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Derivation of Eq. (23)
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The specific surface area of the condensate free surface is related to the small-distance behavior of the covariance
of the empty pore space Cop(r) via

a
Coo(r) ~ ¢o — TOT +0(r?) (SI-1)
From Eq. (20) of the main text, the covariance can be calculated as

Coo(r) = (H[B =Y (x1)|H[y = Z(x1)|H[B = Y (x2)|H[y — Z(x2)]) (SI-2)

where the two points x; and x5 are at distance r from one another. This can be expressed in terms of the multivariate
error function A4, which can in principle be simplified using the same methods as used for As and As in Appendix
A of the main text. However, the function A4 depends in general on a total of ten arguments (four thresholds « and
six correlations g;;) so that the mathematics would be extremely cumbersome. We therefore consider here only the
small-r behavior of Cpo.

In Dirichlet’s representation, the step function HJ.] is written as follows
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ly—o) = 5 [ Semivon (S1-3)

where the contour C' lies along the real axis but crosses the imaginary axis in upper half plane. Using Eq. (SI-3), the
covariance function in Eq. (SI-2) can be written as

where we have used the notations w’ = [w; w} wy wh] and YT = [Y(x1) Z(x1) Y (x2) Z(x2)]. The average value is
calculated as

<ei“’T'y> = e 2w Gw (SI-5)

where G is the covariance matrix of Y having the following structure

[ G(0) G(r) e 9v(r) gvz(r)
G- (G(r) < (0)> with G(r) = (gYYZ(T) e ) (SL-6)

The only term proportional to gy z(0) in the quadratic form w?Gw being 2gy 7z (0)(wiw] + waw}), one can remove

the singularity at w3 = w] =0 (or at wga = wh) =0 ) in Eq. (SI-4) by taking the derivative of Coo(r) with respect to

gy z(0). After some algebra this leads to
9Coo(r) _
agyz(O) 217T

de dw2 —zw2 ‘a—3wy TG(0)ws

/ dwl/ dw) e~ Wi x— 3wl G(O)w, (S1-7)
with

ol =[B4], wi =l wi], wi=[wsw) (SI-8)



and
X=a— ié(r)wz (SI-9)

The extra factor 2 in Eq. (SI-7) results from the symmetry of w/ Gw with respect to w; and wy.
Removing the singularity in the contour integrals turns them into regular integrals along the real axis, which can
be calculated using the general result

+o0 +oo n/2
_ 9 _
/ dw; .. / dwy, e~ 3w Hw—iw'z _ (I;)lmeézTH 'z (SI-10)
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which holds for any symmetric and positive-definite matrix H. Applying this formula to simplify Eq. (SI-7) leads to

8000(7’) _ ;13 _ 1 eféaTé_l(())a/ @ diujé efiw2T~/_L7%ngwz (SI—ll)
gy z(0) 473 |G(0)[1/2 c w2 Jo wh
with
p=a—-GrG (0 and H=G(0)— Gr)G10)G(r) (SI-12)

The double contour integral in Eq. (SI-11) can be conveniently expressed in terms of As. This eventually leads to
the following final expression

9Coo(r) _ 1 exp (_ e 26793/2(0))
gvz(0)  m\/1—g%,(0) 2(1 - g3,(0))
—p1/vVhy 1 hia/\/hihy
<Az K —uz/%) : ( b/l 1 )} (SE13)

where 111/ and hy /5,12 are the components of y and H. The latter are obtained through Eq. (SI-12) via successive
matrix multiplications; the values are

p=p— 1—g1§,Z((D [5 lgy (r) — 9y z(0)gy z(r)] + v [gy 2 (r) — QY(T)QYZ(O)]] (SI-14)
p2 =7 — 1_91%2(0) [5 lgy z(1) = 92(1)gy z(0)] + v [92(r) — QYZ(O)!JYZ(T)]} (SI-15)
and
=1 g [0 + 620) = 200 (v 2O (0] (S1-16)
hy =1~ lgly(o) |93(r) + 63 2(7) = 292(1)gy 2(0)gy ()] (SL-17)
iz = 972(0) = 15 [0 20) v )+ 9200)) = 95 5(0) [ov (1) + )] (SI-18)

The partial derivative 0Co0/dgy z(r) can be calculated along the same lines as Eq. (SI-13). This leads to the
following expression

9Coo(r) _ 1 exp <_ 8% +1% - 28y gYZ(T)>
Ogvz(r)  m\/1— g3 4(r) 2(1 = g% 4(r))
NN 1 Wyo/\/Hihy
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where ﬂ'l/Q and h’1/2/12 are obtained from Egs. (SI-14), (SI-15), (SI-16), (SI-17) and (SI-18) by replacing gy z(0) with
gy z(r) and vice versa.



The function Coo(r) can be viewed as being defined in a 4-dimensional parameter space, with dimensions gy (7),
9z(r), gvz(0) and gy z(r). Knowing the two partial derivatives d0Coo(r)/0gy z(0) and dCoo(r)/0gy z(r) enables one
to calculate the value of Coo(r) via a path integral in the corresponding [gy z(0), gy z(r)] plane. In order to formalize
this, we note that Eqs. (SI-13) and (SI-19) have the structure

0Coo0
Ox

— fa) and 2% = fy.a) (51-20)

where x stands for gy z(0) and y for gy z(r). A natural choice for the path along which to integrate is the straight
line joining the points [z = 0;y = 0] and [z = gy z(0); y = gy z(r)], which can be parametrized as

r=tgvz(0) y=tgyz(r) (SL-21)

where t is an integration variable that takes values between 0 and 1. Evaluating the path integral along this straight
line leads to

Coolr) = Coo(r)|, +av2(0) [ fltav2(O)tav2(r) dt+av2r) [ ftgva()tava) ot (s1:2)

The starting point of the path, Coo(T)’ , corresponds to the situation where gy z(r) = 0 for all r, which means that

the fields Y and Z are independent. In this case the two-point function takes the value

COO(’I")‘O = {1 —2MA4[B] + A2 K g) J <gy1(7') gyl(T) )]}
1

x{1—2A1[v]+A2 Kz),(gz(r) gzl(r))]} (SI-23)

which results directly from Eq. (SI-2) if the fields Y and Z are independent from one another.

The specific surface area ap then obtained from Eq. (SI-1). For small values of r the field correlation functions are
quadratic, and their expressions are given by Eq. (4), (B8) and (B10) of the main text. Using these expressions in
Eqs. (SI-14), (SI-15), (SI-16), (SI-17) and (SI-18), and neglecting all contributions of order O(r?), one obtains

mo_ o nr p2 Vo hia gy 2(0) lylz (SL24)
Vhi 21y Vha  V2lz  Vhihs lyz
with
(Bgyz(0) —7)gy z(0) ( ly )2
v =p+ 11— — SI-25
=0 1— g% 4(0) lyz (51-25)
and
(vgyz(0) — B)gyz(0) ( Iz )2
Vo — 11—tz SI-26
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Introducing these expressions in Eq. (SI-13) leads to
9Coo _ 1 exp <52 +9° - 2579YZ(0))
9g9vz(0)  m\/1— g2,(0) 2(1 - g3 ,(0))
1 1 141 12} 1 . lYlZ 2
X {4 + e <ly + ZZ) + - arcsin (gYZ(O)lYZ>} +O(r?) (S1-27)

If we proceed in the same way for Eq. (SI-19), i.e. starting with Eqs Eqs. (SI-14), (SI-15), (SI-16), (SI-17) and
(SI-18) with gy z(0) exchanged with gy z(r), this eventually leads to
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with

and
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We finally obtain
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(SI-29)

(SI-30)

(SL-31)

If one introduces Egs. (SI-27) and (SI-31) into Eq. (SI-22), one eventually finds Eq. (SI-1) with ¢o and ao given by

Eqgs. (21) and (23) of the main text, respectively.



