZQa

x }. This approach206

yields an homogeneous master equation, which allows computing efficiently the propagator of a periodic problem207

with significant time-savings. Finally the (restricted) Liouvillian becomes (time dependence of interactions is208

omitted):209

̂̂
LB =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

s
eq
a,z/T

e
1,a −1/Te1,a ω1 0 0 0 0 Da,b 0 0 hCE+

x /4 0 hCE−
x /4 0 ωSE

1 0 ωSE
1 0

0 −ω1 −1/Te2 −∆ωa 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 −∆ωa −1/Te2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

s
eq
b,z
/Te1,b 0 0 0 −1/Te1,b ω1 0 −Da,b 0 0 −hCE+

x /4 0 −hCE−
x /4 0 0 0 0 0

0 0 0 0 −ω1 −1/Te2 −∆ωa 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 −∆ωa −1/Te2 0 0 0 0 0 0 0 0 0 0 0

0 −Da,b/2 0 0 Da,b/2 0 0 −2/Te2,ZQ −∆ωD 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 ∆ωD 0 0 0 0 0 0 0 0 0 0

s
eq
n,z/T

n
1 0 0 0 0 0 0 0 0 −1/Tn1 −hCE+

x /4 0 hCE−
x /4 0 ωSE

1 0 −ωSE
1 0

0 −hCE+
x 0 0 hCE+

x 0 0 0 0 hCE+
x −2/T2,CE −∆ω

+
CE

0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 ∆ω
+
CE

−2/T2,CE 0 0 0 0 0 0

0 −hCE−
x 0 0 hCE−

x 0 0 0 0 −hCE−
x 0 0 −2/T2,CE −∆ω

−
CE

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ∆ω
−
CE

−2/T2,CE 0 0 0 0

0 −ωSE
1 /2 0 0 0 0 0 0 0 −ωSE

1 /2 0 0 0 0 −2/T2,SE −∆ωDQ 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∆ωDQ −2/T2,SE 0 0

0 −ωSE
1 /2 0 0 0 0 0 0 0 ωSE

1 /2 0 0 0 0 0 0 −2/T2,SE −∆ωZQ
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∆ωZQ −2/T2,SE



For a three spin case, the problem size is reduced from a 64×64 Liouvillian operator to a 18×18 “Bloch-type”210

operator which results in massive time savings. The evolution operator at time κδt is given by211

̂̂
Uκ = exp(

̂̂
LB(κδt)× δt)

If we neglect the transverse relaxation times, the problem size can be further reduced to 4 x 4 using the Landau-212

Zener approach, in the basis Ê, Ŝa,z, Ŝb,z,În,z. This results in further massive time-savings but also limits the213

accuracy of the simulations. The relaxation can then be introduced using ̂̂R1 defined as214

̂̂
R1(t) =


0 0 0 0

seqa,z(t)/T
e
1,a −1/T e1,a 0 0

seqb,z(t)/T
e
1,b 0 −1/T e1,b 0

seqn,z(t)/T
n
1 0 0 −1/Tn1

 .
Then215

̂̂
Uκ = exp(

̂̂
R1(κδt)× δt) ̂̂Uµw

LZ,κ
̂̂
U

D-J

LZ,κ
̂̂
U

CE

LZ,κ
̂̂
U

SE

LZ,κ

where the LZ operator is calculated at each step and applied if two energy levels cross.216

C. Effect of Electron dipolar couplings on εB = f(TB)217

Figure 1 represents the effect of the electron dipolar interaction on the relation between εB and TB . When Da,b218

in creases, the build up becomes shorter, and a much higher polarization can be obtained for the same parameters.219

The relation εB = aTB + b holds, and a is at least a function of the dipolar interaction.220
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Figure 1. Effect of the electron dipolar coupling on the final εB for Da,b/2π = 23 MHz (blue curve) and Da,b/2π = 35
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