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I. THEORY: FREE ENERGY OF A DIPOLAR POLYMER CHAIN

Within the theoretical model we consider a �exible polymer chain consisting of N

monomer units. Each monomer unit is assumed to be a dipole. Namely, it is modelled

as a hard sphere of the diameter σp and the charge e connected with a counterion of the

diameter σc and the charge −e. The counterion can move freely around the monomer,

remaining at the constant distance d = (σp + σc)/2 from the latter (see Figure 1). Thereby,

all monomer units comprise freely rotating permanent dipoles, with the absolute value of

the dipole moments equal to ed.

In order to describe the conformational behavior of the dipolar polymer chain, we con-

struct the total free energy as a function of the chain gyration radius Rg:

F (Rg) = Fconf (Rg) + Fvol(Rg) + Fel(Rg), (1)

where

Fconf (Rg) =
9

4
kBT

(
6R2

g

Nl2
+
Nl2

6R2
g

)
(2)

is the conformational free energy of the Gaussian polymer chain1�3. Since in the present

study we do not discuss the chain sti�ness e�ect, we �x the value of the bond length of the

chain, assuming l = σp. Note that accounting for the sti�ness e�ect will bring the additional

length scale related to the chain persistence length, so that rather big values of the latter

will lead to more complicated equilibrium chain conformations than shapeless coil/globule

ones studied here.

The volume interactions contribution can be assessed within the virial expansion trun-

cated at the third term:

Fvol(Rg) = NkBT

(
NB

Vg
+
N2C

V 2
g

)
, (3)

where Vg = 4πR3
g/3 is the gyration volume, B and C are, respectively, the second and third

virial coe�cients of the volume interactions between monomers. The latter can be evaluated
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as the virial coe�cients of hard dumbbells4�7:

B = v(1 + 3α), C = v2(3α2 + 6α + 1)/2, (4)

where v = π(σ3
c + σ3

p)/6 is the dumbbell volume and α is the non-sphericity parameter,

α = RcSc/3Vc. The geometrical parameters Rc, Sc and Vc characterizing any convex body

for the dumbbell can be written as follows6,7:

Rc =
σ2
p + σ2

c + σpσc

2(σp + σc)
, Sc =

π

2
(σp + σc)

2 , Vc =
π

24
(σp + σc)

3 , (5)

so that the non-sphericity parameter is

α =
2
(
σ2
p + σ2

c + σpσc
)

(σp + σc)
2 . (6)

In order to evaluate the contribution of the electrostatic interactions, Fel(Rg), to the

total free energy of the chain (eq.1), we neglect any coupling between the chain connectivity

and the e�ect of electrostatic correlations of dipoles, calculating the electrostatic free energy

within the modi�ed random phase approximation (MRPA)9�14 for the unbonded dipoles:

Fel(Rg) '
VgkBT

2

∫
|q|<Λ

dq

(2π)3

(
ln

(
1 +

κ2(q)

q2

)
− κ2(q)

q2

)
, (7)

where the screening function15 for the unbonded dipoles takes the following form

κ2(q) = κ2
D (1− g0(q)) (8)

with the square of the inverse Debye screening radius being κ2
D = 8πlBρp, where lB =

e2/(4πεkBT ) is the Bjerrum length; kBT is the thermal energy, ε is the solvent dielectric

permittivity expressed in the SI constant ε0 units. We assume the cut-o� parameter being

Λ = 2π/rs = (6π2ρp)
1/3, where rs = (3/4πρp)

1/3 is the Wigner-Seitz radius of the monomer

unit8 and ρp = N/Vg is the concentration of monomers. It is worth noting, the cut-o�

excludes the nonphysical modes corresponding to the small distances between the dipoles

from the summation over the vectors q of the reciprocal space. This extends signi�cantly

an applicability of the pure RPA relation: from the weak coupling regime, where the stan-

dard RPA can be successfully applied, to the strong coupling regime, where electrostatic

interactions between charged species are strong9. Note, the similar cut-o�, based on the

condition of equality between the number of modes enumerated by the wave vectors q and
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the number of translational degrees of freedom of particles was used in works9,11�14. Further,

using the following model structure function of dipoles g0(q) = 1/ (1 + q2d2/6), bearing in

mind the relation Λ = (6π2ρp)
1/3, and taking the integral (7), we arrive at the following

analytic relation for the electrostatic free energy in the approximation of unbonded dipoles

Fel =
kBTVg
d3

σ(y, θ), (9)

where

σ(y, θ) =

√
6

2π2
θ3 ln

(
1 +

y

1 + θ2

)
+

√
6

2π2

(
(2 + 3y) arctan θ − 2(1 + y)3/2 arctan

(
θ√

1 + y

)
− θy

)
(10)

with y = κ2
Dd

2/6 = lBd
2N/R3

g and θ = Λd/
√

6 = (9π/2)1/3N1/3d/(
√

6Rg). It is instructive

to note the limiting regimes following from the general relation (9):

Fel
V kBT

'


−
(

48
π

)1/3
lBρ

4/3
p , 1� θ2 � y

− κ3D
12π
, 1� y � θ2

−
√

6π
3
l2Bdρ

2
p, y � 1, θ2 � 1.

(11)

The �rst regime describes the case, when the dipole length d is much bigger than the

Wigner-Seitz radius rs, which, in turn, is much bigger than the Debye screening length

rD (rD � rs � d). In that case we have an amorphous structure of the densely packed

charged dipolar groups that behave as unbonded ions. The second regime is realized when

rs � rD � d. In this case, as in the �rst regime, the charged dipolar groups can also be

considered as free ions. However, in that regime the ionic groups should be organized as

in rare�ed electrolyte solution, so that the electrostatic free energy can be described by the

classic Debye-Hueckel relation. The third regime corresponds to the condition rs � d� rD

at which the electrostatic correlations of monomers consist of the pairwise e�ective Keesom

interaction of the dipolar particles. Despite the fact that in present study all considered

limiting laws are not strictly realized, we can de�nitely claim that the described globular

conformation of the dipolar chain is closer to the �rst regime, while the coil conformation �

to the third regime.
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II. NUMERICAL SETUP

Following the theoretical model, we simulate a �exible dipolar chain as 256 spherical

backbone beads, each bearing the charge e, linked by springs. An oppositely charged bead

(a counterion) is connected to every backbone bead by a spring, thus, being able to freely

rotate. The absolute values of the charges on the chain beads and counterions are equal to

each other. Thus, every chain bead together with the counterion comprises a dipole of an

arbitrary direction.

The dipolar chain is placed in a cubic cell of the length L = 300 and the periodic

boundary conditions are applied. The chosen box size guarantees that the stretched chain

has no intersections with its periodic image. The polyelectrolyte chain with side charged

groups is assumed to be in a medium of uniform dielectric constant ε. The total potential

energy of the system accounts for excluded volume and electrostatic interactions between

all the beads, as well as the connectivity of the consecutive backbone charged beads and the

connectivity between the backbone ions with the corresponding counterions into dipoles.

The excluded volume interactions are described by purely repulsive Lennard-Jones po-

tential:

ULJ(rij) =


4εLJ

[(
σij
rij

)12

−
(
σij
rij

)6
]

+ εLJ , rij ≤ Rc
ij

0 , rij > Rc
ij

(12)

where rij is the distance between the centers of ith and jth beads, εLJ = 1.0 is the strength,

and Rc
ij is the cuto� distance that depends on the size of a certain bead. We set Rc

ij = 21/6σij

for each pair of particles, mimicing good solvent conditions for all the species present in the

system. The hard core distance σij between two beads is determined by the bead types,

σij = (σi+σj)/2, where σi and σj are the diameters of either backbone ions σp or counterions

σc. In our simulations, we �x the backbone ion diameter and use it as a unit length, i.e.

σp = 1.0 while the diameter σc of the counterions is varied.

The connectivity between neighboring beads along the polymer backbone, UFENE(r), is

given by the FENE potential

UFENE(r) = −1

2
kFENER

2
0 ln

(
1− r2

R2
0

)
(13)

where kFENE is the spring constant and R0 is the maximum extension of the bond. We set

kFENE = 20.0 and R0 = 2.0 providing the equilibrium length of the bonds equal to unity.
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The average length of the dipoles is determined by a combination of the FENE and

Lennard-Jones potentials between the corresponding particles:

Ubond(r) = −1

2
kFENER

2
0 ln

(
1− r2

R2
0

)
+ 4εLJ

[(σ
r

)12

−
(σ
r

)6
]

+ εLJ (14)

where εLJ = 1.0, kFENE = 100.0 for all pairs, the parameters σ and R0 are varied to simulate

dipolar chains with various equilibrium values of the dipole length.

The electrostatic interaction between charged particles at the distance r is given by the

Coulomb potential

Uc,ij(r) =
ZiZjlB
r

(15)

where Zi,j = ±1 are the valencies of the ionic groups.

The equations of motion are integrated in time within the LAMMPS package. The Nose-

Hoover thermostat is used to maintain the constant temperature T = 1.0 of the system.

The particle-particle/particle-mesh (PPPM) technique with the accuracy of 10−4 is applied

to calculate the long range Coulomb interactions. The time step of integration is equal to

0.005. A random elongated conformation of the chain is taken as a starting state, the charge

neutrality is ensured. The simulation runs are divided into an equilibration run (5 × 106

steps), followed by a production run (15 × 106 steps). All the data shown in the plots are

obtained via averaging over the production run.

5



REFERENCES

1Birshtein T M and Pryamitsyn V A 1991 Macromolecules 24 1554�60

2Grosberg A Yu and Kuznetsov D V 1992 Macromolecules 25 1970

3Budkov Yu A and Kolesnikov A L 2016 J. Stat. Mech. 2016 103211

4Boublik T 1974 Molecular Physics 27 1415�5

5Boublik T and Nezbeda I 1977 Chemical Physics Letters 46 315�2

6Boublik T, Vega C, and Diaz-Pe�a M 1990 J. Chem. Phys. 93 730

7Archer A L and Jackson G 1991 Molecular Physics 73 881�4

8Ashcroft, Neil W.; Mermin, N. David (1976). Solid State Physics. Holt, Rinehart and

Winston

9Budkov Yu A, et al. 2015 J. Chem. Phys. 142 174901

10Brilliantov N V 1998 Contrib. Plasma Phys. 38 489�4

11Brilliantov N V, Malinin V V, and Netz R R 2002 Eur. Phys. J. D. 18 339�3

12Brilliantov N V, Kuznetzov D V and Klein R 1998 Phys. Rev. Lett. 81 1433�6

13Tom A M, Vemparala S, Rajesh R, Brilliantov N V 2016 Phys. Rev. Lett. 117 147801

14Tom A M, Vemparala S, Rajesh R, Brilliantov N V 2017 Soft Matter 13 1862

15Borue V Yu, Erukhimovich I Ya 1988 Macromolecules 21 3240�11

6


