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Theoretical derivation of the thermal conductivity

Traditional thermal conduction models for polymer composites mainly consider the 

thermal conductivity coefficient (λ) and volume fraction of fillers, usually ignoring 

the influences of fillers/matrix interfaces, fillers’ dispersion and alignment, etc. 

resulting in large discrepancy between theoretical and experimental λ values. 

In order to further clarify the synergistic effect of f-MWCNT and rGO, and to 

improve the accuracy of theoretical λ values for f-MWCNT-g-rGO/PI nanocomposites, 

an improved thermal conduction model is proposed and optimized, which is based on 

the effective medium theory (EMT) and heat conservation, considering the 

fillers/matrix interfaces, fillers’ dispersion and alignment, etc.

Thermal conductivity measurement (transient plane heat source method) indicates the 

heat conduction process is unsteady state, and the samples can be seen as one part of 

the semi-infinite body.1, 2 According to the Fourier’s law,3 the heat (Q) transferred 

into the semi-infinite body at a specific time (τ) can be expressed as:

𝑄 = 𝐹
𝜏

∫
0

𝑞(0,𝜏 )𝑑𝜏                                             (𝐸𝑞. 𝑆1)

Where, F is isothermal level, a constant when the surface temperature distribution of 

the semi-infinite body is uniform;  represents the heat flow that goes through 𝑞(0,𝜏 )

the semi-infinite body and can be expressed as:

𝑞(0,𝜏 ) =
𝜆Δ𝑇
𝜋𝛼𝜏

                                               (𝐸𝑞. 𝑆2)

where, α is the thermal diffusivity;  is the surface temperature change of the semi-Δ𝑇

infinite body.

Therefore, Q can be expressed as:
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𝑄 = 2𝜆𝐹Δ𝑇
𝜏𝜌𝑐
𝜋𝜆

                                            (𝐸𝑞. 𝑆3)

where, ρ and c is density and specific heat capacity of the sample, respectively.

According to EMT model, the in-plane and cross-plane thermal conductivity of the 

polymer composites (Figure S1a) can be express as:4

𝜆 ∗
11 = 𝜆 ∗

22 = 𝜆𝑚

2 + 𝑉𝑓[𝜆𝑓

𝜆𝑚
(1 + 〈cos2 𝜃〉)]

2 ‒ 𝑉𝑓[(1 ‒
𝑅𝐵𝑑𝜆𝑚

ℎ )(1 ‒ 〈cos2 𝜃〉)]
             (𝐸𝑞. 𝑆4)

𝜆 ∗
33 = 𝜆𝑚

1 + 𝑉𝑓[𝜆𝑓

𝜆𝑚
(1 ‒ 〈cos2 𝜃〉)]

1 ‒ 𝑉𝑓[(1 ‒
𝑅𝐵𝑑𝜆𝑚

ℎ )〈cos2 𝜃〉]
                         (𝐸𝑞. 𝑆5)

f-MWCNT-g-rGO has anisotropic heat conduction (Figure S1b), considering the in-

plane and cross-plane thermal conductivity individually, so that Eq. S4 and S5 can be 

simplified as follows:

𝜆 ∗ = 𝜆𝑚

2 + 𝑉𝑓[𝜆𝑓

𝜆𝑚
(1 + 〈cos2 𝜃〉)]

2 ‒ 𝑉𝑓[(1 ‒
𝑅𝐵𝑑𝜆𝑚

ℎ )(1 ‒ 〈cos2 𝜃〉)]
                    (𝐸𝑞. 𝑆6)

〈cos2 𝜃〉 =
∫𝜌(𝜃)cos2 𝜃sin 𝜃𝑑𝜃

∫𝜌(𝜃)sin 𝜃𝑑𝜃
                               (𝐸𝑞. 𝑆7)

where,  is the thermal conductivity of PI matrix;  is the testing in-plane ( ) or 𝜆𝑚 𝜆𝑓 𝜆𝑓 ∥

cross-plane ( ) thermal conductivity of f-MWCNT-g-rGO ( ≈ 120 W/mK，𝜆𝑓 ⊥ 𝜆𝑓 ∥

≈ 20 W/mK);  is the volume fraction of f-MWCNT-g-rGO, θ is the angle 𝜆𝑓 ⊥ 𝑉𝑓

between the f-MWCNT-g-rGO plane and the horizontal plane of f-MWCNT-g-

rGO/PI composites;  is the distribution function; < > represents the spatial 𝜌(𝜃)
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average;  is the thermal interface resistance (~ 8×10-8 (m2·K) W-1),5 h is the 𝑅𝐵𝑑

average thickness of f-MWCNT-g-rGO (~ 12 nm).

According to the ellipsoid distribution of thermal conductivity6 (Figure S1c), the 

geometry constituted by the thermal conductivity is an ellipsoid, where the thermal 

conductivity is axial length (Figure S1d). Assuming the volume of the semi-infinite 

body, the measured sample is one part of the semi-infinite body, and its in-plane and 

cross-plane thermal conductivity is  and , so that the heat ( ) through the 𝜆 ∗
∥ 𝜆 ∗

⊥ 𝑄1

sample can be expressed as:

𝑄1 =
4𝜋𝜆 ∗

⊥ 𝜆 ∗
∥

2

3𝑉
2 𝜆 ∗

⊥ 𝐹Δ𝑇
𝜏𝜌𝑐

𝜋
                                (𝐸𝑞. 𝑆8)

Assuming there is another sample in the semi-infinite body and its in-plane and cross-

plane thermal conductivity is the same (λ), so the heat ( ) through the sample can be 𝑄2

expressed as:

𝑄2 =
4𝜋𝜆3

3𝑉
2 𝜆𝐹Δ𝑇

𝜏𝜌𝑐
𝜋

                                      (𝐸𝑞. 𝑆9)

If , the λ can be expressed as:𝑄1 = 𝑄2

𝜆 = (𝜆 ∗
⊥

1.5𝜆 ∗
∥

2)
2

7                                        (𝐸𝑞. 𝑆10)
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Figure S1 Diagram of the thermal conduction models. (a) Laminate structure of the f-MWCNT-g-rGO/PI nanocomposites, (b) Anisotropic heat 

conduction of f-MWCNT-g-rGO fillers, (c) Thermal conductivity ellipsoid, (d) Heat conduction in semi-infinite body
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Table S1 A comparison in λ values for different thermally conductive polymer composites

Fillers’ composition & loading Polymer matrix λ (W/mK) Enhancement (%) Reference

10 wt% f-MWCNT-g-rGO Polyimide 1.60 490 This work

10 wt% GO-A-CNT Poly(vinylidene fluoride) 1.56 610 Ref. 7

12.1 wt% CNT-GNPs Epoxy 0.51 300 Ref. 8

20 wt% MWCNT-GNP Polycarbonate 1.39 479 Ref. 9

10 wt% CNT-GNP Poly(vinylidene fluoride) 0.97 260 Ref. 10

13 wt% CNT+GO-MDA Poly(vinylidene fluoride) 0.39 86 Ref. 11

12 wt% CNT+GO Poly(vinylidene fluoride) 0.95 270 Ref. 12
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Table S2 Characteristic data from DSC and TGA
Weight loss temperature / oC

Samples Tg / oC
T5 T30

THeat-resistance index*/ oC

Pure PI 205.6 505.8 585.5 271.3

1 wt% f-MWCNT-g-rGO/PI 206.3 508.3 590.5 273.2

3 wt% f-MWCNT-g-rGO/PI 209.5 515.1 597.2 276.5

5 wt% f-MWCNT-g-rGO/PI 211.8 517.2 620.5 283.8

10 wt% f-MWCNT-g-rGO/PI 216.2 519.5 632.4 287.7
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