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S.I. SETTING OF E COMPONENT STATES AND e COMPONENT MODES
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FIG. S.1. Examples of orientations of e and E components in trigonal symmetries, on which the
derivations are based. Atomic motions in the modes are represented by solid arrows. With the
atom labelling in panel (a), e, = \/g(QArABI — Arap, — Arap,), and e, = \/g(ArABQ — AT aB,)-

Similar definitions apply to the displayed e modes in the other panels.
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FIG. S.2. Examples of orientations of e and E components in tetragonal symmetries, on which

the derivations are based. Atomic motions in the modes are represented by solid arrows. The

orientations in Cy; symmetry are not shown. They are similar to those in Cy symmetry.



S.II. SETTING AXES FOR SPIN QUANTIZATIONS

FIG. S.3. Examples of z and y axes for spin quantizations in Cs,, D3, D3p, and Dsg symmetries.
The z axis is the C5 axis pointing out of the paper. The x and y axes follow similar definitions in

Clhy, Dy, Dog, and Dy, symmetries.



S.III. EXPANSION FORMULAS IN TRIGONAL SYMMETRIES

All bimodal expansion formulas that feature the symmetry eigenvalues x*, (X%, X72);
(X%, XIC,;%), x°", and x! are summarized in Tables S.I to S.VI. In these tables z is used
to represent coordinates of a-type vibrations and the polar coordinates p and ¢ for e-type
vibrations. For coordinates of vibrational modes of the same type of irreducible representa-
tions (irreps), subscripts (1) and (2) are used to differentiate them. Please do not mistake
the parenthesized (1) and (2) for the subscripts 1 and 2 of A-type irreps. The latter de-
note whether the A-type irreps are symmetric or antisymmetric with respect to 6, in Cs,
symmetry, and with respect to C’é i Ds, D3y, and Dsg symmetries.

Tables S.I and S.II give the bimodal expansions that that are ég—eigenfunctions, with
X% =1 and ei%ﬂ, respectively. Those are called the root expansions, as they satisfy the
symmetry requirements of C'3 symmetry, the lowest symmetry in all trigonal symmetries.
Expansions with yC* = e~#% are simply complex conjugates of those with Y°* = e5 . They
are hence not given. Please note that in all expansion throughout this work, the summation
indices that appear in the absolute value symbol take all integer values, while the other
indices only take nonnegative integer values.

Tables S.III and S.IV summarize the constraints that need to be applied to the root
expansions, so that the resultant branch expansions feature (x%., x75,) or (X%, X?,i) Simi-
larly, Tables S.V and S.VI summarize the constraints that give the branch expansions that

feature x°» or x!.



TABLE S.I. Expansion formulas for Cs-eigenfunctions of the bimodal vibrational coordinates with

eigenvalue 1.

Modes Expansion formulas

I, I . g I3 _I
(a+a) af, 1,2(1)%3) + 0%, 1,21) %)

3m I |3m|4+2K i3m¢ _ |3m|+2K | m3m I o 53me Iy s
a2t plmireK gime — pl3ml {all,ZKZ cos(3me) — ay, o2 sin(3me)

(e + a) . 'r‘,3m [1 . i,3m 12
+Z (a1172KZ Sln(3m¢) + a[g,QKZ COS(quﬁ))}
; miAaK lsnmml2Ks i - +2K, |3n—m|+2K
agnKltLQKgp‘(l)‘ ! l(;)‘ [+2K2 i(m 1) +(3n—m)d(2)) _ p|(T)| 1p\(27)l m|+2Ks

(e+e) [(a;ﬁ’?g}(z cos(moy + (3n —m))) — a%}?l?& sin(megy + (3n —m)d(a)))

+iab e, sin(mo() + (3n — m)d(2) + a5 T, cos(meq) + (3n — m)e)]

TABLE S.II. Expansion formulas for C’g—eigenfunctions of the bimodal vibrational coordinates with

: ;2m
eigenvalue e'3 .

Modes Expansion formulas

(a + a) not applicable (na)

byl 2! plin 1K =0 — pln TR0 [0 T2l cos((3n — 1)6) — by =™ sin((3n — 1)9)
i (025 21 sin((3n — 1)@) + 075 212 cos((3n — 1)9) )|

m,3n—1 |m|+2K1 [3n—1-m|+2K2 i(m¢p 1+ (3n—1—m)¢ _ |m|+2K:1 |3n—1-m|+2K,
b2K172K2p(1) o ei(mé)+(Bn—1-m)d2)) _ (1) P(2)

(e+e) [b;gy’;{_; cos(mqb(l) +@Bn—1-m)pp)) — bé;?l?’;g; sin(me) + (3n — 1 —m)p )

(e +a)

+i (bg}g‘g}(_; sin(mey + (3n — 1 —m)d()) + bg}?ﬁ;}g cos(meoy + (3n — 1 — m)¢(2)))}




TABLE S.III. Constraints on expansions in Table S.I to give the appropriate X‘E’E’CQ and X(Ir;’,;%

!’
0v,C5

When ;"% = 0, only the real part of the corresponding entry in Table S.I should be considered.

When X%’;’CQ = 0, only the imaginary part of the corresponding entry in Table S.I should be
considered.
Modes 1,(1,0) 1,(~1,0) 1,(1,-1) 1,(0,1) 1,(0,—1)
(a1 + a1) nrf na na nr na
(a1 + ag)i I even? 15 odd I> even, I, odd 1, even I, odd

I, I ee or oo,
(ag + ag) I, 15 ee or 008 I, I, co or oe” 13,14 ee or oo 13,14 eo or oe
13,14 eo or oe

r

(e+aq) cos nz* sin nz a” nz COS 1Nz sin nz

(e+a2) Iy even, Iy odd I; odd, I5 even I even, Iy odd I; odd, Iy even I even, I odd

r

(e+e) cos nz sin nz a” nz €OS Nz sin nz

T “nr” means “no restriction”. ¥ For two modes whose irreps only differ in subscripts, (1)-subscripted
coordinates in Table S.I are for the first (a; here) and (2)- for the second (az here) mode. ¥ I needs to be
even. § I; and I need to be both even or both odd. ¥ When I is even, I, must be odd, and vice versa. #

Only the terms associated with cosine factors are nonzero.

TABLE S.IV. Constraints on expansions in Table S.II to give the appropriate X%’;’CQ and X?;;;CQ

Modes ei%ﬂ,(l,—l) ei%ﬂ,(—l,l)

(e+aq) b" nz b’ nz

(e +ag) I even, Iy odd I; odd, Iy even

(e +e) b" nz b nz




TABLE S.V. Constraints on expansions in Table S.I to give the appropriate (XC3 =1, ol ) The

modes here are given for o;,. The’ and ” can be correspondingly replaced by the g and u subscripts

for the D3y symmetry.

Vibrational Modes (1,1) (1,-1)
(a' +d') nr na
(a’ +a")t I, I, even Iy, Iy odd
I, I ee or oo|l, I5 eo or oe
(a" +a")
I3, I ee or oo|l3, I4 eo or oe
(¢ +a) nr na
(" +a') 3m even 3m odd
(e +a") I even I odd
(" +a") 3m, I ee or 0o|3m, I eo or oe
(e +¢€) nr na
(" +¢) m even m odd
(" +¢") 3n even 3n odd

 For two modes whose irreps only differ in subscripts, (1)-subscripted coordinates in Table S.I are for the

first (a’ here) and (2)- for the second (a” here) mode. This rule applies in all constraints tables.



TABLE S.VI. Constraints on expansions in Table S.II to give the appropriate (XC3 = ei%w, ol )

The modes here are given for oj,. The ’ and ” can be correspondingly replaced by the g and u

subscripts for the D3y symmetry.

Vibrational Modes (eiz?w, 1) (ei%ﬂ, -1)
(¢ +4d) nr na
(" +4d) 3n odd 3n even
(e +a") I even I odd
3n even,l odd |3n even,l even
(" +a")
3n odd, I even|3n odd, I odd
(e +¢€) nr na
(" +€) m even m odd
(e +¢") 3n odd 3n even




S.IV. EXPANSION FORMULAS IN TETRAGONAL SYMMETRIES

All bimodal expansion formulas that feature the symmetry eigenvalues x“*, (X%, X72);
(X%, XIC,;%), x°", and ! are summarized in Tables S.VII to S.XV. In these tables z is
used to represent coordinates of a-type vibrations, w for b-type vibrations, and the polar
coordinates p and ¢ for e-type vibrations. For coordinates of vibrational modes of the same
type of irreducible representations (irreps), subscripts (1) and (2) are used to differentiate
them. Please do not mistake the parenthesized (1) and (2) for the subscripts 1 and 2 of A-
and B-type irreps. The latter denote whether the A- and B-type irreps are symmetric or
antisymmetric with respect to &, in Cy, symmetry, and with respect to C’é in Dsg, Dy, and
Dy, symmetries.

Tables S.VII and S.IX give the bimodal expansions that that are 6'4—eigenfunctions, with
Cs _

X 1, —1, and 14, respectively. Those are called the root expansions, as they satisfy the

symmetry requirements of C; symmetry, the lowest symmetry in all tetragonal symmetries.

Cs = —j are simply complex conjugates of those with y“* = i. They are

Expansions with y
hence not given. Please note that in all expansion throughout this work, the summation
indices that appear in the absolute value symbol take all integer values, while the other
indices only take nonnegative integer values. Please note that C; and S, are isomorphic
point groups. The Cy-eigenvalues are also Sy-eigenvalues and the root expansion formulas
are also applicable for Sy symmetry.

Tables S.X and S.XII summarize the constraints that need to be applied to the root
expansions, so that the resultant branch expansions feature (x%., x7.,) or (X%, X%) Sim-

ilarly, Tables S.XIIT and S.XV summarize the constraints that give the branch expansions

that feature x?.
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TABLE S.VII. Expansion formulas for Cy-eigenfunctions of the bimodal vibrational coordinates

with eigenvalue 1.

Modes Expansion formulas
(a+a) af, 1,2(h23) + ek, 1,203 %(3)
(a+10) a}hwzhwy + iaib’wzbww
(b+0b) a511+1,2J2+1w?1€1+1w?2€2+1 T méJl+1,2J2+1w?1€1+1w?2€2+1
+a5Jl,2J2w(21€1w(22€2 + iO‘%Jl,szw(QlJ)l“](22‘])2
aéllngzfp\4m|+2Kei4m¢ — p\4m|+2K[a;’lgnth cos(4mae) — a?;’g"KzIQ sin(4ma)
e+a) —i—z’a;’f;nth sin(4me) + ia?;?KzIQ cos(4mo)]
A K i 5202 (a5 o2
(e —aé’lszK sin(2me) + zagfg”K sin(2me) + zazﬂzg}( cos(2m(;5)]
(et €) |(a5ie, 5K, cos(muoq) + (4n — m1)ée) — asict o, sin(midq) + (4n —ma)d(z))

r,mi,4n

+i(a2K172K2 sin(mig) + (4n —m1)g(2)) + aé’}?ﬁé& cos(mi¢(r) + (4n — ml)qﬁ(g)))}

TABLE S.VIII. Expansion formulas for Cy-eigenfunctions of the bimodal vibrational coordinates

with eigenvalue —1.

Modes Expansion formulas

(a + a) na

(a+0b) by,

oy 2w il g 2w

2J1+1  2J5 2J1+1 2Js 2J1 2Jo+1

(b+0) b§J1+1,2J2w(1) Wg) +ib§J1+1,2J2w(1) Wg) +b§.]1,2.]2+1w(1) Wg) +ibéJ1,2J2+1w(1) Wg)

2J1 2J2+1

(e +a)

—|—ib§f;}2zh sin((4n + 2)¢) + ibil’ig;fzb cos((4n + 2)(1))}

bz}g}zle|4n+2|+2Ke¢(4n+2)¢ = pln+2+2K [b;fg;gzzh cos((4n + 2)¢) — bﬁg?'zh sin((4n + 2)¢)

(2mg)

2 d(m,2)+21+1 ,|2m|+2K ,i2 _ d(m,2)+2I+1 |2m|+2K [pT,2m ,2m .
+b) b7y W™ (m.2) pl2ml i2mé — qymod(m,2) pl2ml [621,21( cos(2me) — by ox Sin
e
72 . 24,2
+iby oy SIn(2me) + b5 oy cos(2m<;§)}
bm1,4n+2p|m1\+2K1 |4n+2—m1|+2K2ez(m1¢(1)+(4n+2—m1)¢(2)) — p|m1|+2K1p‘4n+2_m1‘+2K2
2K1,2K2P(1) (2) 1) (2)

(e+e) [(bg}?f,’;ﬁjz cos(migqy + (4n + 2 — m1)ea)) — by nit  sin(migay + (4n + 2 — m1)g)))

br,m1,4n+2 i,mi,4n+2

+i( 9K 12K sin(migq) + (4n +2 —m1)g)) + b2K1,2K2 cos(mipy + (4n +2 — m1)¢(2)))}
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TABLE S.IX. Expansion formulas for 6'4—eigenfunctions of the bimodal vibrational coordinates

with eigenvalue 1.

Modes

Expansion formulas

(v +7)' na

(e+a)

4n+1 o plAn—1 42K gi4n—1)6 _ plan—1[+2K [62,431_(1211 cos((4n — 1)¢) — czI4gK1z12 sin((4n — 1)(75)}

—H'p|4"_1|+2K [c’}f’:gf(lzh sin((4n — 1)¢) + CZI4gKlz12 cos((4n — 1)(;5)}

(e+b)

2n—1 . mod(n,2)+2I ,|2n—1|4+2K ,i(2n—1)¢
20 Lagmodn 2421 142K gin1)

= med("72)+2fp|2n—1|+2K [ gIQTZLKl cos((2n — 1)¢p) — 0121231(1 sin((2n — 1)@25)]

+iwmod(n72)+21p\2n71\+2K { TI23K1 sin((2n — 1)¢) + 012]22](1 cos((2n — 1)¢)}

(e +e)

my,4n—1 |m1|+2K1 |dn—1—m|+2K> 1(m1¢>(1>+(4n 1-m1)¢(2y) — |m1|+2K1 [4n—1—m1|+2K>
Cary 2Ko P(1) 2) P(1) P(2)
An—1 i;mi,4n—1
[(Cgﬁlzﬁg cos(miday + (4n — 1 —m1)d()) — e, oy, sin(migay + (4n — 1 —mi)d())

+z(c£121§41?2 1s1n(m1¢(1) + (4n — 1 —m1)ge)) + 012}?11;]@2_1 cos(mipy + (4n — 1 — m1)¢(2)))}

t Including (a + a), (b+b), and (a + b).

12



TABLE S.X. Constraints on expansions in Table S.VII to give the appropriate X;’e’cé and X?;’,;Cé
When X(;;;Cé =0 ()(ié”écé = 0), only the real (imaginary) part of the corresponding entry in
Table S.VII should be considered.
Modes LL0)  (LL0)  (LL-1)  (LOL)  (1,0,-1)
(a1 + a1) nrf na na nr na
(a1 + ag)lt I, even’ 1> odd I, even, I, odd I, even I, odd

1, I ee or oo,

(ag + a2) I, I ce or 0o Iy,I, eo or oe? 13,14 ee or oo I3, 14 eo or oe
13,14 eo or oe
(a1 + b1), (a1 + b2) nr na na nr na
(ag 4+ b1), (ag + b2) I, even I, odd I, even, I odd I, even I, odd
(b1 4+ b1), (ba + b2) nr na na nr na
(b1 + ba) Qpe NZ° App 178 aLe, aéo nz Qee NZ oo NZ
(e +a1),(e+by), cos nz* sin nz a” nz COS Nz sin nz
(e + a2) I, even, I, odd I odd, Iy even I even, I, odd I; odd, I even Iy even, I5 odd
cos nz if m even, sin nz if m even, a" nz if m even, cos nz if m even, sin nz if m even,
(e +b2) .
sin nz if m odd cos nz if m odd a' nz if m odd sin nz if m odd cos nz if m odd
(e+e) cos nz sin nz a” nz cos Nz sin nz

T “nr” means “no restriction”. * For two modes whose irreps only differ in subscripts, (1)-subscripted
coordinates in Table S.VII are for the first (a; here) and (2)- for the second (as here) mode. ¥ I needs to
be even. § I; and I need to be both even or both odd. £ When I; is even, I> must be odd, and vice versa.
8 (e means as J1,2Js- Goo MEANS 27, +1.27,+1- 10z’ means only these coefficients are nonzero. # Only the

terms associated with cos factors are nonzero.

13



TABLE S.XI. Constraints on expansions in Table S.VIII to give the appropriate x7., -, and x;,,
]

! !
Oy 702 Tuy 702

/
0'1;702

When x;.7? = 0 (xp, > = 0), only the real (imaginary) part of the corresponding entry in

Table S.VIII should be considered.

Modes CLLO)  (-L(-L0) (-L(L,-1) (-LO1)  (-1,(0,-1)
(a1 + b1) nr na na nr na
(a1 + be) na nr na na nr
(ag + b1) I; even I; odd Iy even, I, odd I5 even Iy odd
(ag + be) I; odd I; even I, odd, Iy even I odd Iy even
(b1 + b1) nr na na nr na
(b1 + b2) boe NZ beo NZ b, b, nz boe NZ beo NZ
(be + b2) na nr na na nr

(e +a1),(e+br1) COS Nz sin nz b" nz COS Nz sin nz

(e + as) I, even, I odd I odd, I even I even, I odd I; odd, Is even I; even, I odd
cos nz if m odd, sin nz if m odd, " nz if m odd, sin nz if m odd, cos nz if m odd,
(6 + 52) )
sin nz if m even cos nz if m even b nz if m even cos nz if m even sin nz if m even
(e+e) COs nz sin nz b" nz COs nz sin nz

Ov

TABLE S.XII. Constraints on expansions in Table S.IX to give the appropriate x%. and x7:,.

Modes (i, (1,-1)) (i, (—=1,1))
(e+a1), (e+b1) ¢ nz ¢ nz

(e + ag) I; even, I odd I, odd, I even

(e+b2) ¢ (c*) nz if n even (odd) ¢” (c!) nz if n odd (even)

(e+e) c" nz ¢ nz

14



TABLE S.XIII. Constraints on expansions in Table S.VII in the main text to give the appropriate

(=)

Vibrational Modes (1,1) (1,-1)
(ag + ag) nr na
(ag + ay) I even Iy odd
I, I ee or oo|l, I> eo or oe
(ay + ay)

I3, 14 ee or oo

I3, 14 eo or oe

(ag +by), (ag + by) nr na
(ay +bg), (ay +by,)| 11 even I odd
(bg +bg), (bu + by) nr na
(bg + bu) Gee NZ Goo NZ
(eg +ag), (eu + ag) nr na
(€g + au), (ey + ay) I even I odd
(g +bg), (eu + bg) nr na
(g + bu), (eu + bu) m even m odd
(eg +eg), (€ +ey) nr na
(eg + €u) my even mq odd

15




TABLE S.XIV. Constraints on expansions in Table S.VIII in the main text to give the appropriate

(= -1.0).

Vibrational Modes | (—1,1) |(—1,—1)
(ag + by) nr na
(ag + by) na nr
(ay + by) I, even | I} odd
(@y + by) I odd | I even
(bg + bg) nr na
(bg + bu) boe NZ | beo N2
(by, + by) na nr
(ew +ag), (eg+ag)| nr na
(ey +ay), (eg+ay)| Teven | Iodd
(ey +by), (eg+by)| mr na
(éy +by), (g +by)| modd | m even
(eu + eu) nr na
(eu +eg) my even| my odd
(eg + eg) nr na

16



TABLE S.XV. Constraints on expansions in Table S.IX in the main text to give the appropriate

(= ix’).

Vibrational Modes| (i,1) | (i,—1)

(eg + ag) nr na
(eg + ay) Ieven | Todd
(eu + ag) na nr
(en + ay) Iodd | I even
(eg + bg) nr na
(eg + bu) n even | n odd
(€u + by) na nr
(€u + bu) n odd | n even
(eg + €g) nr na
(eg + €u) my odd|m; even
(eu + €u) na nr

17
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