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1. Electrodynamic for Gold Bipyramids and LSPR Inflection Points

For nanoparticles the optical cross sections as a function of energy are dominated by the 

localized surface plasmon resonance1. At the resonance energy (or wavelength), the peak 

position and linewidth are determined by the size and shape of nanoparticle as well as the 

dielectric surrounding environment. By solving Maxwell’s equations using Mie theory and 

considering only the lowest dipolar mode (dipolar approximation) the scattering cross section 

solution can varies for different shapes of nanoparticles characterized by a frequency-dependent 

complex dielectric function ε1(ω) + ε2(ω) embedded in a medium of dielectric εm = nm
2.1-2 For an 

ellipsoid (such as bipyramids) along one of its main axis, the extinction cross section in the 

dipolar approximation is well described by the analytical expression given by the equation (1)3:
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where β is a shape-dependent factor (only depend on the aspect ratio for nano-spheroid). For a 

weakly dispersed ε2(λ)  around the LSPR peak maximum (λres) (e.g., away from the inter-band 

absorption), the resonance condition is well approximated by 
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width can then be estimated developing equation (1) around the LSPR frequency3-4 ωres to obtain 

equation (2):
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With the angular frequency ω=(2πc/λ). The LSPR thus exhibits a quasi-Lorentzian  profile1, 3 

with a full width at half maximum (FWHM) Γ that took  the same form as in gold bipyramids 

from our results and given by the Lorentzian fitting curves:
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Where Io and A are offset and area under the peak respectively. In a nano-sphere under the same 

approximations4:
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The LSPR scattering spectra were fitted with the use of a Lorentzian function depicted by 

equation (3) to determine the LSPR linewidth Γ and the resonance frequency ωres. First and 

second order derivatives of the LSPR scattering spectra were performed by the use of equations 

(5) and (6), respectively. 
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For every first and second derivation, the local maximum/maximum and inflection points were 

extracted for peak energies analysis. The FWHM obtained between the two inflection points 

were in good agreement with that of equation (3). 
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2. Changes of the Complex Dielectric Functions

The changes in the complex dielectric functions in the vicinity of single gold bipyramids 

embedded local RI media used in this work is introduced by considering Kramers-Kronig 

consistent Lorentz transformations5. In the light absorption and scattering by small particles 

experiments, the real and imaginary parts of optical properties that are frequency-dependent 

complex functions of the driving electric field such as polarizability6, dielectric7 and refractive 

index8 are related. For instance, in the positives frequencies ranges, the changes of real and 

imaginary parts of complex polarizability functons  can be break down in equations (7) and (8) 

expressed by dispersion relations9, and are called Kramers-Kronig transformations5.
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Where , , ,  and P indicate the frequency-dependent imaginary part, the frequency-i r  

dependent real part, the angular frequency (2πc/λ), a parameter related to the change in the 

absorption coefficient8 and the principal value of the integral, respectively. The frequency-

dependent real and imaginary parts are connected by integrations. This analytic property imposes 

a constraint on physically realizable susceptibility/polarizabilities or others optical responses, 

since the optical constants must satisfy Kramers-Kronig relation10 (or dispersion relations) to be 

physical11. In this relation, if the frequency-dependent real part is known over a sufficiently large 

range of angular frequencies , the frequency-dependent imaginary part can be obtained by 

integration, and vice versa, that is, one is the derivative of another12.  The change of analytic 

relative frequency-dependent complex dielectric function is then obtained by and 
° 1r  
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integrals in equations (7) and (8) relate area under the frequency-dependent imaginary part of the 

complex dielectric or susceptibility/polarizability functions to shape of frequency-dependent real 

part of the complex dielectric and vice-versa13. From the same theory (S1) it was inferred from 

the Lorentzian form of both, scattering cross section and absorption cross section that the real 

part of the dielectric function determines the plasmon resonance position whereas the imaginary 

part governs the linewidth1. Therefore, using this dipole approximation equation, we derived 

both the real and imaginary part. Indeed, in analyzing the shift of the plasma resonance in the 

optical properties for small metal particles1414145, L. Genzel and T.P Martin used the changes of 

frequency-dependent complex dielectric functions in the local neighborhood of small metal 

particle exhibiting a uniform mode plasmon resonance an given by the classical dipole 

approximation through the one single Lorentzian oscillator dipole functions1, 151, 151, 151, 6, which 

analytically is given in equation (9) as a photon energy function.
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 Where Aj, Eo, E and, Γ denote oscillator strength, resonance photon energy, photon energy and 

damping coefficient, respectively. The complex dielectric is described as sum of different 

oscillators and the subscript j depicts the jth oscillator. The energy-dependent imaginary part 

form of equation (3) is often referred to as Lorentzian. Fundamentally, the Lorentz model 

assumes a physical model in which the electron oscillates in viscous fluid15 and account the 

inter-band transition contributions. The phase and amplitude of electric dipole are obtained by 

equation (10) and (c), respectively:
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The amplitude of electric dipole:
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Approximately for the scattering first and second derivatives, the oscillator phases of electric 

dipole were obtained by equation (d):
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The LSPR quality factor is obtained by the equation (13)
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The second member of equation (12) is the phase-like in terms or derivations for Lorentzian-like 

signal. 
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3.  Noise Analysis  

Unfortunately, noise-free data can never be realized in laboratory because some types of 

noise arise from thermodynamic and quantum effects that are impossible to avoid in a 

measurement16. In traditional LSPR based sensing experiment, monitoring shifts of the peak 

position in response to local refractive index (RI) changes is limited by instrumental and 

chemical noise, due to the limited ability of resolving minute shifts changes in the LSPR position 

peak and shape, so-called broadening and asymmetry. Noise associated with our experiment 

data, especially the LSPR scattering peak maxima depicted by capital B (Fig. 2A, the first line), 

inflexion points A and C in the local air, water and oil RI media. As it can be seen from the 

tables S1 and S2 the method did not propagate the noise significantly.

4.  Effect of Substrate on Scattering Properties of Single AuBPs

The dielectric properties of substrates such as silicon and gold can change the scattering 

features of single AuBPs. In other words, the substrate where AuBPs are deposited can strongly 

influence their plasmon resonance frequencies and spectral line-shapes.17-18 For example, the 

LSPR of  60-nm gold nanospheres in a uniform dielectric medium of air has a peak at 535 nm; in 

contrast, when the same nanosphere is placed on a gold film (~50 nm thick), the SPR peak is 

dramatically red-shifted to ~655 nm.19 This spectral shift is consistent with the interaction 

between two closely spaced nanoparticles with the incident electric field polarized parallel to the 

line connecting the nanoparticle centers. Furthermore, as another example, the scattering pattern 

appears as a solid bright spot (Figure 1B) when gold nanorod (AuNR) is deposited on a glass 

slide, or a doughnut shape when the AuNR is deposited on a gold film.17 
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In the present study, we used a glass slide as the substrate for investigating the scattering 

properties of single AuBPs. Therefore, we measured all of single AuBPs deposited on the glass 

substrate and successfully demonstrated the enhanced RI sensitivity using the LSPR IFs over 

their counterpart LSPR peak shift locations. The results of this investigation support the idea that 

tracking curvature changes of an optical signal can be effectively used for LSPR longitudinal 

peak RI sensing as well as damping in the local RI environment of a single AuBP.
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6. Supplementary Tables

Table S1. Inflection points and LSPR locations on the curvatures in refractive index of air

Table S2. Inflection points and LSPR locations on the curvatures in refractive index of water

Table S3. Inflection points and LSPR locations on the curvatures in refractive index of oil

Table S4. Sensitivities 
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7. Supplementary Figures

Fig. S1 Characterization of gold bipyramids (AuBPs) used in this study. (A) Scanning electron 

microscope (SEM) image of AuBPs (B) High energy transverse peak and low energy 

longitudinal peak of the absorption spectrum of an ensemble AuBPs sample.
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Fig. S2 Plotted data of LSPR of single AuBPs (A) and their fitted curves (B), First (C) and 

Second (D) derivatives and Scattering phases (E) for air refractive index medium.
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Fig. S3 Plotted data of LSPR of single AuBPs (A) and their fitted curves (B), First (C) and 

Second (D) derivatives and Scattering phases (E) for water refractive indexes  
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Fig. S4 Plotted data of LSPR of single AuBPs (A) and their fitted curves (B), First (C) and 

Second (D) derivatives and Scattering phases (E) for oil refractive indexes  



S18

Fig. S5 Plotted data of Im[ε(ω)] (A), Re[ε(ω)] (B), Phase of dipole (C) and Amplitude (D) for 

changes of complex dielectric functions for air refractive index.  
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Fig. S6 Plotted data of Im[ε(ω)] (A), Re[ε(ω)] (B), Phase of dipole (C) and Amplitude (D) for 

changes of complex dielectric functions for water refractive index.  
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Fig. S7 Plotted data of Im[ε(ω)] (A), Re[ε(ω)] (B), Phase of dipole (C) and Amplitude (D) for 

changes of complex dielectric functions for oil refractive index.  


