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Supplementary Information

A Symmetry Onsager matrix

Regardless of the origins of L, the definition of L with the excess
salt flux Jexe = J —2p,Q instead of the total salt flux J ensures that
L is symmetric. The Onsager matrix is namely symmetric only if
the flux and the associated driving force are congruent, such that
the product of the flux and the driving force gives the dissipation
rate due to that flux'1"3, We can write the dissipation rate 7'$ as®

2
TS=-Y jikv;, )
i=0
where Av; is the total electrochemical potential difference of the
ith species between the two reservoirs and i = 0 for the solvent,
i = 1 for the cation and i = 2 for the anion. We can write down the
electrochemical potential of the ions as

Av; = viAp + AL, +z;eAV, ()]

with v;, p; and z; the volume of a particle, the density and the
valency of species i, Ap the pressure drop, AV the voltage drop and
Ap; = kgTA(log p;) the chemical potential drop across the channel.
Note that Ay; = Ay, due to the charge neutrality of the reservoirs.
We assume the solvent to be incompressible, and therefore we can
write the partial solvent pressure Apg as

Avy = voApo. 3)

Now we can use van 't Hoffs law to write the total pressure p as

p=po+I1=po+2pskgT, 4)

with IT the partial solute pressure. Note that in equilibrium, p is
constant even if IT is not. Now we can write the dissipation rate as

TS = —jovoApo — (jivi + jav2)Ap — JALL — AV,
)
— QAP+ jovoAT — JAL — IAV,

where we have defined the volume flux Q = jyvg + jivi + ja2Vv2, SO-
lute or salt flux J = j; + j», charge flux I = e(j; — j») and chemical
potential drop Au = kg TA(log ps) (equal for both ions due to charge
neutrality in the bulk). For dilute solutions we have that Q ~ jyvo,
and we can rewrite

TS = —QAp+2kgTQAp; — JALL — IAV

(6)
= —Q0Ap — Jexc AL — IAV,
where we have identified the excess salt flux Jexc
Ap
Jexe =J —2kgTQE2 %)

Au’

In order for L to be symmetric, Jexc is congruent to Au. Addition-
ally, shows how to obtain the total salt flux J from the excess
salt flux Jexc even if Ay # 0. Note that
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with Aps = po — p; the salinity drop over the channel.

B Derivation G"!

The volume contribtions of the Onsager matrix are given by
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with m = 2 3,:; ?* the salt mobility, with the inverse
1
_ 0 0
Co M tLis 1 B 1
vol)  _ | _F _m 13 L
W) =5 B o B0 (10)
e B(me+Ly) 1 e 1
B 2meB  ps(z) 2B ps(z)

with B = B?(me + Li5) —e(m+ L13) a constant. Given a linear
ps(z) = p1 + $Ap, with Ap = p, — p;, we have that
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C Entrance effects

As mentioned in the main text, the salinity at both ends of the
channel are not equal to the salinities imposed on the bulk, pmax
and p;,. The effect is not necessarily strong, but a small change in
especially the low salinity can have a significant effect on the (lo-
cal) conductivity. It is therefore important to take these entrance
effects into account, and the predictions are indeed much more
accurate if we do. We cannot solve for the concentration profile
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Fig. 1 Density profile at the axis of the channel calculated with FEM (black
full line) for R = 60 nm and ¢ = 300 nm. The dashed red lines indicate the
inlet and outlet salinity p;, and pout, and the black dashed lines indicate the
location of the inlet (z = — %Z) and outlet (z = — %IZ).



exactly (due to the complicated fluid flow en electrostatic poten-
tial profile), but we can get a good estimate by assuming that the
concentration profile outside the channel drops off over a typical
distance R. Since the diffusion equation has no intrinsic length
scale, the geometric length R should characterise the concentra-
tion gradients outside the channel. Therefore we approximate

pout ~ pmin +Razp‘w pin ~ pmax - Razpm (13)

where poy is the salinity at the outlet (low salinity side) and p;, the
salinity at the entrance (high salinity side). Note that the salinity
gradient must be expressed in terms of poy and py,, 9;p5s = M
which we can plug into Eq. and solve for p,y: and pj, to find

R
Ap, Pin mAP, a4

~ pmax -

R
Pout = Pmin +—5 £+ 2R

where Ap = Pmax — Pmin iS the imposed salinity drop across the
channel. As has been shown in the main text, the entrance effect
are relevant even for needle-shaped channels. As the aspect ra-
tio increases, however, the entrance effects become even stronger.
For example, Fig. |1|shows the entrance effects for a channel with
R =60 nm and ¢ = 300 nm. Here we see that p;, is almost a factor
5 larger than py,;,, significantly affecting the total conductivity.

D Poisson-Boltzmann identities

For the calculation of L we assume that channel radius R, is signif-
icantly larger than the Debye length. This allows us to significantly
simplify the equations in cylindrical coordinates for quantities eval-
uated close to the surface. In this case, we make a coordinate
transformation s = R — r such that

2,19 (9f\ |
Vf_r8r<r(9r -

for any function f(r) that only takes non-zero values inside the
EDL. Therefore, if we are only considering quantities inside the
EDL all calculations are basically the same if we consider a cylinder
or parallel plate geometry, except for a prefactor. The parallel plate
expressions can be found by simply substituting 7R — H, with H
the plate separation. The error for the cylindrical geometry is of
the order of Ap /R, but for the parallel plate geometry the only error
occurs as soon as the EDL significantly overlap. The expressions for
L presented below assume non-overlapping EDLs. However, the
theory remains accurate even for weakly-overlapping EDLs, since
in that case the density profiles and electrostatic potential are very
well approximated by the sum of the individual EDLs.

0%f

952" (15)

R R
/erﬂ:rf(r) = ZER/dsf(s),
0 0

First we give the equilibrium Gouy-Chapmann expressions for
a 1:1 salt®l that we assume to hold for the electric double layer,
where k=15 !'is the inverse Debye length, ¢ the density of surface
charges, z; the sign of the surface charge, ¢, the dimensionless
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surface potential and ¢* = (2wAgAp)~!

. 1+ye ™
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1
c=o0" sinhi(])o;

oy=V0*2+ 02— 0" = 4psAp(cosh %q)o —1).

Next, we define a set of integrals as a function of the EDL poten-
tial which we encounter in the calculation of the Onsager coef-
ficients. Each of these integrals are defined such they are posi-
tive, and each of these can be calculated analytically using the 1:1
Poisson-Boltzmann expressions, (16),

:2;0/ dsg (s) = 2 (Lia(|1) — Lia(— 7)),
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b 0
P3Py —2P5 = 2P, — 4P;.

The first integral P can be solved by rewriting ¢ (s) in terms of the
polylogarithmic function Li;, and for the integrals P;-P; we can use
the Poisson-Boltzmann identities

1+ ve*s

o(s) = ZIOgW = —Li; (y S) +Liy (—yef’“) ,
(18)
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E Validation theory: parameter variation

Below we will show the validation of the presented theories under
several parameter variations, for the diffusio-osmotic current Ipo,
average fluid velocity i = % and salt flux Jpp. The red line repre-
sents the FEM results, the blue line the analytic approach (Eq. ??),
the black line exact approach (Eq. ??). The numerical uncertainty
of Ipp increases with pmax/Pmin, and is typically of the order of a
few pico Amperes for Pmax/Pmin = 25, i.e. typically much smaller
than the size of the symbols. The figures below use the param-
eter set 6 = —0.05 ¢/nm?, R = 60 nm, ¢/ = 1.5um, =0 nm, and
Pmin = | mM with a constant charge boundary condition, but with
every figure one exception stated in the caption.
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Fig. 2 NaCl (a)-(c) KCI (d)-(f), with a constant charge boundary condition
(??) and the parameter set stated in the text.

10° 10" 10
Pmax/ Pmin Prax/ Prin Prmax/ Prin

Fig. 3 NaCl (a)-(c) KCI (d)-(f), with 6 = —0.1 ¢/nm? and the parameter set

stated in the text.
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Fig. 4 NaCl (a)-(c) KCI (d)-(f), with ppin = 20 mM and the parameter set
stated in the text.

F Simulation domain

For each simulation domain use the boundary conditions.

1 (Red) Axis of rotational symmetry. All normal derivatives and
velocities are zero,n-Vp;=0=n-Vy =n-u

2 (Dark blue) Inlet reservoir, where we fix the pressure p = Ap,
salinities p+ = pmax and potential y = AV

3,9 (Green) To simulate an infinite bulk, we impose no-slip
boundary conditions u; = 0 on the side of the bulk if Ap # 0,
and otherwise an open boundary (force free boundary), and

impose a fixed salinity (p+ = pmax for 3 and p+ = ppin for 9).

4,8 (Cyan) Hard walls with slip boundary condition ng - Vu, = bu,
(with u, the tangential component of the velocity), zero-

charge n- Vy = 0 and no-flux boundary conditions, n-J; =0
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Fig. 5 NaCl (a)-(c) KCI (d)-(f), with R =30 nm and the parameter set stated
in the text.
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Fig. 6 NaCl (a)-(c) KCI (d)-(f), with ¢ =0.375um and the parameter set
stated in the text.
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Fig. 7 NaCl (a)-(c) KCI (d)-(f), with »=10 nm, and pp;, = 1 mM and the
parameter set stated in the text.

Journal Name, [year], [vol.], 1 |3



Fig. 8 Domain on which the governing equations are solved numerically
with the boundaries marked (boundary conditions explained in the text.

5,6,7 (Black) The charged wall. The same boundary conditions as
4/8 except for a charged boundary condition n-Vy = -9,
with ¢ the permittivity and the surface charge o determined
by the wished boundary condition (constant charge, charge
regulation etc.).

10 ( ) Outlet reservoir, p+ = Pyin, ¥ = 0 and an open-
boundary condition for the fluid.

G The Onsager matrix

G.1 Calculation L
Poiseuille flow through a cylindrical channel is given by

_ 9:p

wlr) =47 (R2 2 +2Rb> (19)

This allows us to find the volumetric flow rate and thus the first
Onsager coefficient

R
1 Qg ! / R? 4b
Lij=——2 = [dr2 =——|1+— 20
T IR2 Zop wRp | r2mu(r) =g \1+ % ), 20
where d,p = —Ap/L.
G.2 Calculation L,
The generated charge current due to fluid flow is given by
A
Is= 27re/ drrpe (ru(r). @2n
0

We use the Poisson equation to eliminate p,, and then use partial
integration twice to obtain

R
Is = — 27Re | —a,w(0)u(0) + yw(0)du(0) + / dsydu | ,
0

kpTA
B DPI).
e

Here we used Gauss’ law €d;y(0) = — o, with ¢ the areal density of
surface charges, and that d2u = d.p/(4n) from (19). Additionally,
we defined yp = y(0) as the surface potential and P; is one of the
Poisson-Boltzmann integrals defined above (Eq. [I7). Note that Py
is a positive, dimensionless number which is still a function of the

(22)

a;p ec
= —-2nRe— | ———2bR—2R
4n ( € vorre
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surface charge. We can now write the next Onsager coefficient as

1 I 81[/()+b€6
Lipy=—5 =-

TR —d.p n

eAp

s 27[/131]13 (23)

Pla

G.3 Calculation L3

Lastly, we must calculate the ion flux Js exc = Jy —2p;Qs, given by

R
Jexe,s =Js —2ps0s = 2ﬂ/drr(p+ +p_2p5)u
0
29
R
= 271:/ drr(p+ +p— —2p5)u.
0
This integral can now straightforwardly be rewritten as

nps0.p
n

R
Jexe,s = R/ ds(cosh¢(s) —1) (2R(s+b) - s2) . (25)
0

In order to calculate Js ¢c, we need three Poisson-Boltzmann inte-
grals P, P; and P4 defined above ((17)), such that we can write
the next Onsager coefficient can thus be expressed as

1 Jexc,S _ 1 ( b

TARZ —0.p  Amdgn \Ap

D (26)

Ap
L3 P +P;— ﬁfﬁ .

G.4 Calculation L,

In the electrically driven case we have no externally applied pres-
sure gradient and Stokes’ equation reduces to

NV2u+p.E =0, 27)

where E = AV /{ is the applied electric field, AV the applied poten-
tial drop over the channel and /¢ the length of the channel. Substi-
tuting Poisson’s equation we find

2u="Ea2y 28)
n
This equation can be integrated twice to give
eE E
uls) = o+ (W(s) — Yo) = - (e(W(s) ~ yo) —beo). (29)

Now we can calculate electro-osmotic volumetric flow rate Qgo,

R R
Oko = 271'/ drru(r) = TR ugo +27TR/ ds(u(r) —ugo), 303)
0 0

here, ugg is the electro-osmotic fluid flow, the (constant) fluid ve-
locity outside of the EDL, and we have used that u — ugg is only
non-zero in the EDL. Now we find

R
' £ beoc
Oro = 2717/ drru(r) = —J'CRZE*WO:; ¢ +
0



and subsequently the next Onsager coefficient Ly,

1 QEO beo+sq/0
TR? E n

Zse)LD

L
2= 2wAgNR

Py. (32)

Here we see that indeed L, = L,; as it should.

G.5 Calculation Ly,

In the electrically driven case, we have both electric field and a
fluid flow, so the current is composed of an advective (/gp 4dy) and
a conductive current (Jgo con). The conductive contribution to the
current can expressed as

IEO,con /drr D+p+( )+D [ ( ))

kBT

(33)
)

k TDpSE/ drr(cosh¢ — Bsinh¢),

where D = %(D+ + D_), with Dy the diffusion constant of the
cation/anion and f§ = 2= HD)*
integrand is not only non-zero inside the EDL, so we should not
simply change coordinates to s. Therefore we split the integral in
a bulk and a surface contribution,

We must be careful here, since the

2

R R
Tgo.con = 47r]:3—TDpSE / drr+R / ds(cosh¢ — 1 — Bsinh¢) | ,
0

(€LY
where we have changed the coordinates from r to s in the second
integral since the integrand is only non-zero inside the EDL. We can
recognise P, in the second term on the right hand side, and the last
term is easily determined using charge conservation condition

R
/ds(p+ —p_)= —2ps/ dssinhg = —c (35)
0 0

This allows us to write down the conductive contribution to the
current,

IEO ,cond — 47[R (36)

1 o
Tl ng (R-Q-ADPz Rﬁa)

This leaves us to determine the advective contribution to the cur-
rent Igo gy Using (29)

R
E
lgo a0 =2nRe [ ds(py —p-)(e(y(s) ~ wo) ~beo).  37)
0

Interestingly, we find in Igg o4y the self energy of the EDL, which
can be expressed as
R

1 1
Ee/ds(m —P-)Y =—5eoy -
0

kT

Combining this with the charge neutrality condition used above,
Eq. (35), we find

I£O adv = 27RE? ﬁ (bc (39)

2
(47A5) 2D P 2) '

Collecting all terms we find for the total electro-osmotically driven
electric current and thus Ly,

1 Ieo
Loy =—— 22
2TIREE
2Dé? 2p5Ap kgT c
= 1 el
kT(‘Jr R 2<+27ranD Fx (40)
2 2
—0—238 o
R 7

G.6 Calculation L3,

Just like Igg, Jgo contains contributions from both conduction and
advection. The conduction contribution can be calculated similar

to IEO,cond;

R
e
JEO cond = 2nﬁ /drr(D+P+ -D_p_)E
B 0
4D

R
— 47BDpyeE / drr(—sinh + B(cosh ¢ — 1)+ B)
0

We have already solved these equation above, (34)), so here it suf-
fices to state the result

e
JEO cond = ankBiTDE (—o+ B(psR+2psApP,)) . (42)
We can find the advective contribution Jgg a4y as
R
Jexc,EO,adv = an/dS(er +p- — ZpS)u
0
(43)

R
- 47rR% O/ds(coshd) ~1)(e(y — W) — beo).

This integral introduces yet another Poisson-Boltzmann identity Ps,
see (17), and we find

eEA,
Jexc,EO,adv = _ZPSTL'RZ TlRD (27‘613 Ps+ ZbGPZ) . 44
This gives the next Onsager coefficient
1 JEO 2De Z/ID
=R = et (fiﬁ (Hipz
(45)

e

T 2igAonR (4 5 P5+b"P2)
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G.7 Calculation L3

Contrary to an applied pressure or voltage difference, a concentra-
tion gradient does not directly induce a fluid flow because there
is no body force directly related to the concentration gradient. In
order for a concentration gradient to induce a fluid flow, an exter-
nal potential is required that works in a direction perpendicular to
the concentration gradient. In the case of a concentration gradient
along a charged surface, this external potential is the electrostatic
potential of the EDL. We will again assume that the EDL is in (lo-
cal) equilibrium at every point along the surface. Since the salinity
ps is a function of z, y is a function of both z as well as r. Inter-
estingly, as we will see, the lateral electric field originating from
y(r,z) will not affect the resulting fluid flow profile. First, we write
the ion densities as

p+(1,z) = ps(2)eTO), (46)

where ¢ = 27y is the dimensionless EDL potential. Assuming that
the r component of the fluid velocity vanishes, so we can write
down the r component of Stoke’s equation

0rp = —knTpo(z) (70 =) 3,9 = 2UnTpy(2)9, (coshg).  (47)

Now we can easily solve for pressure, and since the pressure must
be constant (pg) outside of the EDL (a concentration gradient can-
not induce a fluid flow without the external potential) we find

p(r,z) = po+2kpTps(z) (cosh ¢ (r,z) — 1). (48)

It is this pressure, which results from a concentration gradient
through the EDL, which induces the fluid flow. Plugging (48) in
Stokes equation we find

N9%u = 2kgT . (ps(z) (cosh ¢ (r,2) — 1)) — ep E,

— 2kpTd.ps (coshd — 1)+ 2kg T ps sinh 93,9 — epe (r)E,
(49)
= 2kpT d-ps (cosh¢ — 1) — eped-y —ep.Ez,

= 2kgT d;ps (cosh¢ — 1),

where we defined E; = —d,y. Interestingly, this is the same result
as the result we woudl obtain if we neglected the z dependence of
the EDL potential ¢(r,z) = ¢(r), although we should keep in mind
that u is now a function of z even in linear response theory.

It is possible to find an exact solution to this equation with the
Poisson-Boltzmann formalism. To solve for the diffusio-osmotic
flow profile, we change our coordinates again to s = R — r (because
the driving force is only non-zero inside the EDL) and use (18],
which makes it easier to integrate twice and obtain

4ksTAp
upo(s) = — n

2:p; (Aplog (1= Pe™) +(2+c)s+d),
(50)
where ¢ and d are integration constants. Since all derivatives van-
ish on the channel axis (s = R), we have that the fluid flow must be
constant outside of the EDL. This allows us to fix ¢ = —2 such that
the linear term cancels. The final constant d can then be found by
imposing the slip boundary condition for u,. The solution to the

6| Journal Name, [year], [vol.],1

diffusio-osmotic fluid flow is then found as
kgT 0.ps 1 —y2e2Ks b

=— log [ —t )+ --P ).

u(s) 2N Ps o8 1—y2 + 220 2
We can write the diffusio-osmotic flow outside of the EDL, upg, as

a;u b

P LI, P —P

4nnAp < 3 Ap 2)

This allows us to calculate the volumetric flow rate due to diffusio-
0SMoOsis,

GD

upo = (52)

R
2.
Opo =R upo — —* _27R / dslog (1 - yze*m)
0

2nMAg
(53)
0. u b )«D
— _gp2_ 2 — _ P
= 7R 47[an <ADP2+P3 2RP4>
and thus we find the next Onsager coefficient
_ 1 90 __1 (b Ao
Lar= nR? —d.u  4mign (ADP2+P3 R™) (>4)

By comparing L3; with we have that Ly = L;3 as it should.

G.8 Calculation L3

The diffusio-osmotic Ipg consists of two contributions, from diffu-
sion (Ipo qif) and from advection (Ipg aqv). The novel contribution
to Lp3 mentioned in the main text originates from Ing gif,

R
Ino gif = —27'56/ drr(D+8zp+ —D,azpf)
0

(55)
R

= —4nDed. py /drr(—sinh(j) +B(cosh¢ —1)+B)
0

The first expression can be calculated using charge neutrality of the
EDL and the second term is the integral P, defined above ((17)).
We thus find

De (o3 AD
Ipo gif = —27R* —— ——+pB1+272R) ). 56
o = 2K e d (-5 +pp+22m)). 56
The advective contribution to the electric current is given by
R R
Ipo.ady = 27Re / dspeu = —2mRe / dsud?y, (57)
0 0

We have already calculated the u(s) above. To solve for Ipg 4qy it is
best to rewrite this expression by partial integrating it twice,

R

o, i
Ino,adv = —27Re —?uo + / ds(y — l//o)aszu(s) , (58)
0

where we used that dyu(s = R) = 0. Now we can plug in (49) to
eliminate the @2u. This leaves the integral defined above as Ps, and



we can write Ipg aqy as

Ipo,adv edu Zs
—— bo P Ps|.
TR 2nAgApMR 2t 4mAp 3

Now we can write down the next Onsager coefficient,

(59

1 Ipo
Lyp=— 20 —

2De (O AD
TR o kel (E b (1 *2?*’2))

e 1
- 27TA,BADT]R (bGP2 + 47[13 PS) ’

Comparing L3, with L3 we see that the two coefficients are indeed
equal, as required.

(60)

There is, however, a subtlety involved with the above computa-
tion. This problem becomes apparent if we write the first term of
Ino it differently and applying charge neutrality again,

R
Ino.git = —4nDed. | py / drr(—sinhg+ B(coshd— 1)+ B) | , (61)
o

Now, the problem only concerns the first term on the right hand
side of (61)), so we omit the terms proportional to 8 for clarity.
We can namely use charge neutrality before calculating the
derivative to obtain

R
Ino,gif = —4nDed; | ps / drr(—sinh¢)
0 (62)

— _7DeR%d, (—%) —0,

in the case of a constant o. We thus find that, contrary to (56)),
this term vanishes. Both cannot be correct, and there must be
a faulty assumption underlying either or (56). seems
to be more exact, as it only relies on charge neutrality, which is
probably the reason this has been adopted by previous studies®Z,
However, we have concluded in that the derivative of this
term vanishes even though the only z dependence of comes from
ps, which is mathematically inconsistent. This does not imply that
the charge neutrality condition is incorrect. On the contrary, in
order for charge neutrality ((35)) to be consistent we have that ¢
also depends on z in such a way that will hold. there-
fore only holds for a consistent analysis of diffusio-osmosis that
incorporates the z dependency of ¢. Interestingly, we find that we
regain from such an analysis, as we will show below.

We have already shown that the fluid flow is unaffected by a
laterally varying ¢, because the resulting lateral electric field E,
cancels the electric body force in the Stokes equation. However,
E, does contribute to the electric current.. To continue, we assume
that we can still use the same Poisson-Boltzmann equations for ¢,
but that this solution is now also a function of z via p; and thus Ap.
This allows us to determine E; from (T6)), which can be written in
terms of the normal derivative ds¢,

Ap

_— 63
cosh %% ©3)

20 = %as(b <S+ > 9:(logpy).

Although this electric field will not influence the fluid flow, and
thus Qpo and Ipg aqy, We do obtain a novel, conductive contribu-
tion to the generated electric current,

R
IDO.con = _ZﬂRe/ds(D+P+ +D_p_)<9z¢
0

(64)
R
= 747rRDpse/ds(cosh¢ — Bsinh¢)d; ¢.
0
In order to determine Ipg con, We first solve the integral
R 0
ny = /ds(cosh¢ — Bsinh¢)ds¢ = /d(p(cosh(l) — Bsinh¢)

0 9 (65)

= —sinh ¢y + B(coshgy—1).

The solution to this integral aids in solving the second integral

R
ny = /ds(coshq) — Bsinh ¢)sds¢
0
R
= [ssinh¢ — sB cosh¢]S=F — / ds(sinh ¢ — B cosh @) (66)
0
R
- /ds(sinhq) —B(coshg — 1)) = % +BAPs,
.0 A

where, in the last line, we have inserted the solutions to the inte-
gral P,. The conductive contribution to the diffusio-osmotic cur-
rent can, after some algebra, be written as

De n n
270

De c o cosh 3¢9 — 1
=2mR?—ou|—-—-—B|P+—2" ).
kgT H (R ZRﬁ ( : cosh 1y
As discussed, the diffusive contribution to Ipg g;f must be calcu-

lated differently if the surface potential depends on z too. Starting
with we find

(67)

1
Ipo,gif = —4nDed; <—RG +B (RplePz + ERZPX))

22R2DeB [ 2.py+ & cosh 30— 15 >
=— e — —=——07;lo ,
2Ps 2R Cosh%(])o 2108 Ps
. h Loy
where we used that d.(psApP,) = & (%) and d,0 = 0.
Addll‘lg IDO,con and Ipo.gif We find
De c 21
Ipo,dgif + ID0,con = ZERZkaTazu (E -B (1 + TDPz)) , (69)

which is, interestingly, exactly the same as the expression we found
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using before, (55). Therefore we find that even though the surface
will develop a lateral electric field due to the laterally varying EDL
potential, this will not alter the final equations for Opo and Ipp we
would get if we assume a constant surface potential. This means
that we can safely ignore the z dependence of ¢, and treat it as if
it is a function of r only. This gives the same result as if we would
take this into account, but is much less laborious.

G.9 Calculating L33

Lastly, we determine the diffusio-osmosic salt flux Jpg. The salt
flux has two contributions, one from diffusion and one from ad-
vection,

R
D
JDO7dif = 747’[/{]377,(91[.1 /drr (COSh¢ - ,3 sinhq)) . (70)
0

These integrals are already discussed above, ([34), so this allows us
to write the diffusive contributions as

D A c
Jpo dif = —ZﬂRzaz#mps (1 +2?DP2 _ﬁﬁ) . 71)
S

This leaves us to determine the advective contribution to the salt
flux,

R
Jexc,DO,adv =27ps / drr(p+ +p*)u —2ps0po
0

(72)

R
=2r /drr(p+ +p— —2ps)u.
0

To continue, it is convenient to split up the fluid velocity in upo
and a contribution that is only non-zero inside the EDL. Then we
obtain

R
50, b
Jexe,DOadv = — plB;]M ( (P3 + %Pz) /dS(COSh¢ -1)

0

(73)

R
+2/ds(coshq)fl)log <172€_m>>7

0

where we used the expression for upo, (52). Here we encounter a
final Poisson-Boltzmann integral Py, (17)), such that we find

0. b
Jexe,D0,adv = —Ripslb (Pz (P3 + *Pz) - 2P6) . 74)
Agn Ap

This gives the final Onsager coefficient

I Jexe,p0O 2D ZPSAD o
BT IR —ou kBT( s R ° BR
(75)
Ple b 2
2P, —4P3+ —P5 ).
+ ﬂA,BT]R ( 2 Ehs lD 2
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