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1) Effect of the contact stiffness on wave scattering

The wave scattering displacements after incident with a nano-feature can be determined using equation
(7) in the paper. The coefficients of this equation depend on the wavenumbers in the sample matrix and
the nano-feature that are related to the longitudinal and shear wave velocities. These wavenumbers

2. 2.
af =L pr =P (s-1)

where i=1 denotes the sample matrix and i=2 represents the nano-feature. The Lame’s constants, A and
W, are related by shear modulus (G) and bulk modulus (K) as: A = K —gG and u = G. Therefore, the

ultrasonic scattering response depends on the bulk modulus, shear modulus and density of the sample
matrix and the nano-feature. Given that the maximum applied force on the tip is in order of few tens nN
for soft materials (such as polymer) and a few hundred nN for hard materials and no evidence of plastic
deformation was observed in previous experimental measurements?, we can limit our analysis to
elastic deformation. Assuming elastic deformation means that the mechanical properties of both the tip
and substrate, such as elastic and shear moduli, will not be affected. However, the local density of the
material in the vicinity of the tip-sample contact when compressed will increase. To gain insight into the
influence of the variation of local density of the sample on the wave scattering response, we calculated
the local variation of the PS volume and consequently the local variation of PS density beneath the AFM
tip. Using the FEM simulations to measure the contact radius and indentation depth under an applied
load of 100 nN, it was determined that they were 15 nm and 1.3 nm, respectively. Under these
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conditions, the local density of the substrate increased approximately 7%. This 7% variation in local
density changes the phase contrast of ultrasonic wave scattering by 3.5%. It can be concluded the
maximum contribution of contact stiffness on ultrasonic wave scattering is less than 3.5% for soft
materials. This influence of the contact stiffness on wave scattering may also have effect on the linear
superposition of these two mechanisms, therefore the discrepancy between experimental data and
theoretical results can be discussed by this explanation as well.

2) Effect of the wave scattering on contact stiffness

To understand the influence of the ultrasonic wave scattering on contact stiffness contrast, the Hertzian
theory for contact stiffness can be discussed. Based on this model, the contact stiffness is defined as®:

k* = i/6F,RE*2 (S-2)

where Fy is applied force, R is the tip radius, and E* is the effective Young’s modulus of the tip (E: & vi)
and the sample (E; & v;) that is obtained by:
1 1-vZ  1-v?

PR TR (5-3)

Then, the contact stiffness mainly depends on the geometry of the AFM tip, tip radius, applied force on
tip, and Poisson ratio and Young’s modulus in the tip and the sample. So, to determine the effect of the
wave scattering on contact stiffness, we need to check the frequency dependence of Young’s modulus
of the sample. The relation between Young’s modulus and frequency in polymer can be estimated by*:

E = A logy, f + B (10 dyne/cm?) (S-4)

where A, and B are constant values that can be estimated experimentally for a specific material. For
example, in PS these values can be estimated as 0.037 and 3.32, respectively*. By considering these
values and changing the frequency up to 5 MHz, the variation in Young’s modulus was 8%. This variation
in Young’s modulus of polymer was applied in FEA simulation and the variation in contact stiffness (Ak)
was calculated. FEA simulation has been done on a PS sample that includes a gold nanoparticle with 50
nm radius embedded 60 nm under the sample. Figure S1 schematically shows two polymer matrixes
with different Young’s modulus. The contact stiffness variation due to the nanoparticle for PS (E) was

calculated equal to Ak = 2.16%, while it was equal to Ak = 2.25% for PS (E+8%E). Then, the variation

2.25-2.16

of contact stiffness due to the 5 MHz ultrasonic wave is equal to: Ak% = 1. = 4%. Since the

phase will be affected linearly with contact stiffness, it is expected the contribution of wave scattering
on contact stiffness will be around 4% for PS at 5 MHz excitation signal. The discrepancy between
experimental and theoretical results can be explained by this explanation as well.
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Figure S1- The contact stiffness variation due to the (a) gold nanoparticle (b) summation of the gold
nanoparticle and 8% change in Young’s modulus of polymer.

3) Boundary conditions for the cavity and elastic inclusion in wave scattering mechanism

For an elastic nano-feature, boundary conditions are determined using continuity of stresses and
displacements at the interface of elastic nano-feature and polymer, in which r=a (radius of sphere).

These conditions give:

[E11,n Eion  Eizn  Eian 1 A, [E1,n]
[E2in  E2zn  E23n Ezan ||Bn — [E2n | (5-5)
Esin Esan PEssn PE34,nJ Cn OlEs,nJ
Esin Espn PEsgn PEsunllDn Eyn

where Ej, = &y, Eijjn = &ijn at r=a. The symbols, €;; ,, in Eq. (S-5), linear combinations of the spherical

harmonics, are defined as:

&n = _in(zn + 1)(njn(a1r) - alrjn+1(a1r)' En = _in(zn + 1)jn(alr)
&3n = —i"2n+1) [(nz —-—n- %ﬁlzrz)jn(alr) + 217 jpsq(q7)]

€4n = —1"2n+ D[(n — Djn(a1r) — a17jn41(ai7r)]

g11,n = nhy(ayr) — ayrhy i (ai7) €210 = hyplagr)

€31n = (nz -—n- %ﬁfrz) hn(air) + 2a;1mhp 1 (aq7)

€41n = (n — Dhy(ayr) — ayrhp e (@17)

€120 = M+ Dhy(Bi7), €220 = —(n + DAy (B11) + P17y (Bi7)
€320 = —n(n + D[(n — Dhy (1) — Prirhns1(Bi7)] (S-6)
ein = — (12 = 1= 322 R(Bi7) = Byrhn s (Bi7)

€130 = Njn(@21) — apTjny1(@21) , €230 = jn(azr)

eaan = (07 =1 = 3 B3r2) jul@ar) + 2z (aor)

€30 = (0 — Djn(azr) — azrjnis(ayr)

€140 = —n(M + 1)jn(B21), €240 = —(M + 1)jn(B27) + Borhpn1(B2r)

34n = —n(n + D[(n — 1)jn(Bo1) — B2Tjnt1(B21)]

eaan = — (12 = 1= 2 Br%) ju(Ber) — Barinsa (Br)

Eq. (S-5) shows that A,, and B,, depend on Bessel and Hankel functions in which their arguments are a
function of ka, where k is wave number and a is the nano-feature radius. In our paper, the wave number
in case of polymer and 1 MHz frequency is ~ 103 m™ and the nano-feature radius is ~ 10~7 m. Since
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ka~10"* « 0.1 < 1, we are in the Rayleigh scattering regime®. In this regime, A, and B, can be
explicitly evaluated as a close approximation. This approximation only neglects higher order of ka as:

n 2
jn(kea) = % [1+0(ka)?] (s-7)

2n
Z"n'l(ka)"’r1

h,(ka) = [1+ 0(ka)?] (S-8)

Unlike an elastic inclusion, for spherical cavity the boundary conditions will be simplified as the
continuity of the stresses®:

Tine 4 75 = (5-9)
T 415 =0 (5-10)

where T denotes stress for incident and scatter waves in r and 8 directions. This yields two equations:

Es1n E3 n] [An] Es n]
, : A 3 5-11
Esin Eiznl [Bal = P0|E4, (5-11)

Then, the coefficients A,, and B,, will be determined, and substituted in Eq. (7) in manuscript. To have a
model with a minimum approximation and determine above mentioned coefficients with highest
accuracy, we consider the two higher order terms of Bessel and Hankel functions and their series are
solved numerically for the value of n up to 10. We have checked the convergence of our results for
higher values of n, and higher order terms of Bessel and Hankel function. It was observed that the
results are converged with less than 1% error.

4) The contribution of contact stiffness on phase contrast

In addition to phase contrast due to the ultrasonic wave scattering, a phase shift of ultrasonic-AFM
happens from tip-sample interactions. To calculate this phase shift, the variation of contact stiffness
(Ak*) should be determined using Eq. (11) in the manuscript.

Then, an analytical model”® was used to calculate the value of phase contrast resulting from the
variation of contact stiffness. This model considered the cantilever and the sample as independent
systems in which the interaction force provides a coupling between them. The solution of this pair of
coupled nonlinear differential equations leads to contribution of contact stiffness on the phase contrast.
The total phase factor can be determined as:

Aptotar = Aa + AP + Apg — Ape — A (5-12)
where
( YsWe )Ak* (5-13)
(ks+ke)2+y )
YsAw *
(( kstke)2+y2Aw? )Ak (5-14)

YskZr+2keVsker+kE(Vetvs)ws) +(VEVs—2Vsme(kert+ke) )i +méysw?
Aps = — <( ( as){ Jutembyso )2> Ak*  (5-15)

2
(kaS+ySkCT+ke(YC+yS))(‘)S_YSmC(‘)g) +((kcr_mcw§+ke)ks+ke(kcr_mcw§)_ YCYSwg
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A(pc __ (YSkgq‘l'ZkeVskcq"'kg(Yc+Ys)wc)+(VCZVS_ZYSmc(kcq'*'ke))wg+mgyswg Ak* (5-16)

2 2
((Vcks+yskcq +ke(}’c+]’s))wc_ysmcwg) + ((kcq _mcwg +ke)ks+ke (kcq _mcwcz:)_ 'Vc'yswcz:)

Des = < (Vskg+2ke)’skc+k5(Yc+Ys)Aw)+(Yc2Ys_2VSmc(kc+ke))Aw3+mngAw5
cs - (

2
(Ycks+yskc+ke(Vc+Ys))Aw_Yschw3) +((kc_chwz +ke)kstke(kc—meAw?)— Ychsz)

2) Ak*  (5-17)

Where y, and y,. are damping coefficients in the sample and the cantilever, respectively. The sample
frequency, cantilever frequency, and their difference frequency are denoted by ws , w, , and Aw,
respectively. The sample contact stiffness that is determined by FEA simulation was denotes by kg , and
k., and m, represent the stiffness and mass of the cantilever. In above equations, the effective stiffness
constant of the nonlinear interaction force, k,, is used to obtain from the experimental tip-sample force
curve. The k., and k., are the cantilever stiffness constants corresponding to the rth and g™ noncontact
resonance modes of the cantilever having frequencies nearest wg and w, , respectively. The cantilever
stiffness at higher-modes (kc») can be determined as>°:

ken = (}fc_;l)z k¢ (5-18)

where higher flexural resonant frequencies (f,) for the rectangular cantilever can be obtained as'!:

2n-1
2

2
In [C—n] ,c1 =1.87,¢c, =4.69,c3 =7.87,¢c, = T (S5-19)

fo 1.87
Based on the above equations, phase contrast (A@;,tq;) has a linear dependence on variation of contact
stiffness (Ak™):

Aptotar = Krotar K™

where K41 is @ constant coefficient that is defined by material properties of the cantilever and the
sample, as well as excitation frequencies. It is worth mentioning that analytical model includes the first-
order term in the nonlinearity. This term is sufficient enough to account for the most important
operational ultrasonic-AFM’.

5) Dimension of the contact area as a function of the set force

Additional FEA simulations were performed to investigate the effect of the applied forces on the contact
area using the FEA simulations described within the manuscript. Figure S2 shows the contact radius as a
function of applied force. The FEA simulations have a gold nanoparticle, with a radius of 50 nm,
embedded 60 nm in a PS matrix and a hemispherical tip of 150 nm. As it is expected, the higher applied
force results bigger contact radius, and consequently higher contact stiffness. A best fit line has been
drawn using a power function Y = AX? where A=2.72x10° and B=0.33. It is worth mentioning that this
curve approximately follows the Hertzian contact theory where contact radius is defined as:

*

3 [3F,R (3R

1
= 1
or =228 o or = (22) (Fo)s = (3.07 x 1078) x (Fy)*% (5-20)

where the discrepancy between the Hertzian theory and FEA is mainly due to the influence of the buried
gold nanoparticle.
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Figure S2- The contact radius as a function of applied forces for a PS sample that includes a gold
nanoparticle with a radius of 50 nm embedded 60 nm under the sample surface.
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