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ADDITIONAL RESULTS FOR MINIMAL MODEL

Effects of membrane synthesis

To study the effect of membrane synthesis on the cell wall, we extended the minimal model, to include the
membrane surface areas (Fig. Sla). The forespore membrane surface area A™” = 4772 is constant, whilst
the mother cell membrane surface area A™" = 4772 + 27rL + 4772 sin  increases with engulfment. All other
parameters from the original model were retained, with the forespore and mother cell wall surface areas re-
written as ASY and AY, respectively. The membrane also contributes a bending energy, which, at 4.14 - 1078
MPa pum? [S1], is approximately 107 times smaller than the cell wall bending energy [S2] and thus can be
neglected. The energy equation now reads:

E = —puVin = peVs + (7 = €) (A + AT) + (32 — £a) (A0 + AT®) + 2mr, f + EYed 4+ B2, (5)

with membrane surface tension 5 and chemical potential e for membrane synthesis. Since we are interested
in the partial derivative of F with respect to 6, we can rewrite Eq. (5) as:

Em(y—¢) A% 4 2nf 1y + EP™ 4 (75 — g) - AT (6)

The dynamic equation for engulfment is:

cw cw m m 9' 8E
(7]9 Vi +ngtvy b) (02> Y (7)

with membrane viscosity constant n§"® = 1/(2rhuj®). We estimated the membrane mobility coefficient pj™
to be significantly higher than that of the cell wall, so the viscosity constant of the membrane is negligible.
Finally, 72 = 0.1 nN/um [S1], which is 10% times smaller than the cell wall surface tension [S2] and hence can
also be ignored. Thus, using Eq. (6) in Eq. (7), we obtain:

E 1 1\2
i =(y—¢)- 2172 - cosf — 2 f -sin@ + 4dkgrr? (f - —) -cos O + —2e9 - 2772 - cos (8)
a0 r  Ro
Finally, we assumed that the chemical potentials for synthesizing the cell wall and membrane are the same, i.e.
g = E&9g:
E 1 1\2
68—9 =(6—2¢)- 2172 - cosf — 27 f - sinf + 4k57r7"2<; — R—g) - cos (9)

with § =y —e. As aresult, the phase diagram in the dimensionless (6 — 2¢), f plane (FigN. S1b) is identical to
that in the (d, f) plane of the original model (Fig. 3c). Assuming positive £, the value of ¢ in the ordinate axis
of the original phase diagram (Fig. 3c) is effectively reduced.

Effects of cell size

As individual cells may vary in size (though this size variation is limited [S3]), we plotted the change in the
engulfment angle 6 against time for varying r and fixed § and f in the absence of membrane synthesis (Fig.
Slc). (Note that variation of L does not affect engulfment dynamics because L does not occur in the ODE for
6(t).) We found that deviation of r from the preferred radius Ry has limited effect on the plot for 6(¢).



Effects of elastic strain

We also considered the case in which the cell wall has not only plastic but also elastic properties [S4]. In
addition to the surface tension v already present in Eq. (2) of the main text, we considered cell-wall elasticity
[S5], which is proportional to (ASY 4+ AS%)? and has coefficient 7o, with vo/v < 0.1:

E = —puVin = psVs + (v = ) (AR + AL) + 30 (A5 + AL)? + 27, f + B 4+ B (10)
which gives:

é;—]j = (6 —2¢) - 2712 - cos O — 27r f - sin @ + v (27r?)? - sin 20 (11)

The resulting ensemble plots for 6 and f (Figs. Sld-e) are almost identical to the ensemble plots in the main
text for which elastic strain was not considered (Figs. 2a-b). This shows the limited impact of elastic strain on
engulfment in our model.

Effects of bending energy of septum

As the septum and forespore cell wall are initially assumed to be a single PG layer [S6] and thus 20 times as
thin as the mother-cell wall [S2, S7], we assumed that ks is 20 times smaller than k,, = 3.6. Hence, the rescaled
circumferential bending energy of the forespore cell wall k, was chosen to be 0.18. We found that, under the
effect of the bending energy of the septum, deviation of r from the preferred radius Ry slows down completion
of engulfment, but the overall shape of the plot for 6(t) remains unchanged (Fig. S1f). Hence, for deviation of

r by < 5%, the contribution of ks to engulfment is indeed minor.
DETAILS FOR REALISTIC MODEL

Here, we provide further details for the realistic model, for which the septum is initially flat. For ¢ = [, we
obtain:
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where p; = 1/(mhn;) is the mobility coefficient of forespore expansion.
For q3 = r, we obtain:
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where p,. = 1/(mwhn,) is the mobility coefficient of radial growth.

For q4 = L, we obtain:
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where puy, = 1/(2whny) is the mobility coefficient of longitudinal growth.

Whilst most parameters are defined by single-cell imaging [S2], others such as the mobility coefficients must
be estimated for our numerical model calculations. The mobility coefficient of engulfment (up = 1m?J~1h~1)



TABLE I: Model parameters

Symbol Parameter Value Ref. Notes
Lo Mobility coefficient of engulfment 1Tm2J-th7t See text
D Turgor pressure 1.5 MPa [S2, S§]
Ry Preferred radius of cell-wall cross-section 0.43 pm [S2]
T Initial radius of B. subtilis 0.43 pm [S2]
¥ =/(pRo) Rescaled surface tension [S2]
€ =¢/(pRo) Rescaled chemical potential [S2]
6=0—¢&  Diff. b/w surface tension and chem. potential —0.5t0 0.5 [S2] Varied
f=1f/(pR?) Rescaled line tension —0.2 to 0.2 [S2] Varied
K = km/(pR3) Rescaled bending rigidity of mother-cell wall 3.6 [S2]
ke = ks/(pR3) Rescaled bending rigidity of forespore cell wall 0.18 See text
4 Mobility coefficient of forespore expansion 55m2J Th~T See text
L Initial length of B. subtilis 3.4 um [S9]
Ap =py, —ps Pressure diff. b/w mother cell and forespore —0.1 MPa [S1, S10]
-2 2 7—1p—1 f s
T Mobility coeflicient of radial growth 4 12Om2;1_ 1‘2_1h See text Sgﬁé&iif;?gﬁh
Wr Mobility coefficient of longitudinal growth 4-107 m>J " h 1 See text Limited growth

4-1072 m2Jth™
dt Time step 0.01h [S6]

Significant growth

is estimated to be significantly lower than that of forespore expansion (y; = 55m2?J~'h~1), suggesting that
engulfment experiences a stronger opposing frictional force than forespore expansion. This could be because
the leading edge of the engulfment membrane pushes against and helps remodeling the solid peptidoglycan cell
wall, whereas the forespore expands and pushes against the semi-fluid cytoplasm of the mother cell, which may
offer lower resistance. Table S1 shows the values of the various parameters used in the minimal and realistic
models, as well as their sources.

With the initial assumption of no mother-cell growth, we plotted ensemble plots for the shape degrees
of freedom 6 and [ for a range of Ap = p,, — ps (Figs. S2a-b). As evident from Eq. (4) in the main
text, 6(t) does not depend on Ap, so the same plot is produced for all values of Ap (Fig. S2a). The en-
semble plot for {(¢) shows that [ remains constant for > 100 seconds before increasing sharply to L/2 (Fig. S2b).

Finally, with the assumption of mother-cell growth, we plotted ensemble plots for the shape degrees of freedom
0,1, r, and L for a range of Ap = p,, — ps (Figs. S3 and S4). The plot for [(¢) with either significant or limited
growth are similar compared to without growth. The plot for 6(¢) with growth also shows similar dynamics
compared to without growth before engulfment is complete, with the exception of engulfment not being able to
complete if Ap is too negative, e.g. —0.3 MPa (Fig. S3a). After engulfment is complete, the predicted plots for
0(t) actually tend towards 65 = tan~" [(rd + 2rks(1/r — 1/Ry)?)/f], but this might not be biologically relevant
as the migrating membrane fuses. When engulfment is not yet complete, the ensemble plots for r(t) and L(t)
are in fact similar to the original framework, with r(¢) increasing and reaching a plateau, and L(t) increasing lin-
early [S2]. If Ap is too negative, especially for significant mother-cell growth, we predict abnormal behaviour in
the form of a sudden increase in r(t) (Figs. S3c and S4c) and fluctuations in L(¢) (sudden shrinkage in Fig. S3d).
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FIG. S1: Additional results for minimal model of engulfment. (a) Minimal model with membranes highlighted
in orange. The forespore membrane surface area AT is constant, whilst the mother cell membrane A™® increases with
engulfment. (b) Phase diagram in the (§ — 2&, f) plane, with difference § = 4 — & between surface tension and chemical
potential, as well as line tension f . (c) Plot of (t) when initial cell radius r is varied in the absence of bending energy of
septum, whilst 6 = —0.1 and f = 0.04 are kept constant. (d) Plot of 6(t) in presence of cell-wall elasticity (yo/v < 0.1)
when § is varied, whilst f = 0.04 is kept constant. The plot is almost identical to Fig. 2a in the main text, where
cell-wall elasticity is not considered. (e) Plot of #(t) in presence of cell-wall elasticity (yo/y < 0.1) when f is varied,
whilst 6 = —0.1 is kept constant. The plot is almost identical to Fig. 2b in the main text, where cell-wall elasticity is
not considered. For all other parameters, see Table S1. (f) Plot of #(¢) when initial cell radius r is varied in the presence
of bending energy of septum, whilst § = —0.1 and f = 0.04 are kept constant.
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FIG. S2: Ensemble plots of realistic model with g, = pr = 0 (no mother-cell growth). (a) Plot of 8(t) for
—0.3 < Ap < 0.3 MPa at fixed § = —0.5 and f = 0.2. The same plot is produced for all values of Ap, as 0(t) depends
only on & and f. (b) Plot of I(t) when Ap is varied for fixed § = —0.5 and f = 0.2. Solid lines show forespore expansion
during engulfment up to 7/2, whereas dashed lines show forespore expansion if allowed to continue after engulfment
is complete. Black dashed line represents time at which engulfment is complete. If Ap < 0 MPa, forespore expansion
is completed before engulfment. For all other parameters, see Table S1. (c) Plot of #(¢) from minimal model for fixed
6 = —0.5 and f = 0.2, for comparison of engulfment dynamics between minimal (spherical forespore) and realistic
(spheroidal forespore) models. The plot is the same as Fig. S2a, showing that, as differing only by forespore shape, both
models yield nearly the same engulfment dynamics for the given set of parameter values.
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FIG. S3: Ensemble plots of realistic model with significant mother-cell growth. (a) Plot of 8(t) for different
Ap in units of MPa. Black curve is the reference plot from Fig. S2a. Engulfment may not complete if Ap is too negative.
(b) Plot of I(t). Solid lines show forespore expansion during engulfment up to 7 /2, whereas dashed lines show forespore
expansion if allowed to continue after engulfment is complete. Black dashed line represents time at which engulfment is
complete. (c) Plot of r(t). (d) Plot of L(t). For all other parameters, see Table S1.
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FIG. S4: Ensemble plots of realistic model with limited mother-cell growth. (a) Plot of §(¢) for different Ap
in units of MPa. Black curve is the reference plot from Fig. S2a. (b) Plot of I(¢). Solid lines show forespore expansion
during engulfment up to w/2, whereas dashed lines show forespore expansion if allowed to continue after engulfment is
complete. Black dashed line represents time at which engulfment is complete. (c) Plot of r(¢). (d) Plot of L(t). For all
other parameters, see Table S1.



