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One-Particle Density Matrix of MP2

For OOMP2 methods, we compute the correlated 1PDM using

P
(2)
ij = −1

2

∑
abk

(tabik)∗tabjk (S1)

P
(2)
ab =

1

2

∑
ijc

(tacij )∗tbcij . (S2)

where the first is the MP2 correction to the occupied-occupied (OO) block of the 1PDM and

the second is the correction to the virtual-virtual (VV) block. For κ-OOMP2, the amplitudes

used in Eq. (S1) and Eq. (S2) are regularized. Moreover, κ-OOMP2 has an extra term to
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the OO and VV blocks,

Xij = −κ
∫ 1

0

dτeτκεi(ω∗ij + ωji)e
(1−τ)κεj (S3)

Yab = κ

∫ 1

0

dτe−τκεa(ωab + ω∗ba)e
−(1−τ)κεb (S4)

where the definition of ωij and ωab are defined as follows:

ωij =
∑
aP

e−τκεaV P
ia Γ̃Paj (S5)

and

ωab =
∑
iP

eτκεiΓ̃PaiV
P
ib (S6)

where V P
ia is the 3-center 2-electron integrals and Γ̃Pai reads

Γ̃Pai =
∑
jb

tabij V
P
jb (S7)

The resulting κ-OOMP2 1PDM is then obtained by summing the usual MP2 contribution

and the regularization correction terms (Eq. (S3) and Eq. (S4)). In other words, we have

P̃
(2)
ij = P

(2)
ij +Xij (S8)

P̃
(2)
ab = P

(2)
ab + Yab (S9)

These P̃
(2)
ij and P̃

(2)
ab are the relaxed 1PDMs of κ-OOMP2. More details are available in ref.

35.

Non-Collinearity Test of MP1 Wavefunctions

In order to perform the non-collinearity test on an MP1 wavefunction, one needs first-order

corrections to 〈Ŝi〉 and 〈ŜiŜj〉 where i, j ∈ {x, y, z}. The first-order correction to 〈Ô〉 for an
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operator Ô is defined as follows:

〈Ô〉1 = 〈Ψ1|Ô|Ψ0〉+ 〈Ψ0|Ô|Ψ1〉. (S10)

This can be derived from the derivative with respect to λ of the first-order MP energy

expression E(1) with a modified Hamiltonian, Ĥ + λÔ. We enumerate the expectation value

of each spin operator using this formula. For 〈Ŝ2〉, one may use the following identity:

Ŝ2 = Ŝz + Ŝ2
z + Ŝ−Ŝ+, (S11)

where

Ŝz =
1

2

∑
p

(
â†pα âpα − â

†
pβ
âpβ

)
(S12)

Ŝ+ = Ŝx + iŜy =
∑
p

â†pα âpβ (S13)

Ŝ− = Ŝx − iŜy =
∑
p

â†pβ âpα (S14)

One can evaluate 〈ŜiŜj〉 for i, j ∈ {x, y} using 〈ŜiŜj〉 for i, j ∈ {+,−}. We choose to work

with these ladder operators for simplicity.
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With a cGHF reference, the zeroth order expectation values are as follows:45,46

〈Ŝz〉0 =
1

2

∑
i

(
〈iα|iα〉 − 〈iβ|iβ〉

)
(S15)

〈Ŝ+〉0 =〈Ŝ−〉∗0 =
∑
i

〈iα|iβ〉 (S16)

〈Ŝ2
z 〉0 =

1

4

∑
i

(
〈iα|iα〉+ 〈iβ|iβ〉

)
+

1

4

∑
ij

∑
σ∈{α,β}

(〈iσ|iσ〉〈jσ|jσ〉 − 〈iσ|jσ〉〈jσ|iσ〉)

+
1

4

∑
ij

(
〈iβ|jβ〉〈jα|iα〉 − 〈iα|iα〉〈jβ|jβ〉+ h.c.

)
(S17)

〈Ŝ−Ŝ+〉0 =
∑
i

〈iβ|iβ〉+
∑
ij

(
〈iα|iβ〉〈jβ|jα〉 − 〈iβ|jα〉〈jα|iβ〉

)
(S18)

〈Ŝ+Ŝ−〉0 =
∑
i

〈iα|iα〉+
∑
ij

(
〈iα|iβ〉〈jβ|jα〉 − 〈iβ|jα〉〈jα|iβ〉

)
(S19)

〈Ŝ−Ŝ−〉0 = 〈Ŝ+Ŝ+〉∗0 =
∑
ij

(
〈iβ|iα〉〈jβ|jα〉 − 〈jβ|iα〉〈iβ|jα〉

)
(S20)

〈Ŝ+Ŝz〉0 = 〈ŜzŜ−〉∗0 =− 1

2

∑
i

〈iα|iβ〉+
1

2

∑
ij

(
〈iα|iβ〉〈jα|jα〉 − 〈jα|iβ〉〈iα|jα〉

)
− 1

2

∑
ij

(
〈iα|iβ〉〈jβ|jβ〉 − 〈iβ|jβ〉〈jα|iβ〉

)
(S21)

〈Ŝ−Ŝz〉0 = 〈ŜzŜ+〉∗0 =
1

2

∑
i

〈iβ|iα〉+
1

2

∑
ij

(
〈iβ|iα〉〈jα|jα〉 − 〈iα|jα〉〈jβ|iα〉

)
− 1

2

∑
ij

(
〈iβ|iα〉〈jβ|jβ〉 − 〈iβ|jβ〉〈jβ|iα〉

)
(S22)

where we used the fact that each orbital is of the spinor form in Eq. (6) and we define

〈pσ1 |qσ2〉 =

∫
r

(φσ1p (r))∗φσ2q (r). (S23)

We note that there is no spin integration in Eq. (S23). These are used to compute the co-

variance matrix Aij = 〈ŜiŜj〉−〈Ŝi〉〈Ŝj〉. As noted before, the eigenspectrum of A determines

whether the GHF wavefunction is genuinely non-collinear. The wavefunction is collinear if
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and only if there is a zero eigenmode.

Similarly, the first-order corrections to these expectation values can be obtained from

〈Ô〉1 =
1

4

∑
ijab

(
tabij

)∗
〈Ψab

ij |Ô|Ψ0〉+
1

4

∑
ijab

〈Ψ0|Ô|Ψab
ij 〉tabij (S24)

This can be easily computed as follows:

〈Ŝz〉1 = 〈Ŝ+〉1 = 〈Ŝ−〉1 = 0 (S25)

〈Ŝ2
z 〉1 =

1

4

∑
i<j
a<b

(
tabij

)∗ ∑
σ∈{α,β}

(2〈aσ|iσ〉〈bσ|jσ〉 − 2〈aσ|jσ〉〈bσ|iσ〉)

+
1

4

∑
i<j
a<b

(
tabij

)∗
(−2〈aα|iα〉〈bβ|jβ〉+ 2〈aβ|jβ〉〈bα|iα〉

− 2〈aβ|iβ〉〈bα|jα〉+ 2〈aα|jα〉〈bβ|iβ〉) + h.c. (S26)

〈Ŝ−Ŝ+〉1 = 〈Ŝ+Ŝ−〉1 =
∑
i<j
a<b

(tabij )∗(〈aβ|iα〉〈bα|jβ〉 − 〈aα|jβ〉〈bβ|iα〉

+ 〈aα|iβ〉〈bβ|jα〉 − 〈aβ|jα〉〈bα|iβ〉) + h.c. (S27)

〈Ŝ−Ŝ−〉1 = 〈Ŝ+Ŝ+〉∗1 =
∑
i<j
a<b

(tabij )∗
(
2〈aβ|iα〉〈bβ|jα〉 − 2〈aβ|jα〉〈bβ|iα〉

)
+
∑
i<j
a<b

(tabij )
(
2〈iβ|aα〉〈jβ|bα〉 − 2〈jβ|aα〉〈iβ|bα〉

)
(S28)
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〈Ŝ+Ŝz〉1 = 〈ŜzŜ−〉∗1 =
1

2

∑
i<j
a<b

(tabij )∗(〈aα|iβ〉〈bα|jα〉 − 〈aα|jα〉〈bα|iβ〉

+ 〈aα|iα〉〈bα|jβ〉 − 〈aα|jβ〉〈bα|iα〉 − 〈aα|iβ〉〈bβ|jβ〉

+ 〈aβ|jβ〉〈bα|iβ〉 − 〈aβ|iβ〉〈bα|jβ〉+ 〈aα|jβ〉〈bβ|iβ〉)

+
1

2

∑
i<j
a<b

tabij (〈iα|aα〉〈jα|bβ〉 − 〈jα|aβ〉〈iα|bα〉

+ 〈iα|aβ〉〈jα|bα〉 − 〈jα|aα〉〈iα|bβ〉 − 〈iβ|aβ〉〈jα|bβ〉

+ 〈jα|aβ〉〈iβ|bβ〉 − 〈iα|aβ〉〈jβ|bβ〉+ 〈jβ|aα〉〈iα|bβ〉) (S29)

〈Ŝ−Ŝz〉1 = 〈ŜzŜ+〉∗1 =
1

2

∑
i<j
a<b

(tabij )∗(〈aβ|iα〉〈bα|jα〉 − 〈aα|jα〉〈bβ|iα〉

+ 〈aα|iα〉〈bβ|jα〉 − 〈aβ|jα〉〈bα|iα〉 − 〈aβ|iα〉〈bβ|jβ〉

+ 〈aβ|jβ〉〈bβ|iα〉 − 〈aβ|iβ〉〈bβ|jα〉+ 〈aβ|jα〉〈bβ|iβ〉)

+
1

2

∑
i<j
a<b

tabij (〈iα|aα〉〈jβ|bβ〉 − 〈jβ|aα〉〈iα|bα〉

+ 〈iβ|aα〉〈jα|bα〉 − 〈jα|aα〉〈iβ|bα〉 − 〈iβ|aβ〉〈jβ|bα〉

+ 〈jβ|aα〉〈iβ|bβ〉 − 〈iβ|aα〉〈jβ|bβ〉+ 〈jβ|aβ〉〈iβ|bα〉) (S30)

Complex Generalized HF

The variation in the energy expression reads

δE =
∑
ia

(−haiδΘia − hiaδΘ∗ia)−
1

2

∑
ija

(
〈ij ‖ aj〉 δΘ∗ia + 〈ij ‖ ia〉 δΘ∗ja + 〈aj ‖ ij〉 δΘia + 〈ia ‖ ij〉 δΘja

)
where δΘia is an infinitesimal orbital rotation. This energy variation can be used to compute

orbital gradient and similarly orbital hessian.
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Orbital Gradient

We compute the gradient of E with respect to the real and imaginary part of Θ,

∂E

∂Re(Θia)
= − [hai + Jai −Kai] + h.c. = −hai −

∑
k

〈ak||ik〉 − hia −
∑
k

〈ik||ak〉

∂E

∂iIm(Θia)
= − [hai + Jai −Kai]− h.c. = −hai −

∑
k

〈ak||ik〉+ hia +
∑
k

〈ik||ak〉

Orbital Hessian

Similarly, the variation of orbital gradient reads

δ
∂E

∂Re(Θia)
=
∑
j

(
−hjiδΘ∗ja + habδΘ

∗
bi

)
+
∑
k

(
−
∑
j

δΘ∗aj〈jk||ik〉+
∑
b

δΘ∗bi〈ak||bk〉

)

+
∑
kb

δΘ∗bk〈ak||ib〉+
∑
kb

δΘbk〈ab||ik〉+ h.c. (S31)

and

δ
∂E

∂iIm(Θia)
=
∑
j

(
−hjiδΘ∗ja + habδΘ

∗
bi

)
+
∑
k

(
−
∑
j

δΘ∗aj〈jk||ik〉+
∑
b

δΘ∗bi〈ak||bk〉

)

+
∑
kb

δΘ∗bk〈ak||ib〉+
∑
kb

δΘbk〈ab||ik〉 − h.c. (S32)

These are then used to obtain orbital hessian:

∂2E

∂Re(Θia)∂Re(Θjb)
=

[
−δab

(
hji +

∑
k

〈jk||ik〉

)
+ δij

(
hab +

∑
k

〈ak||bk〉

)
+ 〈aj||ib〉+ 〈ab||ij〉

]
+ h.c

(S33)
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∂2E

∂iIm(Θia)∂iIm(Θjb)
=

[
δab

(
hji +

∑
k

〈jk||ik〉

)
− δij

(
hab +

∑
k

〈ak||bk〉

)
− 〈aj||ib〉+ 〈ab||ij〉

]
+ h.c

= − ∂2E

∂Im(Θia)∂Im(Θjb)
(S34)

∂2E

∂Im(Θia)∂Re(Θjb)
=i [−〈aj||ib〉+ 〈ab||ij〉 − h.c.] (S35)

∂2E

∂Re(Θia)∂Im(Θjb)
=− i [−〈aj||ib〉+ 〈ab||ij〉 − h.c.] (S36)
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