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I. EFFECTIVE CONCENTRATION OF MAGNETIC INCLUSIONS

The susceptibility of the polydisperse random system of magnetic particles with weak
and intermediate dipolar-dipolar interaction (A < 3) is well described by the one-parameter
relation [1]:

X = xo(l+4mx/3), (S1)
where x;, = >_.nim?/(3kpT) is the Langevin susceptibility, n, and m; are the number
concentration and magnetic moment of components of i-sort, respectively.

In our modeling, instead of the polydisperse sample, we consider the monodisperse system
with the same value of the Langevin susceptibility y . Of course, the monodisperse system
cannot be completely equivalent to the polydisperse one. We will show that the volume
fraction ¢ of the effective monodisperse particles is higher then the fraction ¢q of inclusions
in the original polydisperse system and the ratio ¢/¢, depends on the broadness of the
original size distribution of nanoparticles.

Let us consider two characteristic quantities of the polydisperse system — the volume
fraction of particles ¢ = mn(d®) /6 (n = Y_, n; being the volume concentration of all particles)
and the Langevin susceptibility, x; = n(m?)/(3kgT). Here and below the brackets mean
the averaging over the size distribution function f(d) of inclusions. The magnetic moment
m; of the grain of ith type is expressed via particle saturation magnetization M, and its
volume V; = 7d? /6, m; = M,V;. Then we have x, = 3(7/6)*(kgT) ' M2n(d®). Therefore,
both parameters are described by the third and sixth moments of the distribution function
2} &~ (@) and x;, ~ ().

For the polydisperse system, the ratio p = (d®)/(d®)?> > 1 and the deviation from unity
is determined by the width of the particle distribution. Indeed, let us show this explicitly

using an example of the log-normal distribution of particles:
1 In2(d/dg)
T (S2)

d) = ——ct ,
fd) V2rdo
where dy and o are, correspondingly, the characteristic size of the inclusion and the distri-

bution width. The moments of the distribution function (S2) read:

(") = dre™ s . (S3)

2

Thus, the ratio p = (d°)/(d*)? = €%, i.e., the wider the distribution, the higher values of

p. Only for monodisperse system with ¢ = 0 one has the ratio p = 1.



In our numerical scheme we replace the polydisperse system by the monodisperse one,
while keeping the Langevin susceptibility y, to be constant. This corresponds to the particle
size dp,ono Of inclusions of the model system d,,n, = <d6>1/ 6. This means the increase of the
volume fraction ¢ of the model monodisperse system in comparison with its initial value ¢,

by the factor
¢/do = (&) )(d) = Jp = 5. (S4)

The realistic composites are strongly polydisperse and represented by individual nanopar-
ticles and their agglomerates/aggregates. For example, the resulting size distribution in
polymer composites in [3] was quite broad (o = 0.25) with a peak at ~ 11 nm corresponding
to a single particle, however there was a significant portion of agglomerates which are larger,
d ~ 40-50 nm, extending up to 80 nm. The particle distribution in Ref. [3] was fitted to
bimodal (bi-lognormal) distribution. A rough account of agglomerates within the framework
of the one-mode log-normal distribution (S2) shifts the standard deviation to higher values,
o =~ 0.4. As follows from Eq. (54), it corresponds to roughly doubling of the effective volume

fraction of inclusions, ¢/¢ = 2.

II. GEOMETRY OF MICRO-/NANOHELICES AND SHAPE PARAMETRIZA-
TION

In this work we consider two types of helical shapes. The first type corresponds to helices
with an elliptical cross-section of the filament with semi-axis a having a fixed component
along the helical axis, and semi-axis b oriented normally to the helical axis. In particular,
normal helices with the cross-section elongated in the direction transverse to the helical axis
(b > a), and binormal helices with longer cross-sectional axis having a fixed component along
the helical axis (a > b), while regular helices correspond to circular filament cross-section
with a = b.

In the body-fixed coordinate frame zjx,x3 with the helix axis oriented along x3, the
equation for the helix centerline can be written in the following parametric representation
[5]

X(s) = [% cos(\s), % sin(As), %s . (S5)

Here s is the arc length and A = 1/4/R? + %. Curvature x and torsion 7 are defined via



helix radius R and pitch P as k = R)\?, 7 = %)\2, while the helix angle © is determined
according to the relation tan©® = k/7 = 27 R/P. We also mention the following simple
relations for the helix angle: sin® = k/A = R\, cos© =7/\ = L.

Let {c/l\l7 &\2, C/i\g} be the right-handed director basis defined at each position s along the
axis of the filament [5]:

c?l(s) = E sin(As), —% cos(s), ;] ,
dy(s) = [cos(As),sin(\s), 0], (S6)

C/l\g(S) = [—; sin(\s), ; cos(s), g] :

dy = 0X(s)/8s is the vector tangent to the centreline of the filament. Vectors d; (binormal)
and C/i\g (normal) are assumed to be parallel, correspondingly, to the semi-axes of the filament
cross-section (e.g. for the normal helix c?l and JQ are parallel to the short and the long semi-
axis, respectively).

Surface parametrization of a helix with elliptic cross-section in the plane formed by the
normal and binormal vectors (i.e. normal or binormal and also regular helices, see Figs. 3A—
C) reads

S(s,u) = X(s)+ (acosu dy + bsinu C/i\g),
where 0 < u < 2.

For computations of the volume fraction ¢ of magnetic inclusions one has to know the
volume of the helix. Possible parametrization of the volume enclosed by the surface S is
V(s,u,r) = X(s)+r(acosu dy +bsinu C/i\g), where 0 < r < 1. Then the differential volume

element can be found as

dV = /g ds du dr,

where the jacobian

Vg = det [8((;/@’—%] =ab(l +bresinu) .

The volume of the one-turn helix can now be found by the integration of dV as

2w /A 2 1 2abm2
V:/ ds/ du/ Vgdr = a/\7r ; (S7)
0 0 0

where it can be readily shown to be equal to volume of the “straightened” elliptic cylinder

i.e. V. =mabL, where L = 27 /\ = 27 R/sin © is the length of the single helical turn (along
the helical centerline) with © being the helix angle.
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The microhelices fabricated from magnetic polymer composite (MPC) in [4] had elliptic
cross-section with fixed orientation of semi-axis @ and b in the plane x;x5 transverse to the

helical x3-axis (see Fig. S1). Surface parametrization of MPC helix then reads
SMPC(s 1) = X + (acosu €, + bsinu &) , (S8)

where €; and €, are the unit vectors along x; and x5 respectively.

A B

FIG. S1. Tlustration of MPC helical micropropeller with two full turns, R/r = 1.25, © = 60° (no
magnetic inclusions are shown). The filament cross-section aspect ratio (in xjx2-plane) is a/b = 3;

(A) front view; (B) top view (i.e., as viewed along the helical axis).

The volume of MPC helices can be easily found using the Cavalieri’s principle, i.e. its
volume is equal to the volume of straight elliptic cylinder with cross-section area mab and
of the length equal to the length of the helix measured along the zs-axis, P = 2rR/ tan ©.
Thus, the volume of the one-turn helix can be calculated as

2abm?T

V = 2abr*P = —3

= abr L cos© ,

where, as before, L = 27 R/ sin © is the length of the single turn along the helical centerline.

III. EFFECTIVE MAGNETIZATION OF HELICES: SLENDER BODY THEORY

The slender body (SB) approximation assumes that locally a helical filament can be

considered as a thin straight cylinder. We first present the analysis in Ref. [5] for the case of
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an elliptical cross-section of the filament with semi-axis a along c/l\l and semi-axis b along C/ig,
i.e. regular, normal and binormal helices, and then apply the theory for MPC helices with
elliptic cross-section with fixed orientation of semi-axis a and b in the plane z1x, transverse
to the helical axis (see the previous section for details of parametrization). Assumption of
slenderness applies to helices with typical dimensions, i.e. the radius R and the pitch P,
satisfying R, P > max (a,b).

The magnetic susceptibilities of an elliptic cylinder along the three principal axes read
(6]

! 1+47TX0N17 2 1+47TX0N27 3 0

Here N; and Ny = 1— N, are the demagnetizing factors along the axis d; and ds, respectively,

and we also assumed the zero value of the demagnetizing factor along the long axis of

cylinder, N3 = 0. The demagnetizing factor Ny can be found as [7]:

N, = (2m)7 ! {4 arctan (g) + %a In <%> + (g — %) In (1 + Z—j)} :

The demagnetizing factor Ny can be found either by the permutation a <+ b or from Ny =
1 — Ny. For the regular helix with circular cross-section Ny = Ny = 1/2.

Eqgs. S9 imply that in the external magnetic field helical segments are polarized differently
along the principal axes: the easy direction is along the centerline, and the hard one is
along the shorter cross-section. This property leads to the apparent anisotropy of magnetic
susceptibility x of the helix as a whole.

The SB approximation is the local theory: the magnetization of each segment is deter-
mined only by its geometry and by the applied magnetic field (see Eq. (S1)). In other
words, in the framework of SB approximation different parts of the helix do not interact, i.e.
magnetize independently from each other. Therefore, the effective susceptibility x of helix

proves to be an additive property and can be determined by integration
L
X = L—l/ (deldl + nggdg + X3d3d3> dS, (810)
0

where L is the helix length along the centerline.

Let us denote the eigenvalues of matrix x in the descending order as y; > x2 > Xs.
Generally, all three eigenvalues are different and helix possesses bi-axial magnetization.
However, for the integer number of turns, the susceptibility tensor S10 becomes uniaxial:

two out of three eigenvalues coincide. The direct integration in Eq. (S10) using Eqs. (S9)-(S6)
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demonstrates that the eigenvectors of x are aligned with the BCS axes x;x523; the magnetic
anisotropy parameter Ay, defined as the difference of eigenvalues along the anisotropy (i.e.

helical) axis and in transverse direction, Ax = x| — x., reads
1
Ay = 5[()(3 —x1)(3cos?© — 1) + x1 — X2 . (S11)

Particularly simple form of magnetic anisotropy parameter can be obtained for the case
when 47y, < 1. Taking the asymptotic small-x, limit of susceptibilities in Eqgs. (S9), Ax
in Eq. (S11) can be further simplified into

Ax

.2
ro =1—-3N;sin“0O. (S12)

The obtained result (S12) indicates that magnetically, integer-number-of-turns helix is
equivalent to a polarized spheroid with its easy-axis aligned along the helical x3-axis. The
slender helices with a small pitch angle ©® < ©, are characterized by the positive value of the
anisotropy parameter Ay (i.e. equivalent to prolate spheroid), whereas for the tight helices
with high values of © > ©, the anisotropy parameter becomes negative (i.e. equivalent to
oblate spheroid or disk). The critical helix angle O, at which Ay changes sign is found from
the relation sin ©, = (3N;)~'/2. It is depicted in the inset to Fig. S2 as a function of the
aspect ratio a/b of the filament cross-section. For regular helix with a circular cross-section,
a = b, O = 54.7°. The values of the critical angle ©, for the normal and binormal helices
prove to be strongly asymmetric relatively to its value for regular helix. For example, for
a/b=2,0" =45.8° and O = 76.6° for the normal and binormal helices, respectively. The
minimal value of this critical angle for the normal helix with infinitely thin filament cross-
section (a/b — 0) is ©F = 35.3°, whereas for the binormal helix it reaches it maximal value
Obn = 90° already for aspect ratio a/b ~ 2.2. The angle ® formed by the main eigenvector
(corresponding to the maximal eigenvalue x;) of the susceptibility tensor and the helix axis
is depicted in Fig. S2 as a function of the helix angle © for regular (red), normal (blue) and
binormal (green) helices. As seen, all dependencies are step-like functions: ® = H(O — 0,),
where H(x) is the Heaviside function. This idealized solution relies on three simplifying
assumptions: (i) local magnetization, (ii) integer number of helical turns and (iii) uniformity
of the geometric and magnetic properties of helices. Any violation of (i)—(iii) should lead
to deviation from the ideal dependence and to smoothing out of the step-like profile as
illustrated in Fig. S2 by the orange line corresponding to a helix with non-integer number

turns and as demonstrated by the direct numerical simulations in the main text.
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FIG. S2. Inclination angle ® of the easy-axis as a function of the helix angle © for regular (red),
normal (blue) and binormal (green) helices with integer number of turns. The aspect ratio of the
filament cross-section for normal and binormal helices is a/b = 0.5 and 2, respectively. The orange
curve, corresponding to a regular helix with 3.3 full turns, illustrates the effect of imperfectness
on ®; the helices and corresponding arrows illustrate the orientation of the easy-axis depending on
their slenderness. The inset depicts the critical helix angle ©, vs. the filament cross-section aspect

ratio a/b.

SB theory can also be applied for estimating the effective magnetization of propellers
with more complex geometry, such as, e.g., MPC helices with shape parametrization given
by Eq. S8. These helices have elliptical cross-section with fixed orientation of semi-axis a
and b in the plane {z x5} transverse to the helical z3-axis. Expanding the unit vectors e;
and e, in the basis 313233 allows to derive the approximate parametric representation of

the filament cross-section shape in the d;ds-plane:

acosu € +bsinu ey =

~

%(acosusin)\s — bsinucos As) dy + (acosucos As + bsinusin As) dy + (...) ds ,

where only the first two terms are relevant to us. This can also be rewritten as

o~ -~

acosu e + bsinu ey = acos (u+ 1) d, + bsin (u+ o) dy+(...)ds, (S13)

where a = §\/a2 sin® As 4 b2 cos? \s, b = Va2 cos2 \s + b2 sin? As, and tan ¢, = (b/a) cot s,
tan o = (a/b) cot As, showing that the filament cross-section of a slender enough MPC helix
in djdy-plane can be accurately approximated by a tilted ellipse (see Fig. S3 and [8]).
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FIG. S3. Filament cross-section in djds-plane upon varying the parameter s € [0,L/4] for a
MPC helix with radius R/r = 2.5 (the equivalent filament radius r = vwab = 0.5), helix angle
© = 55° and a/b = 2. The solid (black) lines are the exact profiles, while dashed (red) lines are

the approximate elliptical profiles in S13.

The tilted ellipse can be brought to its canonic form by defining the new variables

A—b +al+b
¢1,2COS W1 9 = @a—)\ﬂ COSAS, (@osinwg = w sin As (S14)
we can re-write the parametric form for the filament cross-section as
1 . . ~ 1 ~
§(q1 sin (u + wy) + g sin (u + we))dy + 5(—(]1 cos (u + wy) + g cos (u + we))dy =
—(QI + @) cost J’l + —(C‘h ; a) sint dA’2 ,
where the new parameter t = u + (w; + wq)/2 and
ci’l:cilcosﬁ—c@sim?, J/Q:cilsinﬂ—kcigcosﬁ, (S15)

with ¥ = (w2 — wy)/2. Thus, the parametric representation of the filament cross-section

in S15 is an ellipse with major, @, and minor, b, semi-axes equal to (¢; + ¢2)/2 and (¢1 —
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¢2)/2, respectively, and oriented along rotated (by an angle 9 as in Eq. S15) axes (A’l, 3’2),

correspondingly.

Now the effective susceptibility can be written in the form

L
MY = Ll/ <X1d/1d/1 + xodsydy + X3d3d3) ds (S16)
0

The effective susceptibility of MPC helices, xMFC, is found by numerical integration of

Eq. S16 where a, b and ¥ are computed from Eqgs. S14 as a function of s. The predictions

of the extended slender body theory are shown as continuous lines in Fig. 4d and Figs. 7a,b

in the main text.
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The detailed analysis of the error introduced by the approximate representation of the MPC
helix cross-section in Equation S13 is beyond the scope of the present analysis. It is fairly

accurate for slender enough helices, such as those fabricated in Refs. [3, 4].
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