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Obtaining Transport Equations from the Rayleighian

In this section, we show how the Rayleighian specified in the main manuscript produces the
transport equations in Equations 18-21. Substituting Equations 11, 12 and 17 into Eq. 6

gives the fully specified Rayleighian for the ternary multi-fluid model,

R[{v;}] = /drlz % (v; — vp)? + 3 o) Vo .
’ 1

S1



Component force balances are given by stationary values of the functional derivatives of the

Rayleighian (i.e., the Euler-Lagrange equations),

SR OR IR

(S'Ui n (9vi - . 8Vvl =0 (2)

where R is the integrand of the Rayleighian. Taking these functional derivatives and sub-

stituting Equations 4 and 14 to eliminate v and wv,, yields,

OR Gl GGs Y T ™)

sv, = ¢ (vp —vp) + ¢ (vp —vs) = 9V - + ¢, Vp+ ¢,V (3)
6R n nSs

5o = Cpg (v, —v,) + ng (v, — vg) — 6,V - o™ + 6, Vp + oV i (4)
OR  GGs, Gls ) B e

5o, ¢ (vs — ) + c (vs —v,) — OV - oV + V. (5)

The total momentum equation is readily obtained by summing Equations 3 through 5,

P,

This equation can be more compactly written by introducing the osmotic stress tensor,S!~54

p,n
V-II=) ¢V (7)
which gives
0=-Vp+V -0 -V.II (8)

Component diffusion equations can be obtained by combining Equations 3 through 5
with the conservation of mass expression in Eq. 2. We define the diffusive flux of component
1 as,

Ji = ¢i (v —v;) (9)
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which allows us to re-write Eq. 2 as,

O
ot

+v-V¢, =V-3;. (10)

Substituting the definition of the friction coefficient from Eq. 15 into Equations 3-5 and

using the definition of diffusive flux gives,

o =VoGo " [0V - o) + 6, Vp + ¢,V ] (11)
jn - VOC()_1 [_¢nv ' U(V) + d)an + anv/vbn] (12)
Js = —VoGy " [¢:V - 0 + 6,Vp] (13)

To isolate the diffusive flux, we eliminate the pressure terms from Equations 11-13 by per-

forming the operations,

jp(¢n + (bS) - ¢p(jn + .78) (14>
jn((bp + (bS) - (bn(jp + .78) (15>

and use the fact that (i) Z ¢; = 1 and (ii) Zji = 0. With these manipulations, Eq. 10

becomes,

)

% 096, = 29 [00 - 6,V — 6y (16)
% v Ve, = 2y [— Gp®nV py + Gy (1 — aﬁn)wn} (17)

t o

which are more compactly written matrix notation as

a¢z p,n
o, Tv Vo=V D MV, (18)
j=1
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where we have introduced the component mobility matrix

My = 226,(1~ ) (19)
0
Mpn = an = _E¢p¢n (20)
Co
0

The gradient of the chemical potential appears in both Equations 8 and 18. Taking the

requisite functional derivatives per the definition in Eq. 10 yields,

22

kT (afo

Vo 0¢;

_&vwo (22)

where 0fy/0¢; is the derivative of the homogeneous free energy in Eq. 8 with respect to
volume fraction of component 7. Taking the gradient and using the chain rule gives a chemical

potential gradient with explicit volume fraction terms,

kpT <= )
Vi = "0 D [HyV6, — Ky V9, (23)
J
where

HPP = (NP¢P)_1 + (Ns¢s)_1 - QXPS (24)
Hpn - an = (Ns¢s)_1 + Xpn — Xns — Xps (25)
Hnn = (Nn¢n)_1 + (NS¢S)_1 - 2an (26)

is the Hessian matrix, and
Ky = kp (27)
Ky, =Ky, =0 (28)
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Table S1: Characteristic Scales

Scale Expression Description

R b2 end-to-end distance of the reference polymer
T N2n.Vo/kgT Rouse time of reference polymer
p* /T viscous stress scale
Kpn = En (29)

is the matrix of gradient coefficients. Substituting Eq. 23 into Equations 8 and 18 gives,

kpT <
—Vp+ Vo™ =223 "¢ (H,;Ve; — Ki;VV;) (30)
Vo v
o, kT o
5 T Ve =~V ]Zk My; (Hp Ny, — KjpVV36;,) | . (31)

With a fully specified model, we seek to write Equations 30 and 31 in dimensionless form.

We define the characteristic length scale to be
R =bN!/? (32)

the end-to-end distance of a reference polymer of length NV,.. The characteristic time scale is

set to the Rouse time in a solution with a reference viscosity 7,,

NZ”TVO
=_rr - 33
T T (33)

and the characteristic pressure scale is set to be

P =n/T. (34)
These characteristic scales are summarized in Table S1.
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Using the definitions of R, 7 and p*, the momentum equation from Eq. 30 becomes,

e o K Tr 2 ~ e
Vi Ve =Sl TS o (1,50, - KR

5]

_N, Z@ [ Vb, — (NTR-QKUW??@} (35)

where V = VR, p = p/p* and &™) = o) /p*. Similarly, the diffusion equation becomes,

8@ I _k’BT T =~
a +v- V¢z __VO ﬁv

p,n
Z M;; (ijﬁﬁbk - R_2Kjk@@2¢k)]
ik

pn
-V {Z (nb~2M;;) {(Nrij) Vo — (N,R*Kj;) vv%k} } (36)
j.k
where t = t/7, © = v7/R. The non-dimensionalization procedure suggests that we define
a dimensionless gradient coefficient #; = N, R~ 2k;, a dimensionless mobility matrix ]\;[ij =
n-b=2M;; and a re-scaled Hessian matrix ]:I = N, H,;, which appear in Equations 22-24.
Finally, note that the Peclet number, which would normally appear before the diffusion
term in Eq. 36 is equal to unity. This is a consequence of the fact that all of the convec-
tive flows in the system are internally generated. If there had been boundary conditions
prescribing alternate length and time scales, it would have been possible to obtain Pe # 1.
However, the capillary number does appear in Eq. 35. Here there are two energy scales;
surface energy is characterized by kpT and viscous energy by 7, R3/7. This means that the
capillary number

Ca= N (37)

is fixed by the reference degree of polymerization and is a consequence of the way that the
surface forces and viscous forces scale with the reference length scale. At the monomer length
scale, N, = Ny ~ 1 and Ca = 1. However, zooming out to the scale of the polymer radius of

gyration, N, = N, Ca= N, L'and the surface tension forces are much stronger.
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Ternary Phase Diagram

For fixed N; and x;;, the homogeneous free energy in Eq. 8 can be used to produce a ternary
phase diagram consisting of (i) a binodal, (ii) a spinodal and (iii) a critical point.

The binodal curve is typically obtained by equating the chemical potentials of each species
in both phases. Because f; is an intrinsic quantity, it is convenient to use an equivalent

formalism where we equate the exchange chemical potentials

dfo
.= 38
= 56, (38)
and the osmotic pressure
II=fy— Z Pifti (39)

in each phase.> Substituting Eq. 8 into Equations 38 and 39 and assuming pseudo-binary

parameters, gives

L (% 1 g2 — g0 o
Nln(cb_ﬁ)_ln(m)”(%_%)_o (40)
8 1- gz — 4 )
1“(@)_ln(m>+><(¢p—¢5)=0 (41)
1L — o5 — o N 1 o
) (m) #0500 (1= 57 ) x50~ oo =0 (42)

(e

With four unknowns (¢,

o ¢£ , ¢P), these three equations define the binodal curve in
composition space for a given y and N.
The spinodal is calculated by setting the determinant of the Hessian matrix in Eq. 23 to

Z€ro,

7= =0 (43)
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and the critical point is given when both Eq. 43 and

oz,
gqg =0 (44)
26,

are satisfied.5¢8 Both equations are straightforward to generate, but too long to conve-
niently reproduce here.

Without further approximation, the solution to all three equations require numerical
methods. For this paper, we compute the phase diagram using a custom code in Python.
We find the critical point by simultaneously solving Equations 43 and 44. We then solve
Eq. 43 from ¢; = 0 to the critical point, resolving the two branches of the spinodal. Finally,
we compute the two branches of the binodals by first computing the phase co-existence point
for a binary system (¢, = 0), and then solve Eq. 40- 42 marching ¢ from the polymer-rich
solution of the binary problem to the critical point. Unlike Yilmaz and McHugh,5" we
did not need to resort to a least-squares method to avoid the trivial solution. Rather,
we used scipy’s optimize.fsolve() function with an analytical Jacobian and a first-order

continuation method to obtain initial guesses.

Theory of a 1D interface

The concentration profiles for our model can be found by minimizing the interfacial free

energy,
kgT
’7[¢pa ¢n] = F[Cbpy ¢n] - 7 dr feq(¢p7 ¢n) (45)
of a two phase system where the a-phase {¢g, ¢} at the left boundary, © = —oo, is in

equilibrium with the S-phase {qbg , @5} at the right boundary, z = co. F[¢,, ¢,] is the free
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energy functional given in Eq. 7 and

feq(Dps Pn) = fol 57 On) + (dp — ¢Z)/~Lp( ;O;a bp) + (Pn — &) pin( 57 o) (46)

is the equilibrium free energy absent any interfaces. Note that the choice of the a-phase for
Eq. 46 is arbitrary and the p; that appear are the exchange chemical potentials.

There are two barriers to obtaining analytical results for the interfacial profiles described
by Eq. 45. The first is that v[¢,, ¢, describes the profiles of both ¢,(r) and ¢, (r), requiring
a simultaneous solution to two Euler-Lagrange equations. To avoid this, we assume that
the solvent concentration is constant, ¢, ~ ¢,, making the model truly binary (¢ = ¢,,
¢n =1— ¢ — ). In general, the solvent concentration is not truly constant between both
phases, since the solvent may partition unequally as well as concentrate at the polymer/non-
solvent interface. However, this effect is small enough to neglect in the strong segregation
limit, which we justify below.

Assuming a binary system, and using the notation for the pseudo-binary parameters

given above, we re-write Eq. 45 for a 1D interface as,

e = 2L [0 [af(6) + K ()] (47)
where
Af(8) = fold) = fo(¢") — (& — ¢™)u(9") (48)
K($) = kd? (19)
and
f0<¢> - %lnqb—i_ (1 _¢_ Q_ﬁs) In (1 - qb—ggs) +§581HQ_53 +X¢ (1 - ¢_ 92_53) (50)
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with p = 0fy/0¢. Eq. 47 has a Lagrangian form, which immediately implies that

1/2
Af(aﬁ)] 51

K

i) = |

The second barrier to progress is the appearance of logarithmic terms in Eq. 50. To
surmount this barrier, we assume that the phases are strongly segregated (x > 1 and
N > 1) and use perturbation theory.®® Expanding fy(¢) in this limit allows us to find the
equilibrium concentrations, ¢, and ¢g. Equating exchange chemical potentials, p, = g,

and osmotic pressures, II, = Ilg, for the pseudo-binary model in both phases gives,

1 @ 1 1—® _
o (E) (D) e

1 1 —p” N 1 1 B . )
—m(l_w)ﬂw —¢) (;—X—N>+(1—¢s) (™) = ("] =0 (53)

where we have introduced the reduced volume fraction

P =9¢"/ (1 ¢s) (54)

such that ¢ € [0, 1] for v € [a, 5].

Assuming that ¢® ~ €* and ¢® ~ 1 — €, Eq. 52 and Eq. 53 reduce to,

XLN (Ine* + €%) +i(ea+lneﬁ) —2(1—¢,) (e*+€e=1)=0 (55)
—i (e*+Ine’) + (e*+¢"—1) @ — XLN) +(1—¢) [(e)?—(1—¢€)] =0  (56)

where we have used the Taylor expansion In(1 — €) ~ —e when appropriate. The largest

term in Eq. 55-56 are of O(In€), so we can neglect terms of O(¢). Doing so and re-arranging
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gives,

€ = exp [-xN(1 - ¢,)] (57)

e’ = exp [~x(1 — ¢,)] (58)

to leading order when xy > 1 and N > 1. It can be shown using a similar perturbation
expansion of the phase equilibrium equations for the full ternary model, that the solvent
concentration is constant at O(In¢), justifying the pseudo-binary assumption.

Fully solving Eq. 51 for the interfacial profile requires numerical methods, but, we can
obtain an expression for the interfacial width regardless. A characteristic interfacial width

can be defined as,5>%?

_ ¢ ¢
=) "

where we can substitute the right hand side of Eq. 51 for ¢. Doing so requires an expression

for A fo, which can be obtained by combining Eq. 48 and Eq. 50,

A= g () +0-6-am (125 )

1
+ (1 - N) (6= ) —x (6 —¢")" (60)
Assuming that ¢ = 1/2 at © = 0, and using the binodal curves described by Equations 57
and 58 gives the width in Eq. 52, where terms smaller than O(i) and O(XLN) have been

neglected.
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Linear Stability Analysis

We begin by neglecting hydrodynamics (set v = 0 everywhere) and linearizing Eq. 18 about

the homogeneous state {qu, (En},
o -
0¢i =Y My (HipV?0¢y — K Vo) (61)
.k

where 0¢; = ¢; — 451-, and Mij and H 1 indicate constant matrices evaluated at 951, and ¢,,.

Taking the Fourier transform gives,

o . o B R
55@ = Z (_Minjk ¢ - M;; Ky q4) 00k (62)
gk
which is useful, since the derivative operators can be simply expressed in Fourier space.
Eq. 62 is a system of linear, first order differential equations, which has a formal solution in

Fourier-space of

06i(g, 1) Zexp i(q)t] 601(q, 0) (63)

where

Alq) = = (MyHjq* + MKy q*) (64)

J
From Eq. 63 it is clear that quS(q, t) becomes unstable (thus precipitating spinodal decom-
position) when A;;(¢) is no longer negative definite. By definition, A;;(¢) is non-negative
definite when one eigenvalue is greater than or equal to zero for some value of q. This can

be made explicit by using a similarity transform of A;, giving

5¢z (q,t) Z Xij exp [Ajyt] Xkl 5¢Z(Qa 0) (65)

7.k,
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where

Ap 0
Ay = (66)
0 A

and X;; are the eigenvalue and eigenvector matrices of A;;,(¢). Since A;;(q) is rank two, there

is a simple formula for the eigenvalues

(T2 —4D)"/?

5 (67

7-
)\i - 5 +
where T = tr[A;(q)] and D = det[A;(¢)]. By inspection, T is always less than zero.
Therefore, A\, can only be positive when D < 0, making D = 0 the stability criteria.
We can decompose this determinant into two terms: one that depends on the mobility

and one that depends on the equilibrium parameters alone,
det[A;.(q)] = — det(My;¢%) det(Hyp, + Kk ¢%) (68)

It can be shown (and it is also physically intuitive) that the mobility matrix, M;;, is always

positive definite, and therefore it is only necessary to consider

det(Hjx + K1 ¢°) =0 (69)

for the stability analysis. This is re-assuring, since kinetics should not determine thermody-
namic stability.
Re-writing Eq. 69,

H,, + k,q° H,,
pp pq p _0 (70)

an Hnn + 'Lipq2

highlights its relationship with Eq. 43, proving that the preceding analysis generates the
spinodal curve when k, and x,, are zero. When &, and k,, are non-zero, a finite size system

is stabilized by the gradient free energy until a critical wavelength, 27/q., above which the
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system becomes unstable. The critical wavenumber is given by solving Eq. 70, which is a
bi-quadratic equation in ¢q. Using the quadratic equation yields,

_ _ _ _ _ 1/2
Hd, H,, g, H,\° H, H,
s (e ) [(e ey ]

26, 2K, 2K, 2K, 2Kp 2Ky

Once unstable, the spinodal decomposition is dominated by the fastest growing mode,
¢m, which is the mode that maximizes A\, (¢). Using its definition in Eq. 67 and the definition
of the diffusivity matrix (D;;) and the gradient matrix (B;;) in Equations 56 and 28, we can

get an expression for Ay in terms of D;; and B;j,

2

4q
Ay =— D) [(Dpp + Dnn) + (Byp + Bm)qz] (72)
2
+ 2 [{(Dyp = Dun) + (Byp = Bun)a’} (73)
1/2
+ 4(Dyn + Bynt?®) Doy + Bupd®)| (74)
The fastest growing mode can be found by solving

dX
— =0 75
dq q4=qm < )

Unfortunately, there is no convenient closed-form expression for g, for general parame-
ters, like there is for q.. However, Eq. 75 can be re-written in a more convenient form for

numerical root-finding

dT dD
)\ _— =
n da i 0 (76)

which is valid so long as 7?2 # 4D. Additionally, if we assume that the mobility and gradient
matrices are scalars (M;; = MJ;; and K;; = rkd;;), then Eq. 72 is greatly simplified. In this

case the fastest growing mode becomes,

¢
G == (77)
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which is equivalent to the relation between ¢, and g. for binary systems.5!?

Finally, note that in addition to g¢,,, one also obtains the rate of spinodal decomposition

from the preceding analysis. The rate is given by

)‘m = )\-l—(Qm) (78)

and has units of inverse time. For the case of scalar mobility and gradient matrices, one

obtains the simple expression

A, = M/qun (79)

Dynamic scaling

To ensure that the coarsening exponent is not a simulation artifact, we verify in Figure S1
that the polymer structure factor, S(g), and polymer density correlation function, g(r),
obey dynamic scaling at long times. Dynamic scaling requires the system to be self-similar,
and therefore the structure factor and the density correlation function should both collapse
to universal curves when scaled by some characteristic length, L. The structure factor has
units of length squared and the correlation function is dimensionless, so L=2S(Lq) and g(r/L)
should be universal at long times.

Figure S1(a) shows that the structure factor for {¢,, ¢,} = {0.3,0.65} (blue circles in
Figures 6 and 7) scaled by (¢7') for ¢ > 4096 collapses to a universal curve. Figure S1(b)
shows a similar collapse for the real-space correlation function, g(r/R,) where R, is the
location of the first zero of the unscaled g(r). The inset to Figure S1(b) shows the product
of R, and (g), which approaches a steady value as ¢ — co. The latter plot demonstrates that

because the system is self-similar, either (¢) or R, can be used as a characteristic length.

S15



t = 4096 "; 4 ‘ ‘
. t=28192 - H
4 - kN t=16384 - A 0.75 - % § 3 L 1A
LDE '-:'.‘lf ii 2?;22 . ‘,Q X vvvvvvvvvvvvvvvv
X 3r oo - 405+ % > 2 1 ]
o » *i " Q:
- M ] \L/ £ 1
= . ' & 25 | 1102103 104 105
N I 1 025 - 3 10° 10 102 103 10% 107 |
= P 1 ot
1+ s B 0+ by K&MW
S
7 1.5 ‘i-\j
0 _.c‘? | M‘"\"‘ . —0.25 | | | |
0 1 2 3 4 0 1 2 3 4 5
q/ () /Ry

Figure S1: (a) Polymer structure factor versus wavevector, scaled by the first moment (g).
(b) Polymer density correlation function versus radial distance, r, scaled by R, the first zero
of g(r). (inset to b) Product of R, and (g) as a function of time, showing the equivalence
of each measure of the domain size to within a constant value at long times. Data are from
the one of the sets presented in Figures 6 and 7 (closed blue circles, diffusion only) with
parameters: N = 20, x = 0.973, k = 2,{¢,, ¢} = {0.3,0.65}.
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