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Appendix A – RPA-Error in Approximation 
of nAg Specific Surface Area

Starting from the basic definitions of converting number-based fractions ( ) to mass (or volume – for 𝑓𝑁
𝑖

constant density particles) fractions ( ), we can write:𝑓𝑚
𝑖

   (A1)
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where  [L] is the diameter of particles in bin . The mass-based or volumetric mean diameter ( ) of a 
𝑑𝑝𝑖 𝑖 𝑑 𝑚

50

population of variably sized particles can be calculated as:

            (A2)
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Now and concerning the dissolution kinetics, we assume the rate of Ag+ mass speciation from a silver 
nanoparticle to be proportional to the surface area of that particle [1]. For a population of particles one can 
assume that dissolution kinetics is proportional to the specific surface area ( ) of particles for any given 𝑆𝑆𝐴
point in time, , and space, . That is:𝑡 𝑥

                   (A3)

𝑘𝑑𝑖𝑠𝑠(𝑥,𝑡)

𝑆𝑆𝐴(𝑥,𝑡)
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

The  of a variably sized population of particles can be calculated directly from the number-based particle 𝑆𝑆𝐴
size distribution (PSD) as:

(A4)
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where  [L2] and  [L3] are the total surface area and volume of a population of particles. The rightmost 𝑆𝐴 𝑉𝑜𝑙
term in Eq. A4 can be rewritten as:

    (A5)
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substituting  from Eq. A1 in Eq. A5, an expression for calculating  from mass fractions can be derived 𝑓𝑚
𝑖 𝑆𝑆𝐴

as:

      (A6)
𝑆𝑆𝐴 = 6 ∙  ∑

𝑖

𝑓𝑚
𝑖

𝑑𝑝𝑖

Alternatively,  can be estimated using the mean particle diameter as the diameter of a particle 𝑆𝑆𝐴
representative of the entire population (i.e. RPA approach). Based on this approach:

              (A7)
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𝑑 𝑚

50
=
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Given the difference in the mathematical form of SSA expressions between equations A6 and A7, it can be 

shown that  (Eq. A7) is a biased estimator that tends to underestimate  parameter. 
𝑆𝑆𝐴

𝑑 𝑚
50 𝑆𝑆𝐴



4 | P a g e

Appendix B – Component Reactive 
Transport Equations 

The numerical model presented in Taghavy et al. [2] is incorporated in this study. Three advection-
dispersion-reaction (ADR) equations are solved for represent transport and oxidative dissolution of 
particulate silver (nAg), where dissolved silver (Ag+) is speciated, and dissolved oxygen (DO) is consumed 
[2]:

∂
∂𝑡

(𝜙𝐶𝑖 + 𝜌𝑏𝑆𝑖) +
∂

∂𝑥[𝜙(𝑣𝑤𝐶𝑖 ‒ 𝐷 ℎ
𝑤,𝑖

∂𝐶𝑖

∂𝑥 )] = 𝑟𝑖 (B1)

here subscript  denotes particulate and dissolved components (i.e. nAg, DO and Ag+),  (mol/m3) is the 𝑖 𝐶𝑖

molar concentration of component  in the aqueous phase, and  [mol/kg dry sand] is the molar 𝑖 𝑆𝑖

concentration of component  associated with the sand grains per unit weight of the solid phase,  (kg/m3) 𝑖 𝜌𝑏

and  [–] are dry bulk density and clean bed porosity of sand,  (m/s) is the interstitial velocity of water, 𝜙 𝑣𝑤

and  (m2/s) is hydrodynamic dispersion coefficient of component  in the aqueous phase. The reaction 
𝐷 ℎ

𝑤𝑖 𝑖

term  (mol/m3.s) is the net molar rate of production of component  in the aqueous phase per unit bulk 𝑟𝑖 𝑖

volume. nAg dissolution is represented using a first-order kinetic expression with respect to nAg 

concentration [1] and the stoichiometric coefficients;  and :
𝑎

𝐴𝑔 +
𝑛𝐴𝑔

= 1 𝑎𝐷𝑂
𝑛𝐴𝑔

= 0.25

𝑟𝑛𝐴𝑔 =  
∂
∂𝑡

(𝜙𝐶𝑛𝐴𝑔 + 𝜌𝑏𝑆𝑛𝐴𝑔) =  ‒ 𝑘𝑑𝑖𝑠𝑠(𝜃𝑤𝐶𝑛𝐴𝑔
𝑤 + 𝜌 ∗

𝑏 𝜔𝑛𝐴𝑔
𝑠 ) = ‒ 𝑟𝐴𝑔 +

=  0.25 𝑟𝐷𝑂 (B2)

where  [s-1] is the nAg dissolution rate coefficient, a function of the specific surface area (SSA) [m2/g] 𝑘𝑑𝑖𝑠𝑠

of particles calculated based on the scaling of a reference state denoted with subscript :0

Particle-Collector Interactions: the second term on the time derivative of Eq. B1 accounts for mass 
transfer between aqueous and solid phases and represents the filtration of nAg. Ag+ and DO adsorption to 
solid phase was neglected.

𝜌𝑏
∂𝑆
∂𝑡

= 𝜙𝑘𝑎𝑡𝑡𝜓𝐶 (B4)

where  [–] is a site blocking function assuming a value of unity in the case of clean bed filtration [3], and  𝜓

 (1/s) is particle attachment rate constant and is expressed as a function of the physical and chemical 𝑘𝑎𝑡𝑡

characteristics of particle, flow and porous medium:

𝑘𝑑𝑖𝑠𝑠(𝑥,𝑡) = 𝑘𝑑𝑖𝑠𝑠0 ∙
𝑆𝑆𝐴(𝑥,𝑡)

𝑆𝑆𝐴0
(B3)
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𝑘𝑎𝑡𝑡 =
3(1 ‒ 𝜙)𝑣𝑤

2𝑑𝑐
𝛼𝑃𝐶 ∙ 𝜂0 (B5)

here  (m) is the mean sand grain diameter, and  and  are dimensionless variables denoting the 𝑑𝑐 𝛼𝑃𝐶 𝜂0

adhesive fraction and frequency of particle-collector collisions. The former parameter is obtained by fitting 
experimental breakthrough and/or retention data and the latter was calculated a priori using semi-empirical 
correlation of Tufenkji and Elimelech [4]: 

𝜂0 = 2.4𝐴𝑠
1 3𝑁𝑅

‒ 0.081𝑁𝑃𝑒
‒ 0.715𝑁𝑣𝑑𝑊

0.052 + 0.55𝐴𝑠𝑁𝑅
1.675𝑁𝐴

0.125 + 0.22𝑁𝑅
‒ 0.24𝑁𝐺

1.11
(B6)

where , , , , , and  are dimensionless numbers fully described in [4]. Note that with the 𝐴𝑠 𝑁𝑅 𝑁𝑃𝑒 𝑁𝑣𝑑𝑊 𝑁𝐴 𝑁𝐺

exception of Happel correction factor, , and van der Waals number, , the remaining dimensionless 𝐴𝑠 𝑁𝑣𝑑𝑊

numbers are particle size-dependent parameters.
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Appendix C – Selected Simulation Results 
for the Modeled Case Scenarios 

Tabulated silver recovery values in terms of particulate (nAg), dissolved (Ag+), and total silver 
elution are presented in Table A2. Values are provided in absolute [mg] and normalized (to injected silver 
mass of 0.234 mg) [%] forms. Table A3 provides a summary of calculated RPA-error in approximation of 
silver elution in form of particulate nAg, dissolved Ag+ ions. Table A4 presents the predicted change in 
mean particle diameters between influent and effluent boundaries.

Table A2. Simulated silver recovery from the sand column based on the RPA (MD: monodisperse) approximation 
and PSD approach that treats NPs as polydisperse (PD) populations for the base case, increased filter length, and 
reduced flow case scenarios.

RPA (MD) PD #1 PD #2 PD #3

nAg Ag+ Tot 
Ag nAg Ag+ Tot 

Ag nAg Ag+ Tot 
Ag nAg Ag+ Tot 

Ag

mg 0.144 0.006 0.150 0.139 0.007 0.146 0.120 0.014 0.135 0.110 0.014 0.124

B
as

e 
ca

se

% 61.5% 2.6% 64.1% 59.6% 3.0% 62.6% 51.3% 6.2% 57.5% 47.0% 6.1% 53.1%

mg 0.087 0.010 0.096 0.083 0.011 0.094 0.070 0.018 0.088 0.059 0.019 0.078

In
cr

ea
se

d 
le

ng
th

% 37.0% 4.1% 41.1% 35.4% 4.6% 40.0% 29.9% 7.9% 37.8% 25.0% 8.2% 33.2%

mg 0.015 0.080 0.095 0.015 0.086 0.101 0.017 0.111 0.127 0.015 0.125 0.140

A
g 

m
as

s e
lu

te
d 

R
ed

uc
ed

 
ve

lo
ci

ty

% 6.3% 34.3% 40.6% 6.6% 36.8% 43.4% 7.2% 47.3% 54.5% 6.4% 53.4% 59.8%

Table A3. RPA error in the particulate, dissolved, and total silver mass recovery for the base case, 
increased filter length, and reduced flow case scenarios.

Base case Increased Length Reduced Velocity 
PSD

nAg Ag+ Total 
Ag nAg Ag+ Total 

Ag nAg Ag+ Total 
Ag

PSD #1 3.2% -13.5% 2.4% 4.5% -10.7% 2.7% -3.5% -6.8% -6.3%

PSD #2 19.7% -58.1% 11.3% 23.8% -47.6% 8.9% -12.4% -27.5% -25.5%

PSD #3 30.7% -57.4% 20.6% 47.9% -49.4% 23.9% -1.6% -35.8% -32.1%
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Table A4. Mean diameters of effluent particles and respective 
percent increase from the influent mean particle diameter of 
ca. 39 nm predicted for PSD#1-3 for the base case, increased 
filter length, and reduced flow case scenarios. 

  PD #1 PD #2 PD #3

nm 40.2 49.1 54.4

B
as

e 
ca

se

% 
increase 4.4% 27.3% 41.0%

nm 41.9 57.4 72.7

In
cr

ea
se

d 
le

ng
th

% 
increase 8.7% 48.6% 88.6%

nm 47.0 77.0 121.0

R
ed

uc
ed

 
ve

lo
ci

ty

% 
increase 22.0% 99.5% 213.6%
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Appendix D – Log-Normal Fit to 
Experimental Particle Size Distribution

 
The cumulative form of experimental particle size distribution of Zhang et al. [5] was constructed 

and was fitted to a log-normal distribution (Equation D1). 

𝐹(𝑑𝑝,𝜇𝐿𝑁,𝜎𝐿𝑁) =  
1
2

+
1
2

∙ 𝑒𝑟𝑓(𝑙𝑛(𝑑𝑝) ‒ 𝜇𝐿𝑁

2 𝜎𝐿𝑁
) (D1)

where [m] is the independent random variable representing particle diameter, and  and  are the 𝑑𝑝 𝜇𝐿𝑁 𝜎𝐿𝑁

lognormal distribution parameters with fitted values of 3.58 and 0.36, respectively.
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Figure A2. Log-normal fit to the experimental nAg particle-size-distribution. 

Parametric estimators of the mean, , and skewness, , for a lognormal distribution are given as:
𝜇𝑑𝑝

𝛾𝑑𝑝

𝜇𝑑𝑝
= exp (𝜇𝐿𝑁 +

𝜎 2
𝐿𝑁

2 ) (D2.a)

𝜎𝑑𝑝
= exp (𝜇𝐿𝑁 +

𝜎 2
𝐿𝑁

2 ) 𝑒
𝜎 2

𝐿𝑁 ‒ 1 (D2.b)

𝛾𝑑𝑝
= (𝑒

𝜎 2
𝐿𝑁 + 2) 𝑒

𝜎 2
𝐿𝑁 ‒ 1 (D2.c)
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Figure A3. Sensitivity of predicted silver elution in particulate (left vertical axis) and dissolved (right vertical axis) 
forms as percentage of injected total silver mass (234μg in all simulations) to variations in (a) distribution skewness 
at constant mean particle diameter (39 nm) and (b) distribution mean at constant coefficient of variation of 0.37. Note 
the expected insensitivity of RPA predictions to variations in distribution skewness, a result of the constant mean. 
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