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Forces and torques

The force between two neighboring patchy ellipsoidal particles Fi j is given by the partial derivative

of the anisotropic potential U(Ai,A j,ri j) with respect to ri j,

Fi j =−
∂U(Ai,A j,ri j)

∂ri j

= −
∂UGB(Ai,A j,ri j)

∂ri j
−

∂UGB(Ai,A j,ri j)

∂ri j
UP(Ai,A j,ri j)−

∂UP(Ai,A j,ri j)

∂ri j
UGB(Ai,A j,ri j). (1)

In Eq. (Eq. (1)), the partial derivative of UGB(Ai,A j,ri j) is given by1

∂UGB(Ai,A j,ri j)

∂ri j
=

∂Ur(Ai,A j,ri j)

∂ri j
η(Ai,A j)χ(Ai,A j,ri j)+

Ur(Ai,A j,ri j)η(Ai,A j)
∂ χ(Ai,A j,ri j)

∂ri j
, (2)

where
∂Ur(Ai,A j,ri j)

∂ri j
=−β r̂i j −

βσ 3
i j(Ai,A j, r̂i j)

2r2
i j

[
K −

(
KT · r̂i j

)
r̂i j
]
, (3)

with

β = 24ε
σ

[
2
(

σ
hi j+γσ

)13
−
(

σ
hi j+γσ

)7
]

and K = G−1
i j (Ai,A j) · ri j, (4)

and
∂ χ(Ai,A j,ri j)

∂ri j
=

4µ
r2

i j

[
I −
(
IT · r̂i j

)
r̂i j
][

χ(Ai,A j,ri j)
](µ−1)/µ

, (5)

with

I = B−1
i j (Ai,A j) · ri j. (6)

2



In Eq. (Eq. (1)), the partial derivative of UP(Ai,A j,ri j) is given by

∂UP(Ai,A j,ri j)

∂ri j
=−

Mi

∑
κ=1

M j

∑
λ=1

[
γεα f α−1 (Ai,A j,ri j

)( π
2θ κ

m

sin
πθ κ

i
2θ κ

m

∂θ κ
i

∂ cosθ κ
i

∂ cosθ κ
i

∂ri j
cos

πθ λ
j

2θ λ
m
+

π
2θ λ

m
sin

πθ λ
j

2θ λ
m

∂θ λ
j

∂ cosθ λ
j

∂ cosθ λ
j

∂ri j
cos

πθ κ
i

2θ κ
m

)]
, (7)

where

∂θ κ
i

∂ cosθ κ
i
=


0 if cos2 θ κ

i = 1

− 1√
1−cos2 θ κ

i
otherwise,

(8)

∂θ λ
j

∂ cosθ λ
j
=


0 if cos2 θ λ

j = 1

− 1√
1−cos2 θ λ

j

otherwise,
(9)

∂ cosθ κ
i

∂ri j
=−

[
AT

i nκ
i

b −
(

AT
i nκ

i
b · r̂i j

)
r̂i j

]
/ri j, (10)

and

∂ cosθ λ
j

∂ri j
=
[
AT

j nλ
j

b −
(

AT
j nλ

j
b · r̂i j

)
r̂i j

]
/ri j. (11)

If ami denotes the mth row of the rotation matrix Ai, then the torque τ i acting on patchy ellip-
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soidal particle i due to its neighboring particle j is expressed as

τ i j =−∑
m

ami ×
∂U(Ai,A j,ri j)

∂ami

=−∑
m

ami ×
∂UGB(Ai,A j,ri j)

∂ami

(
1+UP(Ai,A j,ri j)

)
−

∑
m

ami ×
∂UP(Ai,A j,ri j)

∂ami
UGB(Ai,A j,ri j)

=τGB
i j
(
1+UP(Ai,A j,ri j)

)
+ τP

i jUGB(Ai,A j,ri j). (12)

As given in Ref.,1 τGB
i j can be written as

τGB
i j = τUr

i j + τη
i j + τχ

i j, (13)

with

τUr
i j =−η(Ai,A j)χ(Ai,A j,ri j)

βσ 3
i j(Ai,A j, r̂i j)

2r2
i j

(
KT ·AT

i S2
i Ai ×K

)
, (14)

τχ
i j =Ur(Ai,A j,ri j)η(Ai,A j)

4µ
[
χ(Ai,A j,ri j)

](µ−1)/µ

r2
i j(

IT ·AT
i EiAi × I

)
, (15)

and

τη
i j =−Ur(Ai,A j,ri j)χ(Ai,A j,ri j)∑

m
ami × zmi, (16)

where zmi represents the mth row of the matrix Zi given by

Zi =−1
2

[
2sis j

det
(
Gi j(Ai,A j)

)]ν/2
ν

det
(
Gi j(Ai,A j)

)V, (17)

the matrix V is the derivative of the determinant of the matrix det
(
Gi j(Ai,A j)

)
with respect to the
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rotation matrix Ai,

V = [vmy] =
∂ det

(
Gi j(Ai,A j)

)
∂ami

, (18)

and

[vmy] = det
(
Gi j(Ai,A j)

)
trace

[
Gi j(Ai,A j) · (êy ⊗ami +ami ⊗ êy)s2

mi
]
. (19)

Here, êy is the unit vector of the coordinate axes in the body frame (ê1 = [1,0,0], ê2 = [0,1,0],

and ê3 = [0,0,1]), smi is the mth semiaxis length of patchy ellipsoidal particle i, and ⊗ constructs

a dyadic matrix from two vectors.

In Eq. (Eq. (12)), τP
i j is given by

τP
i j =−∑

m
ami ×

∂UP(Ai,A j,ri j)

∂ami

=−∑
m

∂UP(Ai,A j,ri j)

∂ (AT
i nκ

i
b · r̂i j)

[
ami ×

∂ (AT
i nκ

i
b · r̂i j)

∂ami

]

=−
Mi

∑
κ=1

M j

∑
λ=1

πγεα
2θ κ

m
f α−1 (Ai,A j,ri j

)
sin

πθ κ
i

2θ κ
m

∂θ κ
i

∂ cosθ κ
i

cos
πθ λ

j

2θ λ
m

(
AT

i nκ
i

b × r̂i j

)
. (20)

Integration algorithms

The motion of patchy ellipsoidal particles is governed by Newtonian equations of motion.2–6 In

the space-fixed frame, the equations are expressed as

ṙi = vi, (21)

v̇i =
Fi

mi
, (22)

L̇i = τ i, (23)

q̇i =
1
2

S(qi)ω i, (24)
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where

ω i = (0,ωx
i ,ω

y
i ,ω

z
i ) = A(qi)(Ib

i )
−1AT (qi)Li, (25)

S(qi) =



qi,0 −qi,1 −qi,2 −qi,3

qi,1 qi,0 qi,3 −qi,2

qi,2 −qi,3 qi,0 qi,1

qi,3 qi,2 −qi,1 qi,0


, (26)

and Fi = ∑ j Fi j and τ i = ∑ j τ i j are the force and torque acting on patchy ellipsoidal particle i due

to all its direct neighbors, respectively.

The equations of motion in Eqs. (Eq. (21))-(Eq. (24)) are numerically integrated via a velocity-

Verlet-like algorithm2,4–6

vi(t +
1
2

δ t) = vi (t)+
1
2

δ t
Fi (t)

mi
, (27)

ri (t +δ t) = ri (t)+δ tvi(t +
1
2

δ t), (28)

Li(t +
1
2

δ t) = Li (t)+
1
2

δ tτ i (t) , (29)

qi (t +δ t) = Q
(

qi (t) ,δ t,ω i(t +
1
2

δ t)
)
, (30)

vi (t +δ t) = vi(t +
1
2

δ t)+
1
2

δ t
Fi (t +δ t)

mi
, (31)

Li (t +δ t) = Li(t +
1
2

δ t)+
1
2

δ tτ i (t +δ t) . (32)

The function Q in Eq. (Eq. (30)) is an application of the Richardson method to reduce the error

in updating the quaternion qi. To preserve the constraint qi,0
2 +qi,1

2 +qi,2
2 +qi,3

2 = 1, qi should

be renormalized after being updated. Please refer to the Refs.2,4–6 for more details about the

Richardson method.
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Figure S1: Representative potential profiles of solute-solute (GB-GB), solvent-solvent (LJ-LJ),
and solute-solvent (GB-LJ) interactions. The LJ-LJ and GB-LJ with εcross = 3ε0 curves are super-
imposed.
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Figure S2: Typical ordered cluster structures self-assembled from Janus ellipsoids at different σ
and εcross: (a) σ = 1σ0 and εcross = 3ε0, (b) σ = 2σ0 and εcross = 3ε0, (c) σ = 3σ0 and εcross = 3ε0,
(d) σ = 3σ0 and εcross = 1ε0. For the sake of clarity, solvent is not shown.
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