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Section S.1 Constraints on summing indices for the expansions of Dj3;, and
Ds3q (F 4+ A) ® (e + a) vibronic Hamiltonians

The C5 (E + A) ® (e + a) vibronic Hamiltonian has its general expansion shown in Eq. S.1. The Einstein’s
convention of summing duplicate indices is used. Compared to Eq. 25 in the main text, I7, Is, and 3m’
in the Hzz expansion have been replaced by I1, I2, and 3m. This is because the two sets of indices take
the same values. The 64 Ds;, (E 4+ A) ® (e + a) vibronic Hamiltonians can be obtained from Eq. S.1
with the extra constraints summarized in Table S.1. Some of the “not applicable”s (na) in the table arise
from the incompatibility of the D3 and Cj;, constraints. For instance, for the (E” + A]) ® (¢/ + a4) and
(E'+ A)) ® (¢/ + a}) cases, Iy and I needs to be even according to Table 2 in the main text but odd
according to Table 1 in the main text. The incompatibility leads to the “na”s of the two indices for the two
cases. Similarly, for the (E” + AY) ® (¢/ + af) and (£’ + A)) ® (¢’ + af) cases, I and I5 need to be even
according to Table 2 but odd according to Table 1. The incompatibility again leads to the “na”s of the two
indices for the two cases. Due to the isomorphism of the Ds;, and D3, groups, the D3q (F + A) @ (e + a)
vibronic Hamiltonians share the same constraint table with Dsj,, simply with the prime and double-prime
of the irreducible representations being replaced by the subscripts g and u. The D3, constraints are given in
Table S.2.
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Table S.1: Constraints on the summing indices for the (F + A) ®
(e 4+ a) vibronic Hamiltonian expansions for D3, molecules.®

117377 I2,4,8 3m,3n+1, 3m/ I Iy 3n' +1
(E"+ A ® (¢ +dy), (E' + A)) @ (¢! +d)) nr na nr nr na nr
(E"+ A))® (¢ +db), (B'+ A)) ® (¢! +d)) even  odd nr even odd nr
(E" + A @ (¢ + dy), (E' + AY) @ (! + af) nr na nr na nr nr
(E"+ AY) @ (¢ +ab), (E'+ AL) ® (¢! +d)) even  odd nr odd even nr
(B"+ AN @ (" +d)), (B +A) @ (" +d)) nr na even nr na even
(E"+ Al ® (" +dy), (B'+ A})) @ (" +ad)) even  odd even even odd even
(B"+ A @ (" +dy), (B +AY) @ (" +d)) nr na even na nr even
(E"+ AY) @ (" + dby), (B'+ AL) @ (¢” +ab) even  odd even odd even even
(E"+ A))® (¢ +df), (E'+ A) @ (¢ +d) even na nr even na nr
(E" + AY) @ (¢ + dfy), (E’ + A}) ® (¢! +af) even na nr even na nr
(E"+ AY)) @ (¢ +af), (B'+ A)) @ (¢ +d) even na nr na even nr
(E" + A)) @ (¢ + ay), (B'+ AL) @ (¢/ + af)  even na nr na even nr
. v P s [ even even even even
( + 1) ® (6 + al)’ (E + Al) ® (6 + al) ( odd na odd odd na odd
oo (B ) (o)
even even even  even
(E”+A’2’)®(e”+a’1’),(E’+A’2)®(e”+a’1’)(Odd na 0dd> na <odd odd)
even  na even na even  even
(B + A7) © (¢ + ap), (B + A) @ (¢ + a) ( na  odd odd > < odd  na  odd >
(E"+ A @ (el +d), (B'+ Al)® (¢! + d)) nr na nr na na na
/" /! !/ !/ ! " / !/
(E"+ A)) @ (e +dy), (B'+ A)® (e +d)) even  odd nr na na na
(E"+ AL) @ (' + dy), (E'+ AY) @ (¢/ + ) nr na nr na na na
(E"+ AY)) @ (el +adb), (B + A))® (¢! +al) even  odd nr na na na
(B"+ A (" +d), (E'+A)® (" +d)) nr na even nr na odd
(E"+ A) @ (" +afy), (B'+ AY) @ (" +ab) even  odd even even odd odd
(B" + A)) @ (¢ +d)), (B + AY) @ (¢ + a’l) nr na even na nr odd
(E" + A5) ® (" +db), ( AN @ (" +dh) even  odd even odd even odd
(E"+ A @ (e +d),( B+ A))® (e +a]) even na nr odd na nr
(B"+A)) @ (e +d), (B + AY) @ (¢ + af) even na nr na odd nr
(E"+ AL) @ (¢f +df), (B + Af) @ (¢/ +af) even na nr na odd nr
(E"+ AS) @ (¢/ +ay), (B' + AY) @ (¢' +ay) even na nr odd na nr




table continues

Liz7z Inag 3m,3m/,3n+1 I I 3n' +1
Er )o@ ). @ o ra) (O wo T (T w o)
Eemow s (0 0t (0 m o)
(B" + Ap) @ (¢" + al)), (B + A) @ (¢ + af) ( v O > na < oven - odd >
peas @ ae ey (T m S (e )

¢ “nr” and “na” stand for “no further restriction” other than indicated in Eq. S.1 and “not applicable”,
respectively. Terms with the “na” indices should be zeroed. Some rows are split to accommodate possible

combinations of constraints within each pairs of parentheses.



Table S.2: Constraints on the summing indices for the (F + A) ®
(e + @) vibronic Hamiltonian expansions for D34 molecules.®

117377 1274,8 3m,3n+1, 3m/ I5 I 3n’ +1
(Ey + A1y) ® (eg + a1g), (Eg + A1g) @ (g +a1g)  nr na nr nr na nr
(Ey + A1y) ® (eg + azg), (Eg + A1g) @ (eg +agg) even  odd nr even odd nr
(Ey+ A2y) @ (eg + aig), (Eg + Azg) ® (eg +arg)  nr na nr na nr nr
(Ey + A2y) ® (eg + azg), (Eg + Azg) @ (eg +azg) even  odd nr odd even nr
(Bu+ Aty) ® (ew + aig), (Eg + A1g) ® (ey + a1g) nr na even nr na even
(By+ A1) ® (ey + azg), (Eg + A1g) ® (ey +agg) even  odd even even odd even
(Ey+ A2y) ® (e + aig), (Eg + Azg) ® (ey + aig) nr na even na nr even
(Ey + Azy) ® (ey + azg), (Eg + Azg) ® (e +azg) even  odd even odd even even
(Ey+ A1y) ® (eg + a1y), (Eg + A1g) ® (eg + a1,)  even na nr even na nr
(Ey+ A1) ® (eg + a2y), (Eg + A1g) ® (eg + agy)  even na nr even na nr
(Ey + A2y) @ (eg + a1u), (Eg + A2g) ® (eg + a1,) even na nr na even nr
(Ey + Azy) ® (eg + azu), (Eg + A2g) ® (eg + az,) even na nr na even nr
even even even even
even  na even even na even
(EU+A1U)® (eu+a2u)a (Eg+A1g)®(eu+a2u) ( na Odd Odd ) < na Odd Odd >
even even even  even
(EU+A2U) ® (€u+a1u), (Eg+A2g) ® (€u+a1u) ( dd na Odd ) na < Odd Odd >
even  na even na even  even
(Bu+ Aou) © (eu + agu). (Ey + Azg) @ (ew + azu) ( na  odd odd ) < odd  na  odd >
(By+ A1g) ® (eg + aig), (Eg + A1y) ® (g +a1g)  nr na nr na na na
(Ey + Alg) ® (eg + azg), (Eg + A1y) @ (eg +azg) even  odd nr na na na
(Ey + Azg) ® (eg + a1g), (Eg + A2y) ® (eg +a1g)  nr na nr na na na
(Ey + Azg) ® (eg + azg), (Eg + A2y) @ (eg +agg) even  odd nr na na na
(Bu+ A1g) ® (eu + a1g), (Eg + Aru) ® (ey + a1g) nr na even nr na odd
(Ey+ Avg) ® (ey + azg), (Eg + A1y) ® (e +azg) even  odd even even odd odd
(Bu+ Agg) @ (ey + a1g), (Eg + A2y) ® (ey +a1g)  1r na even na nr odd
(Ey+ Asg) ® (ey + azg), (Eg + A2y) ® (ey +azg) even  odd even odd even odd
(Ey + Alg) ® (eg + a1y), (Eg + A1) ® (eg + a1,)  even na nr odd na nr
(By+ Aig) ® (eg + azy), (Eg + A1) ® (eg + az,) even na nr na odd nr
(Ey + Azg) ® (eg + a1y), (Eg + A2y) ® (eg + a1,)  even na nr na odd nr
(Ey + Azg) ® (eg + azy), (Eg + Azy) ® (eg + az,) even na nr odd na nr




table continue

Liz7z Inag 3m,3m/,3n+1 I I 3n'+1
(Bt Arg) @ et ) (B + )@ (eatan) (O m 950} (00 w2
But A e ent o). B aweeron) (50 0 S ) (T o e )
(Bt Aay) @ (et o) (B + An) @ (eatan) (4 m 950 ) w050 o)
But Ao ent o) s eron) (T o S ) (ol e een)

¢ “nr” and “na” stand for “no further restriction” other than indicated in Eq. S.1 and “not applicable”,
respectively. Terms with the “na” indices should be zeroed. Some rows are split to accommodate possible

combinations of constraints within each pairs of parentheses.



Section S.2 The 9-th and 10-th order expansions of the Dj, (E' + A)) ®

(€' 4+ af) vibronic Hamiltonian

Table S.3: Allowed summing indices in constructing the Dsp, (E' + AY) @ (¢/ + a¥) vibronic Hamiltonian
expansion at the 9-th and 10-th orders.

Order|I; 3m 2K |I3 3n+1 2K |I; 3n’+1 2K |Order|I; 3m 2K |I3 3n+1 2K |I5 3n' +1 2K
9 |6 3 0|8 1 07 -2 0 10 |10 0 O |8 -2 0 1 0
4 3 216 1 215 -2 2 8 0 2|6 -2 2|7 1 2
2 3 4|4 1 4 13 -2 4 6 0 414 -2 415 1 4
0 3 6|2 1 6 |1 -2 6 4 0 6|2 -2 6 |3 1 6
0 9 0]0 1 8 |5 4 0 2 0 8]0 -2 8 |1 1 8
4 -5 0|3 4 2 0 0 106 4 0|5 -5 0
2 -5 2 |1 4 4 4 6 0|4 4 213 -5 2
0 -5 4 |1 -8 0 2 6 2|2 4 4 11 -5 4
2 7 0 0 6 410 4 6 |3 7 0
0 7 2 2 -8 0|1 7 2
0 -8 2
0 10 0

The allowed summing indices for 9-th and 10-th order expansions of the D3, (E' + A}) ® (¢/ + af)
vibronic Hamiltonian are summarized in Table S.3. Using the table and Eq. S.1, we obtain the following
9-th order expansions:

9
Y

aaopg cos 9¢ + agﬁ,og cos 3¢ + a%’4z2p7 cos 3¢ + ai224p5 cos 3¢ + a%7026p3 cos 3¢

—i—bg’;pg cos T + bgf)zQ,f cos T + bg:;spg cos (—5¢) + bg:;5z2p7 cos (—5¢) + b£’755z4p5 cos (—5¢)
+bg’é p°’ cos ¢+ bg’%zg p’cos ¢+ bZ’;z‘l p° cos ¢ + bg’ézﬁ p®cos ¢+ bg’j)zs pCos ¢

aao (xg — 3627y + 126x5y* — 84235 + 91:3/8) + agﬁ (302 + y2)3 (ac5 - 3xy2)

+a§74z2 (z* + y2)2 (2 — 3ay?) + aigz‘l (z* + ) (2* — 329?) + ag70z6 (2 — 32y?)

—|—b6’; (mQ + y2) (x7 — 21fc5y2 + 35x3y4 — 7a:y6) + bg:BzQ (:L’7 — 21x5y2 + 35:1:‘33/4 — 7:Ey6)

—i—bg”f (2 + y2)2 (z° — 102%y? + bay?) + bg’55z2 (22 + ) (2° — 102°y* + 5ay?)

_ 4
o 7 (2 = 1007 4 Bey) + b (o0 + ) w0y (o +0P) bt (2 o) e
HIESS (22 40) 0 4 05h 20 2



9
Hiy

9
HY)

9
Hy

—bg’;p9 sin 7¢ — bg’I)zQp? sin 7¢ — b6’725p9 sin (—5¢) — bg’75522p7 sin (—5¢) — b2’755z4p5 sin (—5¢)
—bg’épg sin ¢ — bg”lﬁzQ P sin ¢ — bZ”Zz4p5 sin ¢ — bg’é 283 sinp — bg”ézg psin ¢

—by5 (2 + %) (—y" + 212%y® — 352%y° + 7aSy) — 05022 (—y" + 212%y® — 352%y° + 725y)
_b&f (z* + y2)2 (—y° + 102%y® — 5a’y) — b§’7§5z2 (2? +y%) (=¢° + 102°y® — 5a’y)
—b27765z4 (—y° + 102%y® — Ba’y) — bg:lg (2 + y2)4 Y — bg”éz2 (2 + y2)3 Y — bZ’jle (2 + y2)2 y
—bg’ézG (x2 + y2) y— bg:ézsy; (8.3)

d;ia8zp8 cos (—8¢) + d;”ing cos4d¢ + dg’éz3p6 cos4d¢ + dg:‘éz‘r’p4 cos4d¢ + d;”g2zp8 cos (—2¢)
+d§’74_223p6 cos (—2¢) + dg’5225p4 cos (—2¢) + d;:gQ,z?pQ cos (—29)

d7£1682 (xs _ 28$6y2 T 70zt — 281,23/6 + yg) + dvlﬂ,;ilz (:UQ + y2)2 ($4 Tyt o 6:U2y2)

+d§’éz3 (z? + %) (2" +y* — 62%y%) + dg’éf (z* +y* — 62%y°) + digzz (2 + y2)3 (2% —y?)
—I-dg:fz?’ (z* + y2)2 (z? —y*) + dg’52z5 (2? + %) (2* = *) + d;’762z7 (z® — %) (S.4)

Ao 2" sin (=80) + dyy2p* sin 4 + dy2° sinde + g2 p sin 46 + dyg*2p° sin (~29)
+dy 2280 sin (=2) + 5227 p sin (=26) + iy 227 p sin (—2¢)

dyl«:asz (—8:177y 4 562593 — 562345 + 8:cy7) + d?,iz (:r2 n y2)24xy (:1:2 _ y2)

32 (0 + %) day (22 — ) + dyo 2 day (2 — ) + dyg Pz (a2 +97)° (—2ap)
w220 (02 y?) (<2ay) + dyy 70 (0 yP) (<2ay) + dyy e (~2ay). (8-5)
9)

r,3n+1 9)

Flipping the signs of all the b IsoK terms in H g( x gives H )(%), Taking all a%’b i terms in H 5 and replacing

the coefficients a?TQ x by c?Tz K gives H (Zg %



The 10-th order expansions are:

10
HyY

10
Hyy

a8’4p10 cos 6¢ + ag,2z2p8 cos 6¢ + ag,oz‘lpﬁ cos 6¢ + a8710p10 + ag’gzng + a27624p6 + ag74z6p4
—i—ag’QzBpZ + a(1)070210 + bg’j)oplo cos 10¢ + bg:;splo cos (—8¢) + bg’78822p8 cos (—8¢) (S.6)
+b€’fép10 cos 4o + b;’jZng cos 4o + bz:§z4p6 cos 4o + bg’fézﬁ,(fl cos 4o + bgigzplo cos (—2¢)
+b§’75222p8 cos (—2¢) + b£’72224p6 cos (—2¢) + bg”§2z6p4 cos (—2¢) + bg’76228p2 cos (—2¢)

a8,4 (ac2 + y2)2 (xG — 15:n4y2 + 15x2y4 — yﬁ) + a(257222 (x2 + y2) (:U6 — 15av4y2 + 15$2y4 — y6)
+a27024 (1‘6 — 152%y? + 152%y* — y6) + a8’10 (:L'2 + y2)5 + a878z2 (x2 + y2)4 + a9176z4 (332 + y2)3
+ag 2% (2 +5°)° + a2 (% +97) + afy 02"

+bg:(1)0 (210 — 4528y + 210259* — 2102%y° + 4527y — y*0)

+b6’58 (wQ + y2) (ch — 2825¢% + 702yt — 28220 + yS)

+bg’78822 (:1:8 — 282592 + 702%y* — 28225 + y8) + bg’é (a:2 + y2)3 (334 + oyt — 6x2y2)

+b£’§z2 (:UQ + y2)2 ($4 + y4 _ 6$2y2) + bZ’éz4 (1,2 + y2) ($4 + y4 _ 6:U2y2)

502" (2! 4yt = 60%7) 40557 (2 +07) (7 = o) 40572 (2 +0?) (2 o)

H 2 (@ 4 07) (0 = 0?) 105570 (P 4 07) (0 07) 0% (0 - o) (87)

b0 p'0sin 106 — b5, ' sin (—8¢) — by 20" sin (—86) — bgp'” sin 4 — by32%p" sin dg
—byy2"p0 sindg — boz0p" sinde — b5 7! sin (—20) — by sin (—29) — by *2" o0 sin (~29)
—bg5 2" sin (=2¢) — by %2 p? sin (—20)

b3 (102% — 12027 + 2522%y7 — 1200y + 102°)

~by" (2% +y?) (=8aTy + 562°° — 56a°y° + 8ay)

—by" 2 (=8aTy + 562"y — 562y + 8ay”) — byg (a7 +17)" day (27 — o7)

~by32? (2 4 o) day (22 — o) — et (2 + ) day (27— )

kS (2 — ) — 5 (22 4 ) (<2a) — 8522 (0 4 ) (—20)

by 22t (27 +9?) " (—2ay) — 055720 (o2 + %) (—20y) — b 72 (—2ay): (S:8)



10
Hyy

10
Hyy

dg’;ng cos 7¢ + dg’7(7)23p7 cos 7 + d71"’715zp9 cos (—b¢) + d§’75523p7 cos (—h¢) + dg’76525p5 cos (—5¢)
+d;”§zp9 cos ¢ + dg”éz?’ﬂ cos ¢ + dg’;z5p5 cos ¢ + d§:12z7p3 cos ¢ + dg’})zgp cos ¢

dg’;z (a:2 + y2) (:C7 — 21a5y% + 3523y — 7xy6) + dgzgz?’ (a:7 — 212°y* + 3523y* — 7$?J6)

)%z (2 +02)" (20— 1025y 4 Say?) 45, °20 (o 40P (a® — 1007y + By

g7 (2 100 4 Say) e (2 0 R (0 ) LS (0 ) e
+d;’éz7 (x2 + yz) T+ dg:(l)zgx; (5.9)

dq’;ng sin 7¢ + dgigz3p7 sin 7¢ + d;’;f’ng sin (—5¢) + dg’,;5z3p7 sin (—5¢) + dg:a5z5p5 sin (—5¢)
+d’£:ézp9 sin ¢ + dg:éz3p7 sin ¢ + dg’7}125p5 sin ¢ + d;é/pg sin ¢ + dgiézgp sin ¢

vz (27 +9%) (=" + 21a%y — 352" + Taly) + di(e® (—y" + 212%y° — 35a'y® + 72%y)
+d’{:25z (2 + y2)2 (—y° + 102%y® — 5a’y) + dg’7§523 (2® + v*) (—¢° + 102y® — 5a’y)
5% (o #1007 —5aty) iz (o +07) y + iy (0 +07) y +d5L (2 o)y
+dpo?T (@ + y7) y + dygy. (510

(10) 9)

H)(/IS) and H,,’ can be readily obtained in the same manner as HS)})/ and H (Z -, above.

10



Section S.3

Expansion of the C5 (EF + A) ® e Hamiltonian up to the 4-th
order

Table S.4: Allowed summing indices in constructing the C5 (F + A) ® e vibronic Hamiltonian expansion
at the 1-st to 4-th order. 3n’ + 1 has the same allowed values as 3n + 1 for this case and is not listed.

Order|3m 2K |3n+ 1 2K |Order|3m 2K |3n+ 1 2K
1 1 0 2 0 2 -2 0

3 3 0 1 2 4 0 4 4 0
-2 2

Using Eq. S.1 and the allowed indices in Table S.4 and setting I;_g = 0, we have the following expan-
sions for the C3 (E' + A) ® e Hamiltonian matrix elements from the 1-st to 4-th order.

bgzép cos ¢ — b&lop sin ¢ = bg:é:ﬁ — bé’foy; (S.11)
ag5p® + by 2 p” cos (—2¢) — by p sin (—20)

agy (2 + %) + 0507 (¢® — %) + b 20y; (5.12)
agop” cos (36) — agp® sin (30) + by 0" cos & — j5p°sin

agy (27 = 3xy?) — agy (32%y — v°) + 055 (2° +y°) v — by (2° +v°) s (S.13)

a67,ip4 + 66’7%/)4 cos (4¢) — bé’740p4 sin (4¢) + b6:§2p4 cos (—2¢) — 6832 ptsin (—2¢)
70 2 74 ’74
agly (2 +4%)" + 05 (2 + y* — 62°y%) — b pday (22 — y°)
+b€’752 (22 + %) (2* = *) + bé’,gg (2 + y?) 2zy. (S.14)

Flipping the signs for the b-coefficient terms gives the expansions for Hyy .

= —bg’j)p sin ¢ — bg’,lop cosp = —bg’j)y — bé’}om (S.15)
= b2 sin (—20) — b5 p? cos (=26) = by 22wy — b” (2* —y7);  (S.16)
= —bg’ép3 sing — bé’712p3 cos ¢ = —66:12 (562 =+ y2) Y — 66’712 (:L‘2 + y2) T; (S8.17)

- —bgjép4 sin 4¢ — bg’7;2p4 sin (—2¢) — bg’i‘)p4 cosd¢p — 6’;2p4 cos (—2¢)
= —bhotay (o = %) + 055" (2 + ) 20y = b5 (2 +y" = 62%7)
—bgy” (22 +y%) (2 — ). (S.18)

11



Hyy
HY)
H)
HY

dg:ép cos ¢ + dé’}op sin ¢ = dg:(l)l' + dfj,loy;

d6152p2 cos (—2¢) + dé’,62p2 sin (—2¢) = daa? (a2 —?) - dé’7a22xy;
dyzp” cos ¢ + dgop®sing = diy (2% + %) @ + gy (2% + %)

dyop" cos (49) + dgop* sin (40) + dy5* p* cos (—20) + dg5” p* sin (—20)
dyo (¢* +y* = 62°y) + dipday («* — o)

5 () (2 =) = i (4 47) 2

dyopsing — dgopcos ¢ = dygy — dg

d6’52p2 sin (—2¢) — é’BZpQ cos (—2¢) = d6’752 (—2zy) — dé’BQ (x2 — yQ) :
dg”12p3 sin ¢ — dé’épg cos ¢ = dg’é (xz + yz) Yy — dg’}Q (xz + yz) x;

dg’fépﬂ‘ sin (4¢) — dé’%p‘l cos (4¢) + d6’7;2,04 sin (—2¢) — dé’7;2p4 cos (—2¢)
dg”%élxy (x2 - yQ) - dé’fé (3:4 +yt — 6x2y2)

—dgy” (2% +yP) 20y — dgy” (@ + oP) (% — o).

0;

0 2 r0 (.2, 9.
chapr” = chy (27 + %) ;

73 '73 1 »3 '73
06,0p3 cos (3¢) — 66’0p3 sin (3¢) = 66’0 (:E3 - 3:Ey2) — CB’O (3:1:2y - y3) :

r0 4 _ 70/ 2 2\2
coap’ = cga (= +9%)".

(5.19)
(5.20)
(8.21)

(5.22)

(5.23)
(8.24)
(S.25)

(S.26)

(S.27)
(S.28)
(S.29)
(S.30)

Here, we use the formalism (labeled by “EV”) in Viel and Eisfeld(2004) and Eisfeld and Viel(2005)
to derive the same Hxx, Hyy, and Hxy expansions above. This derivation reveals the origin of the
discrepancy between our expansions and those in the two works. Before carrying out the derivation, let us
review the symmetry requirements on the matrix elements of the complex electronic states |+) and |—):

1. Hyy = H__ due to the time-reversal symmetry and spin-independence of the Hamiltonian (see be-
low Eq. 6 in the main text);

2. H,. isreal because it is a diagonal element of a hermitian matrix. It is also an eigenfunction of the
Cs operator with the eigenvalue 1 (see Eq. 10 in the main text);

3. H,_ is an eigenfunction of C3 with the eigenvalue e~"2/3 (again, see Eq. 10 in the main text).

Those are the only necessary requirements on the matrix elements. Any extra constraints compromise the
flexibility of the elements.
The EV derivation employs the complex coordinates:

Q+ =z +iy; Q- =z —iy.

12
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The Qi Q7 monomials that can contribute to the 0-th to 6-th order expansions of H, , and H _ are pre-
sented in Table I in Viel and Eisfeld(2004). We summarize those that contribute to the 1-st to 4-th order
expansions in Table S.5.

Table S.5: Nonvanishing terms of the complex e coordinates in constructing the Cs (E + A) ® e vibronic
Hamiltonian expansions at the 1-st to 4-th order. The contents of this table is taken from Table I in Viel and
Eisfeld(2004).

Order Diagonal Hy; = H__ Off-diagonal H,, = H*

1 - tQL
2 QL QL Q1Q%
3 2Q" and Q4@ QL Q%
4 Q1Q2 0Q* and Q1QL

The matrix elements are expanded as
> el Rl (S.32)
X

The summation runs over the nonvanishing monomials only. The (p + ¢)! denominator in Eq. 6 of Viel and
Eisfeld(2004) has been absorbed into the coefficient c];fq. We first obtain the expansions for H,  and H, _
and transform them to Hx x, Hyy, and H xy later. With the monomials in Table S.5,

HEY = Re(cffQIQL+ 7 QLQY + Q@2 + 3§ Q1Q2); (5.33)
H'™Y = 7901 + 7 @2Q0 + ¢ QL Q% + i1 Q%Q1 + T QRQL. (834

We need to take the real part of the expansion for H, | because the diagonal element needs to be real. Here
is the most essential step in our derivation: we allow the {cf“l } coefficients to take complex values:

- kl kl

Cpg = ., Ticy 1 (S.35)
cI;qu and cp p " are real. Writing all the real and imaginary parts explicitly,
Hf:l) = Re { (cﬁr T+ zcﬁr Z) (x +iy) (z —iy) + <c§ar s zc;rar Z) (z° + 3iz®y — 3ay® —iy?)

(a7 i) (2 — ity — 3eg? + ) + (7 +ick D) (22 + 97’
_ Re{CiTr (:U +y ) —|—zcﬂ_z (x2 +y2) +
(e + ) (=~ 309?) + (33— ) (a2 — o)]

(e ) 6 )+ (- ett) (et

a3 (@2 4 9?) +ics (22 +47)") (S.36)
= o (@ ) + [ (0T i) (0 = 8ey?) + (afd T —eld ) (3% — o)
teis T (2 4 y?); (S.37)
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Y = (G i) -y + (" +ic ) (@ + iy)?

+ (Ciz_ " icly ) (@ +iy) (z —iy)* + (c& T z’c;,;i) (z — iy)*

+ (c;’l—’r + ZCL_Z) (z +iy)* (z — iy)
— |:CE")_,1, r4cgy’ y} +i [cgl’x—c;{l Ty} + [cia’r (2* — ) —C;O_’iwa}
+i 035 ' (962 —9?) + o 2wy| + [efy e+ Ty (22 + )
etz —eta ] @)

+ {c:{;’ (x + y — 6x2y2) + caLZ’iélxy (m2 — yQ)}

+1 -C({Z’i (z4 + 4t — 6x2y2) CO 1 dxy (95 -y )}
+ [c}il_’r (£U2 — yz) cs, 1’ 2:1:y} (x + y2)
+1 [ci?i (x2 —y ) + 03 1 2azy} (ZL‘2 + yz) . (8.38)

Note that the H 4. is real and {c++} do not need to be real to make H, | real. And for the generally
complex H, _, it is natural to take complex { Agn } The Hy 4 and H,_, with a trivial sign flipping for y,
are eigenfunctions of the Cs operator, with the correct eigenvalues 1 and e~%2"/3, respectively. They satisfy
all the symmetry requirements, yet they have the most flexible expansions, especially with the contributions
of the imaginary parts of the {c++} and { A } coefficients.

Substituting Egs. S.37 and S.38 into the following transformation:

Hxx Hxy ) _ 1(1 1 Hey, Hi_ 1 —i
HXY HYY - 2 Z —1 H_T__ H++ 1 Z
( Hiy+Re(Hy—)  —Im(Hyo) ) (S.39)
—Im(Hy-)  Hyy—Re(Hyo) )’
we obtain the 1-st to 4-th order expansions of Hx x and Hxy.
HY = oz +eiiy; (S.40)
Hgg( = cff o’ (:Jc2 + y2) + c;am (m2 - y2) - c;a’ilry; (S.41)
HO = (g7 +ed") (@ = 8ay?) + (37 = e3g) (322 — o)
e (2 %) + ol (2 4P (S.42)
4 T 2 —.7r — 1
H = a3 (@ +2)" +egn” (2 +yt = 62%2) + ¢y My (27 — o)
teg " (@) (27— y7) — eyt (27 4 y7) 2ay. (S.43)
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HY = —cis+e "y (S.44)

HE = —cio" (2% —12) — 5y "2y (S.45)
Hg/ = _Cig_’i (x2 + yQ) T+ ci;’r (332 + yz) Y (S.46)
HE = o awy (@ =) — i1 (¢! +y' - 62%y?)

—ey " (@ ) 2oy = o (2 ) (2 - o). (S47)

The Hyy expansions are readily obtained using the trick introduced between Egs. S.14 and S.15. With a
trivial sign change for y, these eight expressions are identical to our expansions in Eqs. S.11 to S.18.

Clearly, the EV derivation would have led to the same expansions as ours if the {c’;fq} coefficients had
been allowed to take complex values. If all the c’;,l;fs are set to be 0, i.e., if all the {c’;fq} coefficients are
restricted to take real values, the original EV expansions are obtained (see Eqs. 10(b-d), 11(b-d), and 12(b-
d) in Viel and Eisfeld(2004)). Evidently, the discrepancy between the EV expansions and ours arises from
whether we allow the {c’;fq} coefficients to be complex. We do not see the necessity of those coefficients to
be real. The complex coefficients give the A in Eq. S.37 that is real and invariant with respect to a Cs
rotation. These are the only two requirements for H, . They also give the H, _ in Eq. S.38 (again, after
the sign of y is flipped) that is an eigenfunction of C'3 with the eigenvalue of e~27/3 which is the only one
requirement for H _. Restricting the {¢;/ 7'} and {¢[; } coefficients to be real in Viel and Eisfeld(2004)
compromises the flexibilities of H, ; and H _, and subsequently the flexibilities of Hzz, Hyy, and Hxy,
by omitting all terms with the c; ; " and Cpq " coefficients in their expansions.

The necessity of flipping the sign of y arises from the different transformation relations of the e; and e,
components under C’g in Viel and Eisfeld(2004) and in this work. In Viel and Eisfeld(2004),

C3Qy = e™™3Q1;C3Q_ = e /3Q . (S:48)
Our definition in Eq. 1 in the main text, on the contrary, gives
C3Q+ = e 7PQ1; C3Q- = *TPQ-. (S.49)

We emphasize again that this difference in sign is trivial.
The discrepancy between the EV expansions and ours cannot be reconciled by coordinate transformation

like
/ ol
<x/ > _ (cgsx smx) (:U) (5.50)
Y siny cosy y

Such a rotation of  and y is equivalent to multiplying phase factors to )+ and @) — to make the new complex

coordinates:
Q/ x/ + iy’ eixQ
( Q/t > = < .,L,/ _ Zy/ ) = < efixQJr_ > . (S.Sl)
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Expressed in the new complex coordinates, Egs. S.33 and S.34 become

HEY = Re(effQLQ1 +effe ™ QT + o™ Q" + 11 Q" )
= Re (Ri&:ii-ewﬁl,l Q/inl, 4 R;-’S-ei%,o 67i3XQ/ij>r 4 Ra;ewageing’i
+R35 e QLQ"0)
= Re (Rf{fei‘z’ﬁ QLQL + RiF T Q 1 Rl r?
+RIFEQLQ7)
= fe <C/1+1+ QL+ QL it + a5 QR ) (5.52)
H_(:—_4) _ ZXQ/I +C 06 ZQXQ+ +01262XQ Q/Q +Co €Z4XQ,4
+C§;f QR QL
- Ra:;el¢0,1 X't R;aew{ge—qui . ngei‘i’i;eix@’}r 2
FRYG e QL 4 Ry el
— Ry tIQl 4 Ry 4 Ry @G QR
+R5j4‘ei(¢3,2+4><) Q’i 4 R;"l—ei(%ff*QX) Q/i /1

1+—= 1 1+— 2 1+—= 11 2 1+— 4 1+= 13 A1
- 60’1Q7+0270 ++Cl72 +Q*+CO,4 ,++C3,1 4 . (853)
In these expressions, the complex has been written as its norm multiplied by its phase factor:
- El ikt
Cpq = R, (S.54)

Absorbing the coordinate transformation phase factors, the new complex coefficients are defined as

Cl};fq _ Ri;fqei( ry—(p=a)x) (S.55)

. 1kl
Fork(l)ne specific ¢ .,
other ¢/ p,q coefficients are still complex because in general, all ¢p7qs are dlfferent and (p — ¢)s are different.

We can NOT find one x (i.e., one coordinate transformation) that satisfy

we may choose y = gﬁ];fq (p — q) so that c o, becomes real. However, all the

ki
V(k1,pq) i x=pqe/ (P—q). (S.56)
In short, the coordinate transformation in Eq. S.50 can at most make one ¢/ I;lq real, while the others remain to
be complex. Therefore, the discrepancy between the EV expansions and ours cannot be reconciled by such
a transformation. The derivation and conclusion above also apply to the Hx z, Hy 7z, and Hzz expansions,
and are not repeated.
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Section S.4 Symmetries of 1}, and |7) state’s V. with respect to ¢ bending
and e stretching

The atoms of the boric acid molecule are relabelled as shown in Figure S.1(a) and (b). The O nuclei are
labelled as A, B, and C, the H nuclei A’, B/, and C’, and the B nuclei O. There are three points in space
a, b, and c, that are connected by Cs. Momentarily, we assume that a, b, and c are coplanar with the nuclei.
The OA, OB, and OC distances are R, the OA’, OB’, and OC’ distances R’, and the Oa, Ob, and Oc
distances 7. ZQOA = 4bOB = ZCOC = Q. AAOA’ = ABOB’ = AC’OC’ = 7. R, R/, a, and 7y are
geometrical parameters for the undistorted structure. The e, component of the bending is the symmetric
scissoring that have the OB and OC' arms rotate by d, as shown in Figure S.1(a), rigidly followed by B’
and C” so that the BB’ and C'C" distances are still R, and Zpop and Zc o are still y. The e,, component
involves rocking of all A, B, and C, with the O A arm rotating by 26,y while the OB and OC arms rotating
by ¢, in the opposite direction. Again, A’, B’, and C" rigidly follow the rocking so that the AA’, BB’, and
CC' distances, £ q04/, ZBop’ and Zcocr are unchanged. The ey bending is shown in Figure S.1(b). The
relations between the rotational angles and the bending coordinates are: © = /60, and y = \/ﬁéy.

We are interested in how V,,. and V,,,, vary along with the e bending. After the molecule undergoes e,
and e, distortions, the distance-squares between the spacial points and the nuclei, and between the nuclei
themselves are:

7“(2“4 = R?>+7?—2Rrcos(a— 26y) ; (S.57)
2
125 = R®+12—2Rrcos <; —a—4, —5x>; (S.58)
2
r2c = R?*+r®>—2Rrcos (; +a+0dy — 535) ; (S.59)
2
rgA = R2472_92Rrcos <; +a— 25y> ; (S.60)
7“1%]3 = R?4+ 7% —2Rrcos(a+ Oy +62); (S.61)
2
TI%C = R%2+4r%—2Rrcos <; —a— 0y + 5z> ; (5.62)
2 _ R2o,2_ 2r )
o4 = +7r 2Rr cos 5 a+26y; (S.63)
2
T?B — R24 2 _9Rrcos <;T +a+ 0oy + 533) ; (S.64)
rin = R*+1r* —2Rrcos(a— 3, +6,); (S.65)
rZy = R?+1r?—2R'rcos(a—v—26,); (5.66)
2
r2p = R?41r%—2R'rcos (;T —a+y—10y —5x> : (S5.67)
o R’2+r2—2R’rcos<27T+a— +6 —5)- (S.68)
aC’ 3 Y y z |5 .
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2
riy = R?+7r*—2R'rcos (; +a—v— 25y> : (S.69)

7“133/ = R?+4+7r%2—-2R'rcos (=7 +0dy+65); (S.70)
2
rgcz = R?4++2_92R'rcos (; —a4y =0y + (5r) ; (8.71)
2
T?A/ - R? 42 _-2R'rcos <;T —a+v+ 25y> : (S.72)
2
r2g = R?+1%—2R'rcos <; +a—y+6,+ 51,) ; (S.73)
r2 = R*+71*—2R'rcos(a—v— 06, +6,); (S.74)
2
1y = 2R’ (1 — cos ( T35, — 5z>> ; (S.75)
1"1240 = 2R? <1 — cos ( 3 + 39, >> ; (S.76)
2w
%o = 2R’ (1 — cos( 3 +25x>> (S.77)
2 2 27
ryg = 2R*(1-—cos 5 ; (S.78)
2
7“124,0, = 2R7? <1 — cos <; + 30, — (5Z>> ; (8.79)
o = 2R (1 cos( + 20, >) (S.80)
2w
r4g = R?*+R?—-2RR cos ( — 36, — 0 + ’y) (S.81)
2 _ R2 2 / - - .
racr = + R 2RR' cos ( 3 + 30y — 0z *y) ; (S.82)
2 _ 2 /2 / 27 .
rga = R°+R°—2RR cos 5 30y — 0z —7 | ; (5.83)
2 _ 2 2 / 2m )
"Bt = R+ R” —2RR cos ? + 25;,; +7); (884)
2
T%«A/ — R24 R?_92RR cos <37T + 30y — 0, + 'y) ; (S.85)
2 _ 2 /2 / 21
rog = R+ R7—2RR cos 3 + 26, — v ). (S.86)

All distances involving O, as well as 74 4/, rgpr, and r¢ ¢ are invariant in the bending and are hence omitted
in the discussion. If e, distorts in the opposite direction, i.e., 6, — —&,, the following six pairs of r; ss are
swapped:

TaB € ThCiTaC < TeBiThB < TeC TaB! < ThC!s TaC! < TeB/; ThB! < TeC!s (S5.87)
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while the other six r;;s are invariant. Consequently, the accummulated electrostatic potential of the six
nuclei on the three spatial points is invariant with respect to §, — —d,. This invariance of electrostatic
potential remains if the points a, b, and c are vertically displaced out of the plane of the boric acid molecule.
The displacement simply adds a constant to all the r? ;s. The | Z), |[+), and |—) states give totally symmetric
electron densities with respect to Cl3, and therefore, equal electron densities at points a, b, and c. Calculating
Ve 1s integrating all electron-nucleus attraction over electron densities at a set of symmetrically equivalent
spatial points like a, b, and c. With the invariance of the electron-nucleus attraction with respect to x —
—x, Vpe must also be symmetric with respect to this change. There is no invariance or swapping for the
internuclear distances 7y s. V,,,, is hence in general asymmetric with respect to x — —x for the e bending.

() (d

Figure S.1: (a) The setting of a model C3;, molecule and the e, bending; (b) the same setting and the e,
bending; (c) the setting of a model C'3;, molecule and the e, stretching; (d) the same setting and the e,
stretching.

If e, distorts in the opposite direction, 6, — —d,, it is readily seen that
TAB <> TAC;TAB < TAC'; TAB! <> TCA/3TAC! < TBA/ (S.88)

while all the other 7 ;s are invariant. Therefore, V/,,, is symmetric with respect to y — —y. This symmetry
is shown in Figure S.2, where the value of the V,,,, (z,y) — Vp,, (2, —y) surface of the boric acid molecule
along the e bending is essentially 0. There are no swappings or invariances for r; ;s and therefore, V,,. is in
general asymmetric with respect to y — —y. In the main text, we have used the a/, orbital of boric acid as
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a strict diabatic state to demonstrate these symmetries of the two components (see Figure 2(c) in the main
text).

VDYV, Dy} ——

-3
1x10,
ax10, -
610, -

/Hartree_a E
=2x10_g
-Ax10 g
-6x10 g
-8x10_,
-1x10

-1

Figure S.2: The V,,,, (x,y) — Vi (2, —y) surface of the boric acid molecule along the e bending.

In the language of the polar angle ¢, being symmetric with respect to ¥y — —y means being symmetric
with respect to the line corresponding to ¢ = 0 and ¢ = w. Therefore, V,,,, can only contain terms with
cos (3m¢). Being symmetric with respect to x — —z means being symmetric with respect to the line

corresponding to ¢ = 5 and ¢ = 37” Therefore, only the cos (3m¢) terms with m = 0,2,4,--- and the
sin (3m¢) terms with m = 1,3,5,--- can contribute to V;,.. The fact that V,,. is asymmetric with respect
to y — —y disallows its expansion exclusively in the cos (3m¢) terms with m = 0,2,4,--- The 3m,

obviously, arises from the requirement of invariance of V,,,, and V,,. with respect to C'.
Adding V,,,, and V¢, Hzz in the C5 (F + A) ® e Hamiltonian can be expanded as

Hy;7z = 06’7% + cg’g p° + cg’%pg cos 3¢ + cé’% p°sin 3¢ + c&?lp4 + cg’g p° cos 3¢ + 06’2 p° sin 3¢
+egen’® + cgop® cos 66 (S.89)

up to the 6-th order. The inclusion of some sin (3m¢) terms but not all makes it a special case for the general
expansion in Eq. S.1. This selection of sin (3m¢) terms is specific for the e bending. It does not apply for e
stretching.

To examine the symmetries of V,,;, and V,,. along the e stretching, another C3;, model is set for the
boric acid molecule in Figure S.1(c) and (d), with the stretching motions indicated by the arrows and the
magnitudes ¢, and J,. The relations between the magnitudes and the stretching coordinates are x = V60,
and y = \/iéy. R, r, and « have the same meanings as in Figure S.1(a) and (b). R’ has been redefined,
and a new distance R” is needed. R’ and R” are the lengths of the right-angle sides for the right triangles
shown in Figure S.1(c) and (d). A’, B’, and C’ rigidly follow the motion of A, B, and C' in the stretching,
respectively, so that the right triangles are not distorted. R’ and R” are constant. The following distance-
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squares are dependent on the e stretching:

TaA

7"(2114/

TaB

2
T'aB/

TaC

2
Tao!

TpA

TgA’

T%B’

2
e}

Tgcl

12 4+ (R +20,)? — 2r (R + 26,) cos a; (5.90)
r? + (R+ R" +26,)* + R?
2 1 R/
_QT\/(R + R" + 2655) + R/2 COSs <O{ — tan W) 5 (891)
2
2 4+ (R — 68, — 8,)* — 2r (R — 6x — 8,) cos (; — a> ; (5.92)
P+ (R+R"—6,—6,)" + R”
2 27T -1 R/
—27“\/(R + R" — dx — 0y)” + R? cos <3 — o+ tan R+ —3, -3, ; (5.93)
2 2 2w
r“+ (R— 0z +9y)" —2r (R — 0, + dy) cos ?—i—a ; (5.94)
r?+ (R+ R" -6, +6,)° + R?
2 27T -1 R/
—QT\/(R—l— R — 6, +6,)* + R’2 cos (3 + a — tan RY R —0,+0, ; (8.95)
2
%+ (R + 26,)* — 2r (R + 26,) cos (;T + oz) ; (5.96)
2 11 2 /2
r’+ (R+R'+25,) +R
2 2 -1 R,
_Qr\/(R + R" + 263;) + R/2 COS <3 + a — tan m ; (S97)
2+ (R~ 0, —6,)°> —2r (R — 6, — §,) cos a; (S.98)
r>+ (R+R' -6, —06,)° + R?
2 1 R
—27"\/(R + R — 0, — 0y)” + R2cos (a — tan BRI R —4. 5y> ; (5.99)
2
724 (R— 65+ 6,)% — 2 (R — 0y + 8,) cos <;—o¢); (S.100)
r>+ (R+ R'—6,+6,)° + R?
27 R
-9 " 2 12 =27 -1 ;(S.101
r\/(R—I—R de +9y)" + R cos<3 a + tan R+R/’—6w+5y>7(s 01)
2
2 + (R + 26,)% — 2r (R + 26,) cos (; —a>; (S.102)
2+ (R+R"+26,) + R?
—2r\/(R+ R" + 26,) + R cos o o + tan ™! B (S.103)
¢ 3 R+R'+25,)" '
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2
TCC/

2
TAB

7'1243/

7’1240/

"”zx'B

Ti’B’

Tzvc

Ti/c/

72 4 (R — 6, — 6,)° — 2r (R — 6, — 6,) cos <2; - a> ; (S.104)

r2 4+ (R+R" 6, —4,)° + R?

2 /
—QT\/(R +R"—§, — §y)2 + R cos (;— +a—tan~! o R”R— - 5y> ; (S.105)
7% 4+ (R — 8, +6,)° — 2r (R — 6, + 8,) cos o (S.106)
P2+ (R+R'—6,+6,)° + R?
\/ % 2 /2 -1 R
—2r\/(R+ R" — 0z + 6y)" + R"?cos |  — tan RY R -0, 10, ; (S5.107)
(R+420,)* + (R — 0, — §,)* = 2(R +25,) (R — 6, — 8,)) cos %”; (S.108)
(R+28,)*+ (R+R" -5, — 8,)° + R”
2 27T _ R/
—2(R +26,) \/(R—&-R”—(Sx —dy)" + R cos (S—i-tan ! Ry R =0, ;
(S.109)
2
(R+26,)2 4 (R — 8y +8,)% — 2(R+26,) (R — 8y + 8,) cos — (S.110)
Y Y 3
(R+26,)*+ (R+R' -6, +6,) + R?
2 2 -1 R .
_2(R+2(5w) \/<R+R/1_(593+5y) + R cos (3 — tan R+R”—6x+6y ;

(R+R"+26,)" + R? + (R — 6, — §,)°

2 /
—2\/(R + R" +25,)* + R? (R — §, — 8,) cos <7T —tan~! al

3 R+R”+26x>; .11

(R+R"+26,)" +2R*+ (R+ R" -6, —6,)°

2\/[(3 + R 420, + R?| |(R+ R =8, - §,)" + R?| -

27T 1 R/ —1 R/
— =t - ; 112
cos<3 an R+R//+25x+tan R+l —0,-0,) (S.112)

(R+R"+26,)" + R? + (R~ 8, +0,)°

R/

2 2 -1
_2\/(R_|_R//+25x) —|—R/2 (R_5m+5y) CcOS <3 + tan m

) © (S.113)

(R+R"+26,)" +2R*+ (R+ R" -6, +6,)°

—2\/[(}2 + R +26,)% + R’ﬂ [(R YR =5, +06,)% + R/2] :

27T 1 R/ 1 R/
— +t _—— —t ; 114
cos<3 + tan RIR 125, an R+l —0,+40,) (S.114)
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2
120 = (R—04—08,)%+ (R—0,+0,)> —2(R— 08, —06,) (R— 0, +0,) cos —; (S.115)

3
20 = (R—0,—6,)°+ (R+R"'—6,+6,)" + R?
2m R
_ " __ 2 /2 _ _ [ 20 -1 .
2\/[(R+R 5y +6,) +R}(R 3 5y)c05(3 + tan R+R,,_5x+5y>,
(S.116)
20 = (R+R" =6, —6,)° +R?>+ (R—6,+0,)>
2 27T -1 R/
—2\/[(R+R” — 0z — 0y) +Rl2} (R — 05 + 0y) cos <3 — tan RT R —o, -0, :
(S.117)
%0 = (R+R"—6,—6,)° +2R?+ (R+R'—6,+0,)"
—2\/[(3 R =0, = 0,)° + R2| [(R+ R = 8, 4+, + R?| -
27 1 R 1 R
T ¢ : S.118
COS(?, M ORYR 5,0, ™ RyR —0,10,) (5.118)
roa = (R+26,)%; (S.119)
g = (R—06,—06,)%; (S.120)
roc = (R—0,+6,)%; (S.121)
20 = (R+R'+25,)°+ R (S.122)
2y = (R+R'—d,—6,)" +R?% (S.123)
2 = (R+R"—6,+36,)" +R> (S.124)
Through inspection, we see that on J, — —d, (i.e., y — —y), the following r; ;s swap:
TaB € TaCiTaB! <% TaC’i ToB € ThC's TbB! € ThO'5 TeB € TeC's TeB! € Tl (5.125)

and the other r; ;s are invariant. Again, these swappings and invariances maintain if a, b, and c are vertically
displaced out of the symmetry plane of the molecule. Threrefore, V,,. is symmetric with respectto y — —y.
It takes an expansion with the cos (3m¢) terms, with no selection of m. For the r7; distances, on 6, — —J,,
we have the following swapping:

TAB <> TAC;TOB <> TOC;TORB' < TOC!- (S.126)
rBC, TBIC's TOA, and ro 4- are invariant. The leftover eight ry ys can be grouped into four pairs:
(rarpryrarcr) s (rap,rac) s (rarg,mac) s (TBer, TBIC) - (5.127)

Each pair is close to swap on d, — —d, but does not undergo the swapping. For instance, the different signs
for the tan~! terms in Eqs. S.116 and S.117 prevent the ¢ <> rp/c swapping. The other three pairs are
not swapped for the same reason: having different signs for the tan—! terms. The four non-swapped pairs
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determine that V/,,, is asymmetric with respect to y — —y, as indicated by the V,,;, (z,y) — Von (2, —y)
contourplot in Figure 2(d) in the main text.

It is straightforward to see that there is no swapping or invariance for the r;; and r; distances on 6, —
—0d,. Therefore, both V. and V,,,, are asymmetric with respect to x — —z. Overall, V,,,, is asymmetric
with respect to z — —z and y — —y. It takes an expansion with both the cos (3m¢) and sin (3mg) terms,
with no selection of m. Hzz, as a summation of V,,. and V,,,,, takes a similar expansion.
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