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1. Derivation of Reynold Equation for steady sliding

The derivation of Reynold equation can be found in the reference 1. We use a different coordinate system 
compared with the standard approach. In our approach,  corresponds to the position of the 0z 
undeformed surface. The Navier-Stokes equation, ignoring inertia terms and using the lubrication 
approximation is:

(S1a-c)
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where  is hydrodynamic pressure;  is the constant dynamic viscosity of the liquid;  and  are p  xv yv
velocities in the  and  direction. The lubrication approximation is that in plane gradients of the x y
horizontal velocities are small in comparison with the out of plane gradients. Integrating (S1a,b), 

(S2a,b)
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For our case, the equation of the rigid surface is  and we have: , ,h x y t

 and (S3a,b)  , ,xv z h x y t v     0, ,xv z w x y t 

(S3c,d)  0( , , )yv z h x y t     0, ,yv z w x y t 

where  is the horizontal velocity of translation of the surface and is the vertical elastic v  , ,w x y t

displacement of the substrate surface due to the unknown fluid pressure p.  The boundary condition 
(S3a,b) allows us to determine the unknown functions in (S2a).
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(S4a,b)
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Finally, the incompressibility condition implies that 

     (S5) 
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The RHS of the (S5) are

  (S6a,b)
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Substituting (S6a,b) into (S5), we get the Reynolds equation for steady sliding,  

(S7)     
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For steady sliding,  and (S7) becomes  ,, , xw x y t vw &

(S8)   31
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We can convert the (S8) into polar coordinates using:

;  (S9a,b)sin
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The polar coordinate version of (S8) is:

(S10)3 31 1 1 1 1
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where: .u h w 

2. Resolving the singularity of the discretized Reynolds equation at 0r 

To get rid of the singularity, we integrated both sides of (2.6a) in the paper over a small domain 
 and applied divergence theorem to obtain (2.15). We choose the domain  as a circular region D D

centered at origin with radius . We evaluate both sides of the (2.15) using the finite difference 1 2/r  

scheme:



   (S11a)
1

3 3
0 1 1 03 3 31 1

0 0 0
2

2 2 2
, , , ,

, ,

m
i i i i

D r ir r

u u p pr rp p p
LHS u ds u u

r r r r

   

   

  
 

    

                           
  

   2
1 0 1 1 2 1 1 21 1

0 0
0 1

1 1 1
2 2 2 2

, , , / , /sin
cos cos sin

m
i i i i

i i
i

u u u ur ru u
RHS rdrd

r r r
       

   
 



                                     
 

(S11b)

where

 ;  , (S11c)
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Since ,  are independent of , we denote them by  ,   respectively.  Using (S11a-b), we obtain 0,ip 0,iu  0p 0u
(2.16) in the paper.

3. Hydrodynamic pressure over the whole domain. 

The hydrodynamic pressure at different cross sections is shown in figure 5 in the paper.   The pressure 
profiles over the whole calculation domain for different  value are shown in figure  S1.  
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Figure S1. Pressure profile over the calculation domain for different  value

As  increase the hydrodynamic pressure become more and more axisymmetric and converges to 

the Hertz pressure, except near the intake and exit.  For  values larger than 500, there is very little 

change of the pressure profile except in a small region very close to  .1r 

4. Displacement of the elastic substrate

The vertical displacement of the substrate at two main cross sections (  and ) for different  is 0y  0x  

plotted in figure S2. Also plotted is the Hertzian solution. 



Figure S2. Substrate’s displacement for different  value at different cross sections, (a) cross section at 

; (b) cross section at .0y  0x 

The results show that as  increases, the substrate’s vertical displacement caused by hydrodynamic 

pressure approaches the Hertzian solution. At the exit region where  and , the vertical 1r   
displacement is closer to the Hertz solution which implies a thinner film there.

5. Compare between the cavitation and non-cavitation condition

The comparison of the EHL solution with and without enforcing Reynold condition is shown in figure S3 
and figure S4. 

Figure S3. the comparison of hydrodynamic pressure for the calculations: (a) without Reynold condition; 
and (b) with Reynold condition 



The comparison of hydrodynamic pressure over the calculation domain for the cases of enforcing no 
Reynold condition and Reynold condition is shown in shown in figure S3 for .   We choose a 200 

relatively small value of  since it give a clear picture of the boundary layer effect.    The result shows that 
unless the Reynold condition is imposed, there is always a small region near the exit where negative 
hydrodynamic pressure exists.  The negative pressure might cause cavitation of between the liquid layer 
and the rigid sphere.  However, both the magnitude and size of this negative pressure vanishes as 

 so it is not a concern.  Indeed, since the Reynolds condition is also an approximation, it is not clear  
which model is better in this limit.  Indeed, in our experiments, we did not observe fingering or cavitation 
at the exit.  
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Figure S4. the comparison of hydrodynamic pressure for the calculations: (a) without Reynold condition; 
and (b) with Reynold condition for  200 

The effect of Reynold condition on the distribution of the liquid film thickness is shown in figure S4 
for .   (a) Reynold condition is not enforced (b) Reynold condition enforced.  Even for   200  200 
the Reynold condition has no effect on the inlet region .  The effect is focused on a very small 0x 
boundary layer near the exit. The presence of Reynold condition actually makes the liquid layer thinner at 

the exit region where . 2 41
3 3

, ~r    

6. Velocity field at different cutting planes

The average velocity for the velocity components  and  was shown in figure 11 in the paper. Here, rv v
we presents more results of the velocity vector field in the whole calculate domain for different cutting 
planes.



Figure S5. the velocity field at different cutting plane between the sphere and substrate

The velocity field at three horizontal cutting plane sections are shown in figure S5.  With respect to the 
sphere, the liquid flows from left to right.  figure S5(a) is a horizontal plane cutting both the liquid and the 
sphere. Generally, the liquid sucked into the thin-film region from the front side of the sphere and exits 
from the trailing-edge.  Around the sphere, the flow curves slightly along with the circumference of the 
sphere. figure S5(b) shows the flow on a curve surface that is a rigid translation of the deformed substrate 
surface.  The distance between this surface and the deformed substrate is 5% of the film thickness.

As shown in figure S5(b), because of the no slip boundary condition, the flow is practically uniform and is 
not affected by the shape of the sphere. figure S5(c) shows the same surface shifted upwards so the 
distance of this surface and the substrate surface is 95% of the film thickness.  As shown in figure S5(c), at 
the front edge, the relative motion between the sphere and the liquid is almost negligible because of the 
no-slip condition.  Right in front of this non-slip region, liquid is pushed out due to the forward motion of 
the sphere.

7. Comparison with results of Snoeijer et al.

A recent work by Snoeijer et al 4 focused on a 2D rigid cylinder sliding on a lubricated elastic half space.  
They also provided limited results for the sphere problem. Using a similar normalization as ours, they 
shown that all the normalized variables depends on the single dimensionless parameter  which within 3D

a numerical constant of order one is .   This parameter is essentially the same as 
5/3 1/3
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 in this work.  To compare our results with theirs, we plot the normalized film thickness at the inlet 1/ 

region  with .  For this case,  where  and compare our results with 1 0, r 0    1
3 cD   0.3285c 

their result presented in Figure 3 of their paper.  As shown in Figure S6 below, there is close agreement 
between the two results.  
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Figure S6. Comparison of current work with the asymptotic result in  for the film thickness at the inlet 
region .1 0,  0r   
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