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Development of phase field model

The phase field model is developed based on the combination of Landau theory!, gradient
thermodynamics?, and Khachaturyan—Shatalov’s microelasticity theory?. It should be pointed
out that the phase field model is tested (with a uniform Nb concentration of 15 at.%) by
producing a stress-strain curve that is consistent with the experimental result of Ti2448 that has
the same Nb concentration including the critical stress for the MT, stress hysteresis and

superelasticity (see Figure S1).

a) Symmetry breaking during MT in TiNb-based SMAs. The phase filed model is
formulated for the multifunctional f TiNb-based alloys. According to the Burgers lattice
correspondence* for the p (BCC, point group m§m) to o martensite (orthorhombic, point
group mmm) transformation’

[001]B—>[100]a.., [1_10]B—>[010]au, [110]ﬁ—>[001]a..,
and the symmetry operations in the point groups that preserve such a lattice correspondence,
only 8 operations (out of the 48 symmetry operations in m§m)6 are left after the transformation,
leading to 6 (=48/8) crystallographic equivalent deformation modes (or correspondence
variants)’ characterized by 6 different transformation strain tensors. In fact, because internal
shuffle of {110} atomic planes is also involved during the transformation® %, which doubles
the deformation variants, there are total 12 deformation variants!'. However, an internal shuffle
dose not contribute to the transformation strain'?. Thus, if we choose the three orthogonal axes
of the cubic crystal of the parent phase as the reference coordinate system and follow the
Burgers correspondence, the transformation matrices that map the parent phase lattice onto that

of the martensitic variants by a uniform affine deformation read
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where & \f / aO, (=9 aO, 14 \fc/ aO, with aO, a, b and ¢ being the lattice parameters of

the parent and martensitic phase. The corresponding stress-free transformation strain (SFTS)

0
of the p-th variant, €ij (p), can be calculated directly from the transformation matrices given in

Eq. (1) according to the following equation

0 _1 T — 1
&j(0) =(UpU,-1), (p=1 2 o

where the superscript 7" indicates matrix transpose, and / is the identity matrix. The Green strain
tensor is more appropriate to describe the MT induced finite deformation and thus adopted in
this study, as shown in Eq. (2). As this, second Piola-Kirchhoff stress tensor is used here and

the constitutive equation is the generalized Hooke’s law, as indicated by Eq. (10).

Note that we are considering a compositionally non-uniform system in the current study and
the lattice parameters of the parent and martensitic phases are functions of local concentration,
which makes the SFTS in Eq. (2) a function of location as well. Both experimental
measurements'® and ab initio calculations'# show that the concentration-dependence of lattice
parameters of f and o” phases in TiNb alloys can be approximated by linear functions (i.e.,
following the Vegard’s law). Therefore the variation of lattice parameters of f and o phases
with concentration is obtained by fitting the experimental and simulation data reported in

references>!13-16,
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b=5167-17 X ¢y, X 10°° 5 (3¢)
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where °Nb is the Nb concentration in atomic percent. Besides the SFTS, the M; also depends
on Nb concentration, which, according to existing data in the literature!’”"'°, can be

approximated by the following linear relationship

Mg =550 - 24 x cyp 4)

b) Free energy formulation. In our phase field approach, the parent and martensitic

phases in TiNb-based alloys are characterized by using six non-conserved structural order
parameters, My (p=1~6), with (nP =1~6 — 0) representing the parent phase and

(nP = 2L Mgo16 burqep ™ 0) representing the p-th correspondence variant of the
martensitic phase, where +1 and -1 denote atomic shuffles in two opposite directions in a
correspondence variant. The total free energy functional, F, of the system is formulated as the

following

-

where 7 is the gradient energy coefficient for structural non-uniformities following the

6

1

EKUZ (Vnp)z + f (1 M6) + fox(My - M6) d*r +E,,
p=1

; ©)

gradient thermodynamics?, f.,, is the Landau free energy that describes the free energy of a local
volume element having a uniform structural state characterized by 7,(r) (p=1-6)**23. In the
current study, the stress-free transformation strain tensor for a local volume element located at

r will be given by

6
€ =) e n
p=1 (6)

and the Landau free energy can be approximated by the following polynomial?*
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where 4, A, and A4; are expansion coefficients. The Mg modulation induced by concentration

1 : 1 < 1
fen(m1-m6) = 5A1(T -To) Z ”zzza(r) - ZAz Z 773(7’) + €A3
p=1 p=1

, (1)

modulation (CM) is incorporated into the model by formulating 7, as a function of
concentration, i.e., To=493-24 x cy, K.
The free energy associated with an external stress, Tkt (i.e., the work term by the external

stress) in Eq. (5), is given by the following equation
fex(nl' “'776) = Ok gﬂl/g(r) (8)

The last term in Eq. (5), E,;, is the coherency elastic strain energy of a structurally non-uniform
but coherent system (i.e., martensitic variants coherently embedded in the parent phase matrix)
characterized by 7,(r). According to the literature?’, in which a new mathematical formulation
of the coherency elastic strain energy that accounts for CM is derived based on Khachaturyan—

Shatalov’s microelasticity theory (KS-theory)?, it has the following close form

E,= 2 Z 2 f KL(n){HK}k{HL} k
=1L= : )
k
n=-—
where the integral is taken in the reciprocal space, k is a unit vector and X is a vector with

a modulus of ¥ in the reciprocal space (note that ¥ = 0 is to be excluded from the integration),

{QK}k represents the Fourier transformation of HK, which i1s defined as
6

0x(r) =Y. [ehp.T) - M)

p=1 (the indices 7, j and K in this expression are correlated via a

generalized Voigt notation, i.e. 11 —1, 22 —2, 33 —3, 23 —4, 13 -5, 12 —6, 32 —7, 31
0

—8, 21 —9). Note that the transformation strain, &j (. r)’ is a function of position because of

its dependence on local concentration'?!®. For a system with a free boundary, B i Eq.

(9) reads

0 n=0
Praln) = {C ga€ iy FOE (L) - ma "5 (KR (o (L n#0



‘1
where @ i 0O = Cy' B Q% (W) = Cygmyny g

£V (K) = 1 if KisVoigt notation of kl
ki 0 otherwise.

Note that such a boundary condition is required to simulate stress-controlled (constant

stress) uniaxial tension.

¢) Kinetic equation. The following time-dependent Ginzburg-Landau equation?® is used
to describe the temporal and spatial evolution of the structural order parameters during the

MT

dn,(r,t) SF

M—"" 40, p=1~6
dt 50,7, O H 0. P

; (1)

where M is the kinetic coefficient and Ep(r’ ) are the Langevin noise terms for structural

fluctuations, which meets the following fluctuation-dissipation theorem?%-24:

kT , ,
S(r-r)s(t-t)

& (r,t)) =2
( p P( ) |Af|lg | (12)

where ke is the Boltzmann constant, T'is the absolute temperature, |Af| is the chemical driving

force (free energy difference between the parent and martensitic phases calculated from the

Landau free energy), Lo is the length scale assigned to the computational grid increment, and

8 is the Kronecker delta function.

Equation (11) is solved numerically in the reciprocal space using a finite difference
method for a compositionally modulated model system. The total free energy of the parent
phase at 773K (a temperature above M) is formulated on the basis of the Ti-Nb binary

system??7-2% in our spinodal decomposition model,

FSP = f [f(c) +E(Vc)2}dV
2
4 , (13)

where f(¢) is the local chemical free energy, ¢ is Nb concentration, and %c is the gradient energy
coefficient. The dimensionless local chemical free energy / ~ (¢) approximated by a double-well

function with the equilibrium concentrations of the two coexisting phases being 0.08 and 0.213,

6



respectively, e.g., f " (¢) = (¢~ 0.08)(0.2 - ©)*. The dimensionless gradient energy coefficient is
o,

B 2
l

*

t

©=0.691

chosen to be K¢ . The reduced time is calculated via , where M denotes

chemical mobility of composition, |Af C| is chemical driving force of spinodal decomposition, Ly

is numerical grid size. The dimensionless time step At " is chosen to be 0.001. The interfacial

energy between the solute-rich and solute lean phases at equilibrium is assumed to be ~0.01

J/m?, which yields a numerical grid size of 10~1 nm. The temporal evolution of the
concentration field is governed by the Cahn-Hilliard equation®®. The gradient energy
coefficient is, in general, a constant for a given material. To study the role of CM wavelength

in the linear super-elastic behavior, different dimensionless gradient energy coefficients (

Kc = 0.058, 0.288, 0.461, 0.691, and 2.591) are used to generate systems with different CM
wavelengths (12 nm, 30 nm, 37 nm, 44 nm, and 110 nm, respectively) in spinodal

decomposition. The relationship®® between gradient energy coefficients and CM wavelength,

2
L=2m |- ” d’f
L, is f(©), where f (€) represents d¢”. It should be pointed out that such a range of

spinodal wavelength is in consistence with experimental observations?'.

d) Model parameters. The elastic constants of the parent phase, C;1=57.2 GPa, C,,=36.1
GPa and C44=35.9 GPa are obtained from the literature 332, Homogeneous modulus assumption
is adopted in this study, i.e. the o” martensitic phase is assumed to have the same elastic
constants as that of the parent phase because of the lack of consistent experimental data for the
elastic constants of a” martensites’?. The expansion coefficients in the Landau free energy,
A;=1.3x10° J/m3-K, 4,=11.74x107 J/m3, A3=17.39x107 J/m3, are chosen in such a way that the
phase field model (with an uniform Nb concentration of 15 at.%) produces a stress-strain curve
that is consistent with the experimental result of Ti2448 that has the same Nb concentration 32,
including the critical stress for the MT, stress hysteresis and super-elasticity (see Figure S1).
The gradient energy coefficient for the structural non-uniformity is assumed to be x,=1.2x10
12 J/m, which yields an interfacial energy between the parent and martensitic phases of Iy,
~0.01 J/m? (which falls in the range of the experimental values**) and a twin boundary energy

between different martensitic variants of 77,,~=0.02 J/m? (I'yp,~=2I 45; according to reference

35) with a length scale of lo_1 nm. The structural mobility in Eq. (11) is chosen as M=1X 10



m*J-1s!, estimated from v=M (-Af")3>-3¢, where v is the interface velocity between the parent

and martensitic phases during the MT (~103 m/s) and Af=-107 J/m?3 3738 is the typical driving
kpT
2 3=
force for the MT. The amplitude of the Langevin noise is 1Af 1k 0.3 in our simulations at

Lox128l0x 128!

300K. The system size used in the simulations is 128 0. Periodical boundary

conditions are adopted in all three dimensions.
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Fig. S1 Comparison between phase field model and experiment. Comparison between stress

strain curves obtained respectively from the phase field simulation and experiment3?.
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Fig. S2 Comparison of results between previous study (i.e. Reference 44) and this study in (a)
stress strain curve, (b) incipient modulus, hysteresis, (c) linearity and elastic strain limit. See

Figure 3 for the definition of incipient modulus and linearity.
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Fig. S3 Dependence of Ms and principle strains (A, A, and A3) of the stress-free transformation

strain of Ti2448 on Nb concentration.
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Fig. S4 Residual martensites induced by pre-straining. The residual martensites after the first
loading-unloading cycle in CMFMs aged for (a) t*=1320 (L=38 nm), (b) #*=1500 (L=42 nm),
and (c) *=7100 (L=73 nm).
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Fig. S5 Statistical distributions of Nb concentration. Statistical distributions of voxels having

certain Nb concentration in the computational cell aged for different time.
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Fig. S6 One dimensional and three dimensional plots of CM at different ageing time during
spinodal decomposition. (a) Concentration variation along a body diagonal of simulation
systems aged for different time. (b1)-(b8) Evolution of Nb-lean regions that are able to

accommodate retained martensites during spinodal decomposition.
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Fig. S7 Stress strain curve and microstructure evolution of the first loading-unloading cycle,
i.e. pre-straining process. (b1-b10) show the microstructures at various stress levels marked by
(b1-b10) in (a), respectively, during first cyclic loading/unloading. The parent phase is set to
be transparent and the martensitic variants (Vs) are plotted as iso-surfaces with different colors,

as indicated in the color map at the bottom.
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Fig. S8 Microstructural evolution during MT upon the second and third loading-unloading
cycles. Stress strain curves of a concentration modulated system having a wavelength of ~44
nm (after ageing at 773 K for #*=1900) during (a) second and (b) third loading-unloading
cycles. (cl-c10) and (d1-d10) show microstructures at various loading-unloading points
marked by (c1-c10) in (a) and (d1-d10) in (b), respectively, where the parent phase is set to be
transparent and the martensitic correspondence variants (V;, i=1-6) are plotted as iso-surface
contours with different colors, as indicated in the legend at the upper right corner. Red arrows
in (e3), (e4), (e7) and (e8) indicate variants generated via local autocatalysis which is defined

as the autocatalytic effect happened in a Nb-lean region.
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Fig. S9 Martensitic transformation in a system with a concentration wavelength of 12 nm. (a)
Microstructure and (b) stress strain curve of a system with a concentration wavelength of 12
nm. (cl)-(c14) are close observations of martensitic particles in a local region during loading
and unloading. Circled numbers in (c1)-(c4) indicate single variant martensitic particles of

corresponding colors.
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Fig. S10 One dimensional plots of CM. Concentration variation along a body diagonal of

simulation systems having different concentration wavelength.
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Fig. S11 Retained martensites and Nb-lean regions. (a)-(d) Residual martensites in systems
having different concentration wavelength after pre-straining. The red circle indicates a
herringbone structure. (e)-(h) Nb-lean regions of corresponding systems are represented by
green iso-surface concentration contours. Residual martensites in (a)-(d) are accommodated by

Nb-lean regions in (e)-(h).
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Geometric Compatibility Analysis

Analysis of average strain of martensitic patterns
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Austenite
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Fig. S12 Schematic drawing of self-accommodating martensitic patterns. (a) 2-variant and (b)

4-variant domain patterns. » denotes the volume fraction of a variant in a domain pattern.

The average strain of a 2-variant domain is

re’ () + (1-1)2().

(14)
Taking the type-I or type-II twin formed by variant 3 and variant 5 as an example
0 0 —
re(3)+ (1 -r)e (5=
2, .2 2 2 2 2
+ -a -a N
Ly 1 1- r)y ry
8 8 8
2 2 2,2
-a a” +
_(1—r)y (1—r)( 8” —1)+r((2—1) 0
2 2
-
r 0 r( E 1) +(1-1)(3*-1)
. 8 1 (15)
The average strain of a 4-variant domain is
Lo o 0/: 0 0
E[rs O+ A-ne'()+re k) + (A -re D]
. (16)

Taking the herringbone structure formed by variant 3, 4, 5 and 6 as an example
L NGO 0 00 _
E[re B+ A-nNe'BG)+re @)+ (1A -1re(6)] =

21



i’ + y2
8

0

(1—7‘)(

a

2

+vy

2

8

0
—1) +7(¢*-1)

0

{

0

- 1) +(1-r)(*-1)

(17)

Equation (15) demonstrates that, besides the dilation deformation, 2-variant martensitic

particles will induce shear deformation in matrix as well. However, 4-variant martensitic

particles only cause dilation deformation. Therefore, 2-variant retained martensitic particles

should be accompanied by higher elastic energy than 4-variant retained martensitic particles.
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