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Section S1 Acting A-, B- and E  -projection operators

on f (w7 P, gb)'

Acting the A-irrep projection operator on f gives a 6'4-eigenfunction with eigenvalue 1:

fOw,p,0) = f(w,p, o)+ Cuf (w,p, )+ Cif (w,p,¢) + Cif (w,p,0)

n|+2K ging \n|+2kem(¢—g)

— i (0 (~w)™ p
™ pln2E in(6=m) L (ym p|n|+2Kem(¢—%”)>
= s (1 (1) (<) 4+ (<1) 4+ (~1)" i)
= """ (14 (1)) (1 + (=1)™ ")
[n needs to be even; n — 2n]
= 20 g0 W P22 1200 (1 I (_1)(m+n>>
[m + n needs to be even; m — mod (n,2) + 21|

mod(n,2)+21 |2n|+2K _i2n
= Qaron KW (n,2) Pl | e, (Sl)

Acting the B-irrep projection operator on f gives an eigenfunction with eigenvalue —1:

OV (w, p, 9)

f(w,p,6) = Cuf (w,p,0) + CLf (w,p, 6) = Cif (w, p, ¢)
P (1 (1) (i) (1)~ ()"

g, kW™ PIMF2E 9 (1 4 (—1)™) (1 — (—=1)™4"™) [n needs to be even; n — 2n]
2am72n7mep‘2"‘+2K6i2”¢ (1 — (—1)(m+n)>

[m + n needs to be odd; m — mod (n,2) + 21 + 1]

mod(n,2)+2I+1 |2n|4+2K _i2n
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Acting the E;-irrep projection operator generates an eigenfunction with eigenvalue i:

fOw.p.0) = f(w,p.¢) —iCif (w,p,0) = Cif (w,p,0) +iCif (w.p,0)
= gt R (1 ()" (i) () (1))
= A rw™p" T2 (1 — (—1)") (1+ (=1)"4""") [n needs to be odd; n — 2n — 1]
= Do g™ P2 G016 (1 4 1y

[m + n needs to be even; m — mod (n,2) + 21|

mod(n,2)+21p\2n71\+2K€i(2n71)¢' <S3)
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Section S2 Obtaining the (e + b;) expansions with

(XC47 (X%}e’ X(]j;}n» - (_17 (17 _1))

Now the w in the (e + b) expansion in Table 3 in the main text is for a by mode, and the

real and imaginary parts are

2 om
Re = w2 (G120 cos 2me — byp oy sin 2me] ;

I = wmelm 2T [0 sin 2mg + b7 cos 2ma) . (S4)

The pl?™I+2K factor is ignored as it does not transform under &,. Acting P,,. and P,, 4 on

Re and I'm respectively,

pav,eRe — wmod(m,2)+21+1 [b;fg}( o~ 2m¢ <1 _ (_1)mod(m,2)> . sz,IQZzK sin 2m¢ (1 + (_1)mod(m,2)>] ;
po'u,o[m — wmod(m,2)+21+1 |:b£7[2,72n[( sin 2m¢ (1 _ (_1)mod(m,2)> + b;,IQ;nK coS 2m<b (1 + (_1)m0d(m,2))] .

(S5)

Obviously, when m is even only the b* terms survive and when m is odd only the b” terms
survive. Therefore, keeping only the " terms with odd m and the b terms with even m in the

the (e + b) formula in Eq. 3 gives the (e + by) formula with (x*, (X7, X72,)) = (-1, (1, —1)):

b;ﬁngprMk‘HK (cos k¢ + isindko) + ibé’?é}QwQIp‘4k+2|+2K (cos (4k + 2) ¢ + isin (4k + 2) ¢)

_ grdk 2141, |4k|+2K _idke 10,4k+2 21 |4k+2|+2K _i(4k+2)¢
= byy oW e 4 iby o) W p e :

P 21,
(S6)

Here, m has been replaced by 2k and 2k +1 to differentiate its being odd and even. Dropping

the imaginary part gives the (e + by) formula with (x“*, (X%, x72)) = (=1, (1,0)):

Bt ok — BSR4+ 2) "
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Section S3 Constraints on root expansions to obtain

I-adapted expansions in (), symmetry

Table S1: Constraints on expansions in Table 2 in the main text to give the appropriate

(X =1x').

Vibrational Modes (1,1) (1,-1)
(ag + ay) nr na
(ag + a,)! I even I odd
(ay + ay) I, I, ec or oo | I, I eo or oe
(ag +by), (ag + by) nr na
(ay + by), (ay + by) I, I; even I, I, odd
(bg +by), (by + by) nr na
(bg + by) Gee NZ Qoo NZ
(eg + ay), (e, + ay) nr na
(eg + ay), (€4 + ay) I even I odd
(eg+ by), (eu + by) nr na
(eg 4+ by), (€4 + by) m even m odd
(eg+ey), (ey +ey) nr na
(e + €u) m; even m; odd

f For two modes whose irreps only differ in subscripts, a-subscripted coordinates in Table 2
in the main text are for the first (a, here) and - for the second (a, here) mode. This rule
applies in all constraints tables in ESI and the main text.
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Table S2: Constraints on expansions in Table 3 in the main text to give the appropriate
Cy I
(X7 =—1,x7).

Vibrational Modes | (=1,1) | (—=1,—1)

(ag +by) nr na
(ag + by) na nr
(ay +by) I, even | I; odd
(ay + by) I, odd | I even
(by + by) nr na
(by + by) boe NZ beo NZ
(by + by) na nr

) nr na
(éw + ay), (e +ay) | I even I odd

( ) nr na

(éw+by), (eg+by,) | modd | m even
(ey + €u) nr na
(e +€y) my even | m, odd
(eg + eg) nr na

Table S3: Constraints on expansions in Table 4 in the main text to give the appropriate
Cy _ I
(X =i,x7).

Vibrational Modes | (7, 1) (i,—1)
(eg + ay) nr na
(eg + ay) Ieven | I odd
(e +ay) na nr
(eu + ay) I'odd | I even
(eg + bg) nr na
(eg + by) neven | n odd
(en + by) na nr
(ey + by) nodd | n even
(eg+€g) nr na
(eg + €u) my odd | m; even
(ey + €4) na nr
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