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I. Energy conversion models

We derive the evolution equations for some examples of two types of energy conversion models. The results of this section
are used to generate Figure 2 in the main text, as well as Eq. 3.

IA. Donor-acceptor models

As examples of these models, we analyze below two particular donor-acceptor models that use a decay transfer scheme. This
kind of analysis may be expanded to models that include coherent vibronic evolution such as proposed in reference [1].

1) We consider the biological quantum heat engine model proposed in [2] (see in particular Eqs. S34-S37 in reference [2]).
It consists of a four level system coupled to a hot bath, a cold bath, and to the reaction center/circuit (also termed “the load”).
Th(c) is the hot (cold) bath temperature. The different decay rates are shown in Figure S1a. The equations of motion are

Paa = —Ye [(1 4 Ne) paa — Nepaa) = Yn [(1 + 7n) paa — Anpos] ,
Paa = Ve [(1 + ﬁc) Paa — ﬁcpoca] —T'paa;
po = Yn [(1+ 7n) paa — Anpes) + Te [(1 4 Ne) pgs — Nepus)
Paa + Pob + Paa + pas =1, (S1)

where we have kept the original paper notation. p; is the level population of state 4 and 72; or N; are the relevant i- bath mode
population. For details on the derivation of Eq. S1, we refer the reader to the original paper [2]. The free Hamiltonian of the
four level system is

H= Y wli)il. (S2)
i€{a,b,o,B}
The steady state populations are
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o8 — C + N — — — — . (S6)
Ppb (1 + NC) FC [F {’YL (nc + 1) + Yh (nh + 1)} + YhYcNe (1 + nh)]

The evolution induced by the hot bath can be obtained from Eq (S1) by setting 7. = I' = I'. = 0. The evolution induced by
the cold bath is obtained by setting in the same equations 7;, = I' = 0. The heat currents at steady state are (see Eq.2 in the main
text) obtained using the induced evolution of each bath and the Hamiltonian (S2),



S2

) A b A
‘ (Hot photons ‘ 4Hot photons
< > bath 4 > bath

System, S System, S
Reaction center/ circuit ) ‘ T

Reaction center/ circuit
(implicit work reservoir)

(implicit work reservoir)

Electric/
chemical
power

Electric/
chemical
power

l Je

Cold vibrational
bath

Cold vibrational
bath

Figure S1: Donor-acceptor models: a) Biological quantum heat engine model from [2]; b) Photocell model proposed in reference [4].
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where fiw, — fuwy, (Aw, — Fwg) is the energy of the absorbed (emitted) quanta from the hot bath (to the RC/circuit). Therefore
they are equivalent to Aiwgps (fiw,.). Using this paper notation,

Jh - Jabs; Jc — Jl0357
ha}ﬁ - hwa — _hwrcy hwa - h{db — hwabsv
Th — Tabs; Tc — CZ—‘ZOSSa

we obtain Eq. 3 in the main text. A similar analysis can be done for the coherence-assisted biological quantum heat engine
model proposed also in the same paper and to the model proposed in reference [3].

2) We consider the photocell model proposed in reference [4]. It consists of a five level system coupled to a hot bath, a cold
bath and to the reaction center/circuit (also termed “the load”). Tj ) is the hot (cold) bath temperature. The decay rates are
shown in Figure S1b. For the sake of simplicity we assume there is no acceptor-to-donor recombination (x = 0, in the original
paper notation). The equations of motion are
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paa = Ye [(1 + n2C) Pr2x2 — n2cpaa] - Fpaaa
,bIQmQ = VY [(1 + n'r)prlTl - nmpr2x2] — Ye [(1 + n2c)pm212 - n2(:po¢o¢] )

Pob = — [thh + Fch] pvy +Yn (h + 1) priz1 + Te(Ne + 1)p,8,87
pxlwl = Yz [(1 + nI)pwlwl - n$p12w2] —Yh [(1 + nh)pwlwl - nhpbb] 3
Pxlzl + P22 + Povb + Paa + PBp = 1. (SIO)

where we have kept the original paper notation. p;; is the level population of state ¢ and n; or N; are the relevant i- bath mode
population. For details on the derivation of Eq. S10, we refer the reader to the original paper [4].
The free Hamiltonian of the five level system is

H= > wi i) (). (S11)

i€{xy,z2,b,a,8}

The steady state populations are
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(S15)

The evolution induced by the hot bath can be obtained from Eq (S10) by setting 7. = I' = I'. = 7, = 0. The evolution
induced by the cold bath is obtained by setting in the same equations ~;, = I' = 0. The heat currents at steady state are (see Eq.2
in the main text) obtained using the induced evolution of each bath and the Hamiltonian (S11),
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B (wz1 — wp) (S16)
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where w1 — hwy (hwa — hwg) is the energy of the absorbed (emitted) quanta from the hot bath (to the RC/circuit), therefore
equivalent to Awgps (Aw;..). Using this paper notation,
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Jh — Jabs; Jc — Jloss;
hw[i - hwoz — *hwrm m}ml - hwb — hu}abs,
Th — Tubs; Tc - Tlosw

we obtain Eq. 3 in the main text.

IB. Standard FMO models

We use the standard model proposed in reference [5] for the Fenna-Mathews-Olson (FMO) complex of the green sulfur
bacterium Prosthecochloris aestuarii. Its dynamics is governed by the following Hamiltonian,

Hpyo = Hgites + Hrpyvio—viv + Hyip + Hpee, (S19)

where H,;; is the free Hamiltonian for the vibrational degrees of freedom of the pigments and proteins, which we assume to be
at equilibrium at a temperature 7j,ss = 300K. Hg;es is the exciton Hamiltonian,

Hsz'tes = Z Em |m> <m| + Z an |m> <’fl|, (820)
meFMO m#FneFMO

where |m) is the excited state of the m site, and the sum is over all the FMO sites. Hrpro—vip represents the interaction between
the excitons and the vibrational bath,

Hepo—wiv= Y k'lm)(m| Qe (S21)
meFMO,¢

where ()¢ operates on the vibrational degrees of freedom. All the parameters for this Hamiltonian can be found in reference [5].

Transmission of energy to the reaction center

The Hamiltonian Hp.. governs the transmission of energy to the reaction center and is typically modeled [1, 6-12] as an
irreversible decay term from the FMO site 3 to 8§,

Hpee = /T'38|8)(3]. (S22)
We use a typical value for this rate, '3 s = 62.8/1.88 cm™1[6-8, 12].

Thermal radiation

Even though at the surface of the Sun the emitted thermal radiation is at thermal equilibrium with the same temperature as
the Sun, Tg, due to geometric considerations, only a small fraction of those photons reaches the Earth. This is quantified by a
geometric factor A = 2 x 1075 equal to the angle subtended by the Sun seen from the Earth. If nr, [w] photons of frequency
w are emitted from the Sun, only Anz, reach the Earth. This radiation is no longer at thermal equilibrium, but rather is a
non-equilibrium bath at an effective temperature [13—15],

o Mane/kpTans — A5 Wanel o aspe (S23)
Anrg [Want] + 1

where nrg [w] = (e™/k8Ts — 1)=1. The dilution of the photon numbers turns the effective temperature, Ty, frequency
dependent. Nevertheless, the frequency variation between the antenna and the FMO site is small, therefore we assume the same
Typs for the antenna and the FMO sites.
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I1. Dynamic equations for simple models for the RC/circuit

In this section, we explain the preliminary steps taken for deriving the dynamics of the simple models for the RC/circuit (Egs.
8 and 12 in the main text).

We consider a three level system (3LS), S, coupled to the reaction center (RC) or electric circuit. The later is a reservoir of
independent quinones/sites, each of them represented by a single two level system (TLS). Its ground state represents an empty
quinone/site and the excited state corresponds to a full quinone/site. Besides, the 3LS is coupled to a photon (hot) bath and a
vibrational (cold) bath (see Figure 3 in the main text). The total Hamiltonian is

Hs+ Hp + Hgp, (S24)

where Hp = Hppotons + Hphonons 18 the baths free Hamiltonian. The S-baths coupling Hamiltonian is given by

Hp = 8@ (Bu+B) =Y g (120000ax + 10)(2la} ) + 3" gen (12 (110 + 1)(206} ) (S25)
A A

where a ,\,ai (bx, b;) are the annihilation and creation operators of photons (phonons) modes. The S + RC/circuit Hamiltonian
is

Ty
HS = HO + Htran& HO = hwabs|2><2| + T (|1><1| - |0><0|)7 (826)

where Hj is the 3LS free Hamiltonian and Hy,,,s describes the energy transfer to the RC/circuit. We compare between two

possible schemes: 1) a decay transfer described by a non-Hermitian Hy,.4s; i1) @ Hamiltonian transfer, represented by a Hermitian
Htrans-

ITA. Decay transfer

The decay transfer is described by the following non-Hermitian term,

Hpee . = VT|0)(1]. (S27)

As a first step we transform the S-bath interaction and the transfer Hamiltonian to the interaction picture

iHot —iHot D iHot r7D —iHot
Hsp — ettto Hgpe tHo s Htr(i%f — e"o Htr(ifoe Hot, (S28)

Hpee ¢ 1s a fictitious Hamiltonian due to its lack of Hermiticity, therefore cannot form part of the rotation, e*Hot | which has to

be unitary. Besides, we derive the reduced dynamics only for S. The operators in the interaction picture are:

Wre

12)(0] [1] = et 52 )12)0],  (2)(1| [t] = e?tP(wers—*5%)

2)(1],  [0)(][t] = e rel0) (1] (S29)

Using the standard Born-Markov approximation, the Lindblad equation [16] for S is obtained (Eq.8 in the main text). The
steady state populations are

SS SS SS SS -~
P22 _ 1 P22 _ ot /keTabs _ P11 P11 _ NabsNioss
=1, —_— = = s - = = ~ )
pii p(S)S nabspgg P(S)S NiossMabs T Nabs T Nioss
1 1
11 = = . S30
PUT U0 4 7B 14 2k hoTa, (S30)
PIT  PIT

where 7444(1055) 18 the photon (vibrational) bath population of mode w+ = waps + “5= and Naps(10ss) = Nabs(ioss) T 1-
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IIB. Hamiltonian transfer

Here we explicitly consider the RC/circuit and its coupling to S, by considering Hy,q,s as an Hermitian Hamiltonian. The
RCl/circuit is composed of identical and independent TLSs. The S + RC/circuit Hamiltonian is:

Hy = hwaps|2)(2] + h‘; (1t = [0)(0) + > \/g (o2 11)(0] + oL |0)(1]) + hwpe Y o, (S31)
k k

where j is the number of TLSs.

In order to find the energy that is being transferred to the RC/circuit, we start by diagonalizing the S + RC circuit. This is
achieved by first applying the Holstein-Primakoff transformation [17], that consists on the introduction of the following collective
operators:

Zali = <\/ 25 — cTc) c, Zai =l ( 25 — cTc) , Zaf =cle—3j. (S32)
k %

k

The new Hamiltonian is

2

1ﬁ:m%mmm+mwﬂwm—OWW+%2KV%—HQCDM+J(¢%—HQ0Mﬂ+mm®%—ﬁw%$

At this point, the modes are displaced, ¢ — ¢ — /€,

Hg =

P 2) 21+ 257 (1) (1] = 0)0) + 1/ (e1)(01+ 11001 = 4/ 5= ()01 + 10)(1D + e (el = Vel cf) = 5).
(S34)

where k = 2j —eandn =1 — W We assume that the number of TLSs is large, % < 1. The physical

cte—y/e(ch+¢) . e(cf4¢)?
2k 8k?

interpretation of this approximation is clarified below. Under this assumptions, we expand /f ~ 1 —
and keep terms up to order —-

\/3‘7
Hg = hwaps|2)(2] + wgc (11)(1] = [0){0[) — \/?];.E(MOI +10) (1)) + \/I??(CHMOI + o)1) -
% 2]% (cf + ¢) (11)(0] + [0)(1]) + heore (cte — Ve (e + ef) +e—j). (S35)

Setting € = 0, the Hamiltonian is simplified to

thC
2

Hg = hwaps|2) (2] + (I1){2] = 10){01) + VT (e|1){0] + €0} (1]) + fiwe (¢ — ) (S36)

and the approximation to 62—;3 < 1. Therefore, we are just assuming that the total number of excitations in the RC/circuit is
very small compared to the number of quinones/sites, so energy may always be transferred to the RC/circuit. From Eq. S36, we
derive Eq. 8 in the main text,

HEem = VT (c]1)(0] + et |0)(1]) + hwre (cfe — ) . (S37)
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which is an effective equation for a harmonic oscillator (HO) coupled to S. Therefore, from now on we model the RC/circuit as
a HO. Next we diagonalize Eq. S36. The Hamiltonian eigenvectors are

1
+,n —(|[1,n) +|0,n+1 —n)=—(0,n+1)—|1,n)), (838)
|+, n) = \[(I )+ ) |—,n) \/§(| ) —1,n))
By = oy, <n+2) M b (539)
Hg + HISM = hwaps |2, 1) (2, 1] 4+ hw, (678 — §) +

Zm; {( o >I+ n><+,n|+(1—3">|—,n><—7n|}, (S40)

rc
n c

where ¢t (é) is the creation (annihilation) operator in the new basis and 2,, = 2,/T ). The inverse transformations are

|1,TL>= (‘+’n>_|_’n>)7 ‘Oan+1> 7(“‘_ >+‘_’n>) (541)

1
v 7

Rewriting the S-bath Hamiltonian, Eq. S25 , in the new basis,
1
and transforming to the interaction picture,
HSB — eiHstHSB€7iHst,

20011 = 3 5 (¢ 2im + Dnl 4 ) 2 1))

2011 = 3 == (=82 ] = M+ B2, ) (343)

In contrast to the decay transfer scheme (Eq. S28), here H/Z2™ is Hermitian and we derive the reduced dynamics for the S +

RC/circuit. Therefore H/Z4™ is included in the rotation, e*?/s*. Using the standard Born-Markov approximation, the Lindblad

equation [16] for S + RC/circuit is obtained, and from it the evolution equations are derived,

. r Qn Qn _ Qn _ Q
p+,n - 5 — | Nabs | W+ — 7 + Nioss |W— — 7 p+,n + Nioss |W— — 7 p2,n + Nabs | W+ — ,02,n+1 3

2
. r Qy Qp ~ Q, ~ Q,
P—n =79 — | Nabs |W+ + 7 + Nioss |W— + 7 P—n + Nioss |W— + 7 P2.n + Nabs | W4 7 P2,n+1 ¢

n

5 +
. T - Qp1 - Q1 - Q, Q,
P2,n = 5 {_ (nabs |:W+ - 2 :| + Nabs l: 2 :| + Nioss |:W + 2:| + nloss |:W— 2:|) P2,n
Q, Q, O, 0, 4
Nioss {w - 2} P4+ Noss [w + 2} P—n + Naps {er - ] Pt n—1 T Nabs [w+ + ) ] p,nl} , (S44)

where p; is the population of the combined state ¢ (S + RC/circuit), I'; and n; [w] are the decay rate and the w-mode population
of the i-bath, respectively, and 7; [w] = n; [w] + 1. The equations for the off-diagonal terms are decoupled from the populations
and for simplicity we assume that the off-diagonal terms are zero. In order to simplify the evolution equations we assume that
the mode population does not change on shift of the order of €2,,, therefore n; [wi + QT"] ~ n; [wx]. The resulting equations
are shown in the main text, Eqs. 12.

The 3LS steady state is obtained by summing over n Eqs. 12 in the main text. It is

pgs _ Nabs + Nioss ss ﬁabs + ﬁloss S45
2 Roba T Rions g e lion (545)
P+ Nabs + Nioss 3nabs + 3nloss -2

where 7,p5(10s5) 18 the photon (vibrational) bath population of mode wi = wqps = “5¢. Using these expressions, we can find the
evolution for the HO excitation energy,



hwpe(n) = Awpe (s — 1),

S8

(S46)

which is equal to — PH%™ (the used sign convention can be found below Eq. 1 in the main text). Thus, s > r is required in order

to increase the RC/circuit energy. At the 3LS steady state, this implies,

R Fnlosinabs (e—hw+/k‘BTabs _ e—hw_/kBTloss) — K, (e—hw+/kBTabs _ e—hW_/kBTlOSS> <0
3nabs + Bnloss -2
— LTNiessn : PP
where K; = Sise. o 0 and the energy gain condition is

CZ—‘lO«SS w—
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