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SUPPLEMENTARY INFORMATION

Appendix A: Derivation of Shape Equations

The purpose of this Appendix is to formulate the capillay shape equation for the splay-bend director and the
quartic surface energy.

The nematic capillarity vector is defined by the gradient of the scalar field ry:

&(n,k) = V[ry (k)] (A1)
where r is the magnitude of surface position vector r: r=rk. Noting that d(ry)=V(ry)dr, the gradient of ry
yield:

or  dy dy
) =V[y(k)]=y—+r—=yk+1_.— A2
S k) =VIry (k)] =y —-+ro = vkt L (A2)
Thus the normal and tangential components of capilarity vector are:
£ (nk)=vk
oy S dy (A3)
(iH(Il,k) = lsd_k = (lsn)m = yn”
Where y'= ﬁ and n=In is the tangential component of the surface director field. Noticing that I is the
n.

2x2 unit surface dyadic: I=I-kk where I is the3x3 volumetric unit tensor, we have:

dy dy dy dy
Jk)=1 .~ =(I-kk).— =L—-kk.— A4
5 (k) S"dk ( )dk dk  dk (A4)

Replacing the quartic surface free energy y=y +u, (n »k)z iy (n«k)4 to eqn (A3) we get:

4
E=¢, +§H =(y0 +u2(n-k)2 +u4(n-k) jk+(2u2(n-an~t)+4u4(n~k)3(n~t)jt (A5)
Considering the capillary pressure definition, AP=(V -£)=t-8¢/8s where AP represents the pressure difference

between the air and N* substrate, and V, is the surface gradient, the case of zero capillary pressure, AP =0 yields

V. -&=0—&=C,=constant, where C is a constant vector:

()7 +(E)*=88=CF

A6

@lk+§Ht:C0 (A6)
Substituting eqn (AS5) to eqn (A6) yields:

(yo (k) +py(n k)45 + (Zuz(n.k)(n‘t)+4u4(n.k)3(n.t))z =C} (A7)

Replacing the unit tangent, t unit normal, k in terms of the tangent angle ¢: t(x)=(sing(x), cosd(x), 0)

2
n(x)=(cos6, sinf, 0), and the director field, m in terms of the director angle,6: 0=qx; qu_n:

0
n(x) =(cos0, sin0, 0) and following the parametrization: at s=0, di(s=0)/ds=0; K(s=0)=%_; ¢(s=0)=mn/2;

(n.k)=0, we obtain the constant Cy:

(70)8y = Co (A8)



The dot product of the capillary vector, eqn (A6) with the unit vectors 8, and &, respectively, gives:
a4y . -
(yo +U, (n . k)z +Hy (n -k) ) sing — (2H2 (n.k)(n.t)+4u4(n.k)3(n.t))oscp =7, (A9-a)

(yo 1y (n.k)2 Ty (n .k)4) cosQ + (2u2 (n.k)(n.t)+4u4(n.k)3(n.t))incp =0 (A9-b)

Multiplying eqn (A9-a) and eqn (A9-b) by cos¢ and sing respectively, we get:

(yo +u, (n ~k)2 +Hy (n . k)4) singcos@ — (2;12(n.k)(n.t)+4p4(n.k)3(n.t))os2 P=7,c08Q (A10-a)

(yo +H, (n . k)2 +Hy (n ~k)4j cosQsinQ + (2;12(n.k)(n.t)+4p4(n.k)3(n.t))in2 ¢=0 (A10-b)
Subtracting eqn (A10-a) from eqn (A10-a) gives:

(2p2(n.k)(n.t)+4u 4(n.k)3(n.t))os2 o+ (2p2(n.k)(n.t)+4p 4(n.k)3(n.t))in2 @ =—7,C08¢ LD

2, (nk)(n.t)+4p, (n.k)3(n.t) +y,c080=0

Replacing t(x), k(x), and n(x) in terms of the normal angle ¢ and the director angle & yields the algebraic shape
equation for the normal angle @(X, W/Yo, La/Yo, Po):

242 s — 0)sin(o — 0)+ 24 cos3 (o — 0)sin(p— 0 0
» ¢ —0)sin(p—-0)+ » cos” (@ —0)sin(o—0)+cosp = (A12)
0 0

Appendix B: Linear Model
The purpose of this Appendix is to formulate the linear model corresponding to the capillay shape equation
for the splay-bend director and the quartic surface energy.

The dot product of the capillary vector, eqn (AS5) with the unit tangent, t, gives:
3 — .
(2p2(n.k)+4p4(n.k) Xn-t)— Yody -t B1)

Expressing the unit tangent, t and unit normal, k in terms of the surface amplitude, h, gives:

O ()

T Sl (B2)

As we focus on the surface nano-wrinkling, h,<<1, the linear approximation of t and k is valid: t=3§,; k =3, .

t=

Replacing the unit tangent, t and unit normal, k into eqn (B1) gives:

3 = —
2u2nynx +4u4ny n, =-y h, B3)

Rearranging eqn (B3) yields:

(2p2(n.8y)+4p.4(n.8y)3 n-5, )=—voh, B4

. 1
Since n,dx = adny , the eqn (B4) becomes:

|
—a(uz(n.zsy)2 +},L4(n.6y)4): v.h (B5)

Rearranging eqn (B5) gives the surface profile, h(x) as the ratio of anisotropic anchoring energy to isotropic surface
tension (divided by wave vector, q):



h(x) = - Yanc - _
Yol

1 . .
) y)2 +pg(n- Sy)4 ): _}/Tq(”z(squ)z + H4(qux)4) (BO)

The surface curvature hy, then can be obtained from:

h,, ——2y—q cosqx —singx )»4 q(3squ cosqx —(singx) ) (B7)
o

Appendix C: Multiple Scales

The purpose of this Appendix is to formulate the surface amplitudes for the planar, h,, homeotropic, h, and

11>
oblique, h orientations as a function of r =, / 2p,;~-1<r<0.

Considering eqn (B6), we can find the planar, hj homeotropic, h, and oblique, h_  amplitudes as follows:

(a) Planar
n, =1, singx=0 —>h”=0 (Cl)

(b) Homeotropic

C2
n, =1, cosgx = O(n along y)—)hJ_z——(u2 u4)——ﬁ{2%+1}=—%(2r+1) (C2)
o 4 o
(c) Oblique

for -1<p, /2p, <0, p, <0 ©3)
( ) () 3

singx? =— P2 cosqx® =1+ -2 —>h0=—i _HZ(L}+H4{“_2} _ M (“_2J :ﬂ(rZ)

2p, 2uy Yod 2py 2, Yodl \ 21y Yod

Appendix D: Scaling Laws
The purpose of this Appendix is to formulate the two-scale ratio SR=h,/h, as a function of r=u,/2p, . Using

straight algebra, the distance h, (shown in Fig 8) can be expressed in terms of amplitudes for the homeotropic, h

and oblique, h orientations:

(¢ )
h2=h0—sign(hl)><|hl|— L 2“— 1J=%(r2+2r+1)>0 (D1)

Using the oblique amplitude, h_, eqn (C3) gives the following linear scaling law:

+HMa () (D2)
h, OQLL2H4JJ -
B, (Hz . +1\ 242r4l (141)?
qum‘J 2u4 J

We note that the same scaling law (D2) are obtained for the H* /P, modes.



