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ESI1. Derivation of equation (14)

ZX. _t+X_2ZX, K, (S1)
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From this we obtain for 7c=n the desired expression (14):
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ESI2. Derivation of equation (15)
We evaluate the product, eqn (14):
n
kbi=T]rw ot —gpa T
. r+1— S r _
rc=1 with r+in-r+1 (S6)
It is convenient to introduce the following abbreviation:
) r n-r
rr-——————
r+in-r+1 (S7)
This allows us to write:
d d
K% = KTF () (S8)
Using this we can write the following sequence of equations, which finally lead to the desired result:
d d d d d d d
Kfot = Kpl . sz . KP3 .. ._.Knp_z . Knp—l . KI; (S9)
d d d d d d d
Kioe =K%+ KPF (1) - K5 f(2) - K PSf (n=3) - KPS f(n = 2) - KPS f(n = 1)

KPe —

tot —



ESI2

K= (KA {f (D) fQOF@) et s FDF@FB)f (= B)f (= 2)f (n - 1)}

fo-Tro: ]_[f(r) Hf(r) Hf(r)

Koo = (K7)"

r=1 r=1 r=1 r=1
n-1
Kb = (K5 (O @ ef (- D = () [re
r=1
K
{7}
tot n
(S10)
ESI3. Experimental equilibrium constants K; and K, of dicarboxylic acids HOOC-(CH,),,-COOH
m 0 1 2 3 4 5 6 7 8
K] 10-1.27 10-285 10-4.21 10-4.34 10-441 10-4.5 10-4.526 10-4.55 10-4.55
K2 10—4.27 10—5.05 10—5.41 10—5.41 10—5.41 10—5.43 10—5.498 10—5.498 10—5.498
PubChem CID | 971 867 1110 | 743 196 385 10457 | 2266 | 5192

ESI4. Derivation of the equations (29) and (29A)

We start with the hypothesis that eqns (21,23) are equivalent to Langmuir’s isotherm equation and we test if this
hypothesis is valid. For this we write:

1 2 1 2 .
(XK + [)(]251(11(2 + .+ [XI"K K, K, [X] (ZKl + XK Ky + o+ [XT 1K1K2...Kn)

[X]A

1+[X]B 14 [X]K, + [X]*K, K, + ... + [X]"K K, K, 1+ [X]1(Ky + [XIPK (K, + o+ [X]" KK K )
(S11)
Using K= KK K we write:
[X] (lxl + [X]EKZ + 4 [X] 1xn)

[X]A n n
LHIXIB 14 [X] (i) + [XTP0, + o+ [X]" 7 i) S12)
The following relation must hold if the hypothesis is correct:

[x1a X1k,
1+[X]B 1+[X]K, (S13)
We multiplying (S13) with 1+ [X]B)(1+ [X]KL):
[X]K, + [X]*K,B = [X]A + [X]*K,A (S14)

1

Multiplying this with [X] leads to:
K, + [X]K,B=A+[X]K,A (S15)

We insert the expressions for A and B from (S12):
+ [XIK (16 + [X]Prey + o+ [X]" 7 ie,) =

1 2 n-1 1 2 n-1
(—Kl + [X]-x, + ... + [X] Kn) + [X]KL(—K1 + [X]-x, + ... + [X] Kn)
n n n n (S16)
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Equation (S16) can be rearranged in order to obtain (S17):

K, —%’ﬁ _ [X]%Cz b X+ [X]KL(KI(%_ 1) n [X]Z(%_ 1)K2 TR [X]n-z("_;l_ 1)Kn_1) S17)

Ordering (S17) according to the power of [X]:
1 2 1 53 2 n-1 n-1
K; _Ekl = [X](;K2 + Kl(g - I)KL) + [X] (;K?) + (E - 1)K2KL)... + [X] (Kn + (T_ I)Kn_ 1KL) (s18)

Equation (S18) hold for all physically accessible and reasonable concentration values of [X]. This is only possible if
the right side of (S18) is equal to zero. From this we know that eqn (S18) holds for:

1
K, -—k,=0
Lot (S19)
This result means that we can write eqn (S20) which corresponds to the eqns (29) and (29A):
K] .
= TrK N k="K
L with n (S20)

ESI5. Comparison oft the Langmuir isotherm with the sum of the concentrations of bound X

We graphically compare equations (21)-(23) with Langmuir’s eqn (29,29A) for n = 48 equilibrium reactions and two
different values for K. It is no surprise that they mach perfectly well because (29) is a consequence of (21)-(23).
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Fig. S1 Comparison of the Langmuir isotherm eqn (29) (yellow solid) and with the sum of the concentrations of
bound X, eqns (21)-(23), (red, dots) as a function of the concentration of free X, shown for 48 equilibria, hence,

n=48, and for two values of K;, namely 0.1 and 0.01. [X]cot is divided by 48 in order to scale it to the value range of
the Langmuir function @. J indicated the difference between the numerical values of ®@([X]) and [X]eoe([X D.

ESI6. Derivation of equation (9)

In order to solve the eqns (33A) and (33B) we write them as differential equations with the initial condition (33C).

dn,
an - Polo (S21)
dn,
%:pb_le_l—prb; B=b=>1 522)
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We solve eq S11, using eqn (18) for »=0:

dN, B
N_ =— fpodn . po = -
0 with BN -n (S23A)

The result reads as follows:

B
lNz—f dn = BIn(BN - n) + InC
nhN, BN—nn n( n) + InC,

(S23B)
Ny = Co(BN - n)® ($23C)
The integration constant C, follows from the initial condition (33C).
The solution of eqn (S22) is found by first solving it for N; and then solving it for N,.
The solution for the general case N, is readily found from this.
dN;  B-1 B
—t N, = N,
dn BN-n BN -n (S24)
We insert the result (S23C) for Ny:
dN;  B-1 B 5
—+ N, = Co(BN -n)
dn BN-n BN -n (S24A)
It is convenient to write the solution of (S24A) as follows:[!5:25]
N, =G(m)'™ (S24B)
and then to determine U(n) and G(n):
Un) f 5-1, (B-DIn(BN-n)+C
n)=- n= - n -n
BN -n 1 (S24C)
B By~ (WU)
G(n) = Co(BN -n)"e dn
BN -n (S24D)
Rearrangement and simplification leads to (S24E) and then (S24F):
-(B-DIn(BN-n)+C
G(n) = BCof(BN - n)B “le ! b Udn (S24E)
~n i
Gm)=BCy| e dn=BCy(n+ Cyye (S24F)
Inserting (S24C) and (S24F) in (S24B) leads to
-Cyy (B-DIn(BN-n)+C
N, =BCy(n+ Cype e ! U (S24G)
This equation simplifies to the solution (S15) we have been searching for:
N, =BCy(n+ Cyp)(BN -n)E-D ($25)
The solution (S16) for NV, is readily found by the same procedure:
2
- n (B-2)
N,=BCy(B - 1)(— +nCy, + CZO)(BN -n)
2 (S16)

On the basis of the solution (S23C), (S25), and (S26) for NV, N;and N, we find the general solution for &V, to read as
follows:
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BIC, bL bt
N,(n,B,N) = (BN - )~ b>z Cio
(B-b)! ~ (b-1)! ($27)
Inserting the solution (S27) into (S22) we find that the initial condition (28C) is fulfilled if we use eqn (S28).
B
Co=——, Cyp=1, and C,=0forb>0
(BN) (S28)
b
nb -1 ‘l’lb
Z Cor— =77
. (b-1! b!
i=0 (S28A)

Insertion of the results (S28) and (S28A), which are a consequence of the initial condition (28C), into eqn (S27)
leads readily to the eqn (9) we have been searching for.
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