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1 Derivation of eqn (3) of the manuscript

According to the definition of excess energy, the total energy of a given fullerene C,, is
Eo(Can) = E(Can) + 2n Ey(Gr) (SD

where E(C,,) is the excess energy<~ of fullerene C,, and E,(Gr) is the total energy per atom of
graphene. The latter can be calculated using periodic boundary conditions.?

Substituting eqn (SI) to eqn (2) of the manuscript, we obtain eqn (3) of the manuscript:

2 2
AH{(Co,) = [E(Car) + 21 Eg(Gr)] = 5[ E(Cao) + 60 Eu(Gr)| + S AH? (Ceo)

2
= E(Cy,) + %[AH?(Cﬁo) - E(C60)]
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2 The constraint for correct convergence to the graphene limit

For the sake of simplicity, let’s consider the icosahedral leapfrog® fullerene C,, approaching the
graphene limit (2n — o0). For giant icosahedral fullerenes, Ny = n — 130, N, = Ni4 = 60 and

N,, = 0 for all other motifs. According to eqn (4) in the manuscript, its excess energy is
EQ2n) = (n - 130)E; + 60E;, + 60E 4 + F(2n) (S2)

Then, when 2n — oo, the excess energy per atom is:

E(2n)
2n

= — S3
2n 2n 2 (53)

2n—o0

_ [(l’l —130)E; + 60(E, + Eq4) + F(2n) E,
2n—00

Note that the global curvature term F(2n)/2n vanishes as 2n goes to infinity. Since the the excess
energy per atom is zero for graphene (by definition“?), the right side of eqn is zero, which

leads to:

Il
-

E (S4)

3 Elimination of linear dependence using the relationships among
motif contributions {£,,}

Using the five relationships given in the manuscript, namely, E; = 0, E; = Ey4, E3 = Eyy, Ei5 =

E,;, E\7 = E»s, eqn (4) in the manuscript can be reduced to:

E(Cy,) = ( Z EmNm) + Ey(Ny + Niy) + E3(N3 + Nog) + E15(Nis + Nag) + E7(Ny7 + Nas) + F(2n)
meM

(S5)
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where set M includes all motifs except motifs 1, 2, 3, 14, 15, 17, 24, 25 and 27. Hence, there are

25 parameters {E,,} in the fitting equation (S5 without linear dependence.

4 Least-squares fit using the SVD method

We have also carried out a least-squares fit, based on eqn (15) in the manuscript, using the singular
value decomposition (SVD)® technique. As motif 1 has no contribution to the total excess energy,

we have excluded this motif in the fitting equation, as given in the following:

30 2n+ L
E(C,,) = Z Col + JIn == (S6)

m=2

The fitted parameters are listed in Table We have checked that the excess energies reproduced
by eqn (S6) (with SVD-optimized parameters) are exactly the same as those reproduced by eqn

(15) in the manuscript, for both fitting procedures yield mathematically equivalent results.

Table S1. Fitted parameters C,, (in kcal/mol), J (in kcal/mol) and L using eqn

Parameter Value Parameter Value
C, 0.4052 Cig 10.2538
Cs 0.0042 Cjo 8.8784
C, 0.6818 Cyo 9.8512
Cs -0.2094 Cy 6.2757
Cs 5.2524 Cxp 7.2417
C; -0.9405 Cxn 2.4958
Cg 0.5538 Cy4 23.9560
Co 2.9614 Cys 26.6463
Cio —0.0230 Cy6 22.6462
Ch -3.1987 C» 23.7450
Ch, 2.4847 Cog 25.5246
Ciz -2.6070 Cy 25.0960
Cus 9.0144 (5 39.2357
Cis 10.2464 J 283.4915
Cis 10.1851 L -31.5064
Ciy 8.1373
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5 Tube- and disk-shaped isomers considered in this work

For testing the performance of the models, we have considered the following tube-*” and disk-
shaped fullerene isomers.

The tubular isomers are Cyj4-D3;(2), Ci20-Ds4(1), Cia0-D2(2), Ci30-Dsp(1), Cy32-D3(3), Ciso-
Ds;(1) and Cyg9-Dsa(1).

The disk-like isomers are Cog-D3,(33), Ci05-D2(210), Cy19-C2(155), Ci12-C,(134), C14-C2(229),
Ci16-C2,(149), Cy13-C2(738), Ci20-C(3340), C20-D2;(3342), Ci50-D5,(335568) and Cg9-Dg,(4071774).
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6 Prediction performance of other models

6.1 Models using a combined form of the curvature term

We have also used a combined form of the curvature term, namely, F'(2n) = A/(2n+B)+J In(2n/60)

or F(2n) = A/(2n + B) + J1In[(2n + L)/60]. The prediction results are shown in Fig. and

respectively. As we can see, These models still give significant errors for giant fullerenes.
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Figure S1. Predicted excess energies (En.q) by the model using the global curvature term,
F(2n) = A/(2n + B) + J1In(2n/60), compared with those (Epgr) obtained from DFT calcula-
tions. The fitting parameters have been optimized based on 426 structures from Cgy to Cygo as
input (black circles). The fitted models are then applied to some tube-shaped (blue triangles), disk-
shaped (green diamonds), non-spiral (purple square) and giant icosahedral (red crosses) fullerenes.

Figure S2. Idem Fig. for the model using the global curvature term, F(2n) = A/(2n + B) +

JIn[(2n + L)/60].
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6.2 Reparameterized Cioslowski’s model by Cai et al.’

The original Cioslowski’s model was reparameterized by Cai et al.,” based on the DFT energies of

536 isomers of Cg—Coy, C116—Ci20 and Cy30—Cig0. Here, using the 426 fullerenes (Cg to Cigp) in

the training set in the present work, we have checked the prediction performance of this reparam-

eterized model. The results are shown in Fig. [S3]and [S4]
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Figure S3. Predicted excess energies (Enoq1) by the reparameterized Cioslowski’s model by Cai
et al.," compared with those (Epgr) obtained from DFT calculations. The results are shown for the
426 structures in the training set in the present work (black circles) and for some tube-shaped (blue
triangles) and disk-shaped (green diamonds) fullerenes.

Figure S4. Idem Fig. for non-spiral (purple square) and giant icosahedral (red crosses)
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7 Correction for largely aspherical fullerenes based on cage as-
phericity

As we have shown in the manuscript, for largely aspherical fullerenes, the deviation by our new
model roughly correlates with the cage asphericity f, defined by eqn (19) of the manuscript. By
making a linear least-squares fit with the data presented in Fig. 7 of the manuscript, we obtain the

following empirical formula for the deviation AEj., (in kcal/mol) by the model:
AE 4, = 638.0492f — 163.8770 (S87)

Then, the model including this correction can be formulated as

30
E(Cy,) = Z E,N,+ Jln

m=1

2n+ L
60

+ AE ey . (S8)

Applying this formula to the tubular, disk-shaped and non-spiral fullerenes, we have corrected
the excess energies predicted by our model, as shown in Fig. As we can see, the prediction
accuracy of the model has been substantially improved, compared with the uncorrected results

shown in Fig. 5b of the manuscript.

S9



1800 —
1600 —
1400

1200

Epet (kcal/mol)

1000 o &
E A Tube (C114—C1s0)
800 /% © Disk (Cgs—Cr1so)
1. O Non-spiral (Cg72)
600,

| | U U U U T
600 800 1000 1200 1400 1600 1800
Einodel (kcal/mol)

Figure SS. Predicted excess energies (E.qe1) by the logarithmic model (using eqn (18) of the
manuscript) after the correction based on the cage asphericity f, compared with those (Epgr) ob-
tained from DFT calculations. The results are shown for the tube-shaped (blue triangles), disk-
shaped (green diamonds) and non-spiral (purple square) fullerenes.
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