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1 Many-body expansion of the total energy

As mentioned in the main text, total energy (EN) of a system containing N water molecules

can be rigorously defined through the associated many-body expansion (MBE),1

EN(1, . . . , N) =
N∑
i=1

E1B(i) +
N∑
i<j

E2B(i, j)

+
N∑

i<j<k

E3B(i, j, k) + . . .+ ENB(1, . . . , N)

(1)

where E1B(i) corresponds to the one-body (1B) energy required to deform the ith water

molecule from its equilibrium geometry, and EnB(i, j, . . . , n) are the n-body (nB) energies

defined recursively as

EnB(1, . . . , n) =En(1, . . . , n)−
∑
i

E1B(i)−
∑
i<j

E2B(i, j)− . . .

. . .−
∑

i<j<...<n−1

E(n−1 )B(i, j, . . . , (n− 1))

(2)

It has been shown that Eq. 1 converges rapidly for water, with the 2B and 3B terms con-

tributing, on average, ∼80% and 15–20%, respectively, and all remaining higher-body terms

contributing ∼1%.1–3 Exploiting the rapid convergence of the MBE for water, SAMBA can

be used to provide highly accurate interaction energies for water clusters through the ap-

plication of progressively lower-level electronic structure methods to represent subsequently

higher-body terms of the MBE.4

Tremendous progress has been made in the past years in devising mathematical functions

that can accurately represent multidimensional potential energy surfaces with a large num-

ber of degrees of freedom.5–7 This has led to the development of several many-body (MB)

potential energy functions (PEFs), including CC-pol,8–10 WHBB,11–13 HBB2-pol14,15 and

MB-pol16–18). The interested reader is referred to Ref. 19 for a recent review of MB PEFs.

Among existing many-body PEFs, it has been shown that MB-pol provides an accurate rep-

S3



resentation of the molecular properties of water from the gas to the condensed phase,20,21

correctly predicting the vibration-rotation tunneling spectrum of the dimer,16 the relative

stability and vibrational spectra of small water clusters,22,23 the structural, thermodynamic,

and dynamical properties18 as well as the IR and Raman spectra of liquid water,24–27 the

vibrational sum-frequency generation (vSFG) spectrum of the air/water interface,28,29 and

the energetics30 and vibrational spectra31,32 of different ice phases.

2 MB-pol

MB-pol was rigorously derived from Eq. 1 and includes explicit 1B, 2B, and 3B terms, with

all higher-order contributions being accounted for in a mean field sense through a classi-

cal representation of N-body induction.33 Each MB-pol water molecule is represented by

six sites, with three sites corresponding to the oxygen and two hydrogen atoms, two fic-

titious sites located symmetrically along the directions of the oxygen lone-pairs, and an

additional M-site located along the HOH bisector (see Ref. 33 for details). The MB-pol 1B

term corresponds to the monomer PEF developed by Partridge and Schwenke34 which is

also associated with a nonlinear dipole moment surface represented by geometry dependent

point charges on the two hydrogen atoms (positive charges) and M-site (balancing negative

charge). The molecular polarizability tensor of an isolated water molecule is represented

by isotropic atomic polarizabilities located on the oxygen and hydrogen atoms. The MB-

pol 2B term is represented through a combination of permanent and induced electrostatics,

and dispersion energy, which are supplemented with a multidimensional term correcting for

deficiencies associated with a purely classical representation of intermolecular interactions

at short range (e.g., charge transfer, charge penetration and Pauli repulsion).35 Both 2B

permanent electrostatics and induction are represented by a modified Thole-type expression

derived from the TTM4-F model,36 while the dispersion energy is expressed through a rig-

orous fit to the asymptotic ab initio reference energy as originally introduced by the CC-pol
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PEF.8 Similarly, MB-pol represents 3B interactions by combining a classical 3B induction

term with a multidimensional short-range function. The short-range 2B and 3B multidimen-

sional functions are expressed by 4th-degree permutationally invariant polynomials (PIPs)5

in variables that are functions of the distances between all six molecular sites. The coeffi-

cients of both 2B and 3B PIPs were optimized to reproduce 2B and 3B energies calculated at

the CCSD(T)/CBS level of theory for approximately 42,508 and 12,347 dimers and trimers,

respectively (see Refs. 33 and 17 for specific details).

3 Assessment of many-body interactions in water

The low-lying isomers of (H2O)n clusters, with n = 2 − 6, considered in the analysis of

many-body interactions are shown in Fig. S1. Cluster geometries for n = 2− 3 where taken

from Ref. 21, those for n = 4− 5 were taken from Ref. 37, and those for n = 6 were taken

from Ref. 38.
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Figure S1: Geometries of the low-lying isomers of (H2O)n clusters, with n = 2 − 6, used in
the analysis of interaction and many-body energies in Section 5.
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To assess the accuracy of revPBE-D3, B97M-rV, revPBE0-D3, ωB97M-V and MB-pol in

representing many-body interactions in water, Figs. S2−S6 show both interaction energies

(left panels) and many-body energies (right panels) calculated for the low-lying isomers of

the water clusters shown in Fig. S1 using all four XC functionals and MB-pol compared with

the corresponding values calculated, within SAMBA, at the CCSD(T)/CBS level of theory.

This analysis shows that both revPBE-D3 and revPBE0-D3 exhibit relatively large deviations

from the CCSD(T)/CBS reference values at the 2B levels, while nonnegligible differences are

still present at both 3B and 4B levels. Although these deviations are significantly reduced

in calculations with B97M-rV and ωB97M-V, they are still nonnegligible at the 2B and 4B

levels for B97M-rV and at the 3B level for ωB97M-V. Noting that “chemical accuracy” is

often defined as a deviation smaller than 1.0 kcal/mol relative to the CCSD(T)/CBS value,

MB-pol achieves sub-chemical accuracy for both interaction energies and individual many-

body terms for all clusters, from the dimer to the hexamer, providing in all cases the closest

agreement with the CCSD(T)/CBS reference data.
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revPBE-D3

B97M-rV

revPBE0-D3

ωB97M-V

MB-pol

(H2O)2: interaction energies (H2O)2: many-body energies

Figure S2: Interaction energies (left) and deviations relative to CCSD(T)/CBS reference
data, ∆E = Emodel − ECCSD(T ) (right), for individual many-body energies, EnB in Eq. 2,
calculated with revPBE-D3, B97M-rV, revPBE0-D3, ωB97M-V and MB-pol for the low-lying
isomer of the (H2O)2 cluster shown in Fig. S1.
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revPBE-D3

B97M-rV

revPBE0-D3

ωB97M-V

MB-pol

(H2O)3: interaction energies (H2O)3: many-body energies

Figure S3: Interaction energies (left) and deviations relative to CCSD(T)/CBS reference
data, ∆E = Emodel − ECCSD(T ) (right), for individual many-body energies, EnB in Eq. 2,
calculated with revPBE-D3, B97M-rV, revPBE0-D3, ωB97M-V and MB-pol for the low-lying
isomer of the (H2O)3 cluster shown in Fig. S1.
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revPBE0-D3

ωB97M-V

MB-pol

(H2O)4: interaction energies (H2O)4: many-body energies

Figure S4: Interaction energies (left) and deviations relative to CCSD(T)/CBS reference
data, ∆E = Emodel − ECCSD(T ) (right), for individual many-body energies, EnB in Eq. 2,
calculated with revPBE-D3, B97M-rV, revPBE0-D3, ωB97M-V and MB-pol for the low-lying
isomers of the (H2O)4 cluster shown in Fig. S1.
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revPBE0-D3

ωB97M-V

MB-pol

(H2O)5: interaction energies (H2O)5: many-body energies

Figure S5: Interaction energies (left) and deviations relative to CCSD(T)/CBS reference
data, ∆E = Emodel − ECCSD(T ) (right), for individual many-body energies, EnB in Eq. 2,
calculated with revPBE-D3, B97M-rV, revPBE0-D3, ωB97M-V and MB-pol for the low-lying
isomers of the (H2O)5 cluster shown in Fig. S1.
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(H2O)6: interaction energies (H2O)6: many-body energies

revPBE-D3

B97M-rV

revPBE0-D3

ωB97M-V

MB-pol

Figure S6: Interaction energies (left) and deviations relative to CCSD(T)/CBS reference
data, ∆E = Emodel − ECCSD(T ) (right), for individual many-body energies, EnB in Eq. 2,
calculated with revPBE-D3, B97M-rV, revPBE0-D3, ωB97M-V and MB-pol for the low-lying
isomers of the (H2O)6 cluster shown in Fig. S1.
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4 Water simulations: O-H and H-H radial distribution

functions

To complete the analysis presented in the main text, Figs. S7 and S8 show comparisons be-

tween the oxygen–hydrogen (O-H) and hydrogen–hydrogen (H-H) radial distribution func-

tions (RDFs) calculated from PIMD simulations carried out in both NVT and NPT en-

sembles using each of the (MB)-XC PEFs introduced in this study. Also shown are the

corresponding experimental39,40 and MB-pol18,21,26 RDFs. Similar conclusions to those dis-

cussed in the main text can also be drawn from the analysis of the O-H and H-H RDFs, with

all (MB)-XC PEFs benefiting from error compensation in their representation of 2B and 3B

interactions and providing relatively better agreement with the experimental data when the

PIMD simulations are carried out in the NVT ensemble.

Figure S7: Comparison between experimental and theoretical oxygen–hydrogen (O-H) radial
distribution functions (RDFs) of liquid water at ambient conditions. The experimental data
are taken from Refs. 39 (gray area) and 40 (black line). The theoretical RDFs were calculated
from PIMD simulations carried out at 298.15 K in the NVT (top panels) and NPT (bottom
panels) ensembles with the (2B+3B)-XC PEFs (left panels), (2B)-XC PEFs (middle panels),
and (3B)-XC PEFs (right panels) with XC = revPBE-D3 (red), B97M-rV (yellow), revPBE0-
D3 (green), and ωB97M-V (magenta). Also shown in each panel are the corresponding RDFs
calculated from PIMD simulations with MB-pol.18,21,26
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Figure S8: Comparison between experimental and theoretical hydrogen–hydrogen (H-H)
radial distribution functions (RDFs) of liquid water at ambient conditions. The experimental
data are taken from Refs. 39 (gray area) and 40 (black line). The theoretical RDFs were
calculated from PIMD simulations carried out at 298.15 K in the NVT (top panels) and
NPT (bottom panels) ensembles with the (2B+3B)-XC PEFs (left panels), (2B)-XC PEFs
(middle panels), and (3B)-XC PEFs (right panels) with XC = revPBE-D3 (red), B97M-rV
(yellow), revPBE0-D3 (green), and ωB97M-V (magenta). Also shown in each panel are the
corresponding RDFs calculated from PIMD simulations with MB-pol.18,21,26

5 Water simulations: MB-XC PEFs versus bare XC

functionals

To assess the ability of the MB-XC PEFs introduced in this study to reproduce results

obtained fully ab initio using the corresponding XC functionals, the oxygen-oxygen (O-O)

radial distribution functions (RDFs) obtained from PIMD simulations carried out with the

(2B+3B)-revPBE-D3, (2B+3B)-revPBE0-D3, and (2B+3B)-B97M-rV PEFs at 298.15 K

in the NVT ensemble are compared in Fig. S9 with the corresponding RDFs obtained in

Refs. 41 and 42 from ab initio PIMD simulations with the bare revPBE-D3, revPBE0-

D3, and B97M-rV functionals. In all cases, good agreement is found between the two sets

of RDFs, which is effectively quantitative in the case of revPBE0-D3 and B97M-rV. This

comparison demonstrates that the (2B+3B)-XC PEFs faithfully mimic the corresponding XC

S13



Figure S9: Comparison between oxygen-oxygen radial distribution functions (RDFs), gOO,
of liquid water at 298.15 K calculated from PIMD simulations carried out with the (2B+3B)-
revPBE-D3 (panel a), (2B+3B)-revPBE0-D3 (panel b), and (2B+3B)-B97M-rV (panel c)
PEFs and the corresponding RDFs calculated from PIMD simulations with the bare revPBE-
D3, revPBE0-D3, and B97M-rV functionals in Refs. 41 and 42. Both sets of PIMD simula-
tions were carried out in the NVT ensemble at the experimental water density, although 256
molecules were used in simulations with (2B+3B)-revPBE-D3, (2B+3B)-revPBE0-D3, and
(2B+3B)-B97M-rV, while 64 molecules were used in simulations with the bare XC function-
als.

functionals, indicating that the MB-pol functional form provides an efficient, yet accurate,

computational route for developing analytical PEFs that allow for reproducing results of

fully ab initio simulations, at a fraction of the cost associated with the latter. It should

also be noted that the small differences seen in the comparison between the O-O RDF

calculated with the (2B+3B)-revPBE-D3 PEF and the corresponding results from ab initio

simulations with the bare revPBE-D3 functional are likely due to differences in how (2B+3B)-

revPBE and revPBE-D3 represent 4B energies. While in (2B+3B)-revPBE the 4B energies

are described as in MB-pol which, as shown in Figs. S4-S6, provides excellent agreement

with the CCSD(T)/CBS reference data, significant deviations from the 4B CCSD(T)/CBS

reference data are associated with the bare revPBE-D3 functional.
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