
Supplementary Information
The shape equations and boundary conditions
Following ref40, we switch from the Lagrange function (Eq. 9) to
a Hamiltonian description of the energy in the free part of the
membrane:
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(12)

with the conjugate momenta in the following forms:
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Applying the Hamilton’s equations yields a set of 1st-order dif-
ferential equations, i.e., the shape equations:
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...
pψ =

( pψ

r
− ph

)
cosψ +

(
2σr
kc

+ pr

)
sinψ , (14d)

...
pr =

pψ

r

(
pψ

4r
− sinψ

r

)
+

2σ

kc
(1− cosψ) , (14e)

...
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The boundary conditions at large arc length are identical for
both NP models studied here, since the membrane becomes flat
at an infinite s. Hence,

lim
s→∞

ψ(s) = 0 , (15a)

lim
s→∞

...
ψ(s) = 0 . (15b)

At the point where the membrane first detaches from the NP
surface, the boundary conditions are, however, model specific.
For the prolate spheroid, they are

r(0) = asinα , (16a)

h(0) =−ccosα , (16b)
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2

(16c)

where again α denotes the polar angle of the point where the
membrane detaches from the NP surface.

For the rounded cone model, the above boundary conditions
are replaced by:

r(0) = Rsinθ +L′ cosθ , (17a)

h(0) =−Rcosθ +L′ sinθ , (17b)

ψ(0) = θ . (17c)

Note that if the membrane already detaches from the surface of
the spherical tip (at a location with polar angle α), then L′ = 0
and θ is replaced by α in the above equations.

As discussed in ref40, the conjugate momenta ph drops out of
the above equations everywhere and pr(0) takes the following
general form:
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(18)
This leaves the only missing boundary condition being pψ (0),
which depends on

...
ψ(0). The value of

...
ψ(0) that fulfills Eq. 15 is

found via the bisection method. Following the practice of ref 40,
Eq. 15 is revised as ψ(S) = 0 and

...
ψ(S) = 0, where S is an ar-

bitrarily large distance. In our calculations, we set S = 200 nm.
Different values of S were tested, which produced negligible dif-
ferences in the resulting energy within our parameter space (data
not shown).

Analysis of ∆Etot for the rounded cone NP
The change in Etot (∆Etot) upon pore formation is obtained by
summing up the pore edge energy (Epore), the contribution from
Gaussian curvature (Egau), and the released adhesion, bending
and stretching energy due to the receding of the membrane. For
the rounded cone NP model, when the pore is restricted to its tip,

∆Etot_RCtip =

Epore︷ ︸︸ ︷
η2πRsinβ

Egau︷ ︸︸ ︷
−2πkg(1− cosβ )−ERCtip(α = β )

= η2πRsinβ −2πkg(1− cosβ )− [(4πkc−2πωR2)(1− cosβ )

+σπR2(1− cosβ )2] .

(19)

From the above equation, it is straightforward to obtain:

∂∆Etot_RCtip

∂β
= η2πRcosβ −2πkg sinβ − [(4πkc−2πωR2)sinβ

+2σπR2(1− cosβ )sinβ ]

=
sinβ

1− cosβ
∆Etot_RCtip−2πRη−σπR2 sinβ (1− cosβ ) .

(20)

With β restricted to the range of (0, θ] and 0 < θ < π

2 , it is clear
that when ∆Etot_RCtip < 0, all three terms in the above equation

are negative, resulting in ∂∆Etot_RCtip
∂β

< 0. For this reason, if a pore
forms at all, it will at least grow to cover the entire spherical tip
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of the rounded cone. Setting ∆Etot_RCtip = 0, we further obtain
the formula for ωPT shown in the main text (Eq. 11).

When a pore continues to grow and spans a length Lp along the
side of cone, the change in Etot upon pore formation becomes

∆Etot_RCside =

Epore︷ ︸︸ ︷
η2π(Rsinθ +Lp cosθ)

Egau︷ ︸︸ ︷
−2πkg(1− cosθ)−ERCside(L

′ = Lp)

=AL2
p +B Lp +C ln

(
1+

Lp

R tanθ

)
+D .

(21)

where A = π cosθ(ω −ωmin), B = 2π[η cosθ +Rsinθ(ω −ωmin)],
C = −kcπ tanθ sinθ , and D = 2πηRsinθ −2π(1− cosθ)[kg +2kc−
(ω−ωmin)R2], with ωmin ≡ σ(1− cosθ).

Despite the complex form of ∆Etot_RCside, analysis of its differ-

ential shows that ∆Etot_RCside achieves its minimum at a finite Lp

under the condition that ω > ωmin:
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(22)

If Lp > 0, i.e., when the pore grows onto the side of the rounded
cone, its radius is rp = Rsinθ +Lp cosθ . Given the above expres-
sion of Lp, it becomes immediately clear that all R-dependent
terms are canceled in rp. As a result, when a pore grows onto
the side of the rounded cone, its size becomes independent of the
tip radius R. Similar as the derivation of ωPT, setting Lp = 0 yields
the formula for ωPbT:

ωPbT =
kc

2R2 −
η

R tanθ
+σ(1− cosθ) . (23)
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Fig. S1 Phase diagrams of the prolate spheroid NP with c = 50 nm at σ = 0.003 mN/m (a), σ = 0.5 mN/m (b), and σ = 1.0 mN/m. Dashed curves
represent contour lines of pore radius (unit: nm).
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Fig. S2 Phase diagrams of the prolate spheroid NP at σ = 0.05 mN/m with c = 25 nm (a), c = 100 nm (b), or aspect ratio e = 7.5. Dashed curves
represent contour lines of pore radius (unit: nm).
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Fig. S3 Phase diagrams of the rounded cone NP at σ = 0.003 mN/m (a-c), σ = 0.5 mN/m (d-f) and σ = 1.0 mN/m (g-i), with (a, d, g) θ = 0.375π and
ω = 0.5 kBT/nm2, (b, e, h) θ = 0.375π and L = 50 nm, or (c, f, i) L = 50 nm and ω = 0.5 kBT/nm2. Dashed curves represent contour lines of pore radius
(unit: nm).
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Fig. S4 Two-dimensional energy profiles of Etot as a function of the normalized wrapping and pore extent with ω = 0.5 kBT/nm2, θ = 0.295π, L = 30 nm
and (a) σ = 0.003 mN/m, R = 2.0 nm, (b) σ = 0.003 mN/m, R = 8.0 nm, (c) σ = 0.5 mN/m, R = 2.0 nm, (d) σ = 0.5 mN/m, R = 8.0 nm, (e) σ = 1.0 mN/m,
R = 2.0 nm, or (f) σ = 1.mN/m, R = 8.0 nm. The final MEPs determined by the string method are shown in red dots, while the initial strings are shown
in big white dots, with small white dots representing the evolution of the strings. The boundary between the tip and the side of the rounded cone is
marked by black dashed lines.
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