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Theory 

Figure S1. (a) The true echo time signals from Eq. 2c and (b) the corresponding spectrum (Eq. 3c). Small ϕ=0.15π is used 
to illustrate the effect of non-zero phase on the signal in the time and frequency domains.

True and virtual echoes

The virtual-echo time-domain presentation given by Eq. 1 should be distinguished from the traditional true-
echo signal previously suggested for obtaining pure-absorption spectra 1, 2. The former is a mathematically 
equivalent presentation of a regular FID, the latter requires a specialized experimental setup. Below we 
illustrate relation between the virtual and true echo for the specific case of a single-component NMR signal 
with frequency , transverse relaxation rate , and phase . Then, the FID and VE time signals areΩ 𝛼 𝜙

 (S1a)SFID(t) = θ(t)exp[ - iΩt - αt + iϕ] - ∞ < t < ∞

(S1b)SVE(t) = exp[ - iΩt - α|t| + iϕ sign(t)] - ∞ < t < ∞

where  is the Heaviside step function. Equation S1b, which is derived using Eqs. 1 is an equivalent 𝜃(𝑡)
presentation obtained from the original FID signal (Eq. S1a) without adding or loosing information. In general 
case of , as it can be seen in Fig. 1c,  has a discontinuity at the time point zero. The true-echo 𝜙 ≠ 0 𝑆𝑉𝐸(𝑡)

signal, which is observed in the spin-echo type experiments 1, 3, 4 and used in pseudo-echo signal processing 5 

 (S1c)STE(t) = exp[ - iΩt - α|t| + iϕ ] - ∞ < t < ∞

is continuous for any phase . Fourier transform of the signals from equations S1 gives the following spectra:𝜙

 (S2a)FFID(ω) =  cos (ϕ)L(ω) +  sin (ϕ)D(ω) + i[sin (ϕ)L(ω) -    cos (ϕ)D(ω)]

  (S2b)FVE(ω) = 2 cos (ϕ)L(ω) +  2sin (ϕ)D(ω)

  (S2c)FTE(ω) =  2 cos (ϕ)L(ω) + 2isin (ϕ)L(ω)
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where  and  are absorption and dispersion parts:𝐿(𝜔) 𝐷(𝜔)

 (S3a)
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Signals and corresponding spectra given by Eqs. S1-3 are illustrated in Figs. 1 and S1. Equations S2 and S3 
explain differences between spectra produced from the normal FID and echo signals. The former always 
contain equal amount of the absorption and dispersion, whose contributions to real and imaginary parts of the 
spectrum depend on the signal phase. Virtual-echo spectrum has zero imaginary part. Its real part contains 
mixture of absorption and dispersion parts. If the phase is known,  can be adjusted to the pure 𝐹𝑉𝐸(𝜔)

absorption mode. The method relies on prior knowledge about the phase and thus has limited use when the 
phase is not known, e.g. if it is the parameter to be measured in experiment or if spectrum contains signals of 
significantly different phases.
The true-echo spectrum is purely absorptive, with the signal power distributed between the real and imaginary 
parts. Both the true and virtual echo approaches can be used to produce dark, pure absorption spectrum and 
thus provide basis for efficient sparsifying transforms. The conventional MRI signal in the k-space corresponds 
to the true-echo, which contributes to success of the compressed sensing techniques in that field. However, to 
our knowledge, the true-echo has not been used so far in relation to the NMR spectra reconstruction from NUS 
data. A signal representation similar to VE was suggested for spectra reconstruction from projections 6 and was 
also used for NUS spectra reconstruction with a new iterated maps algorithm 7. However there, the VE was 
entangled into the method-specific algorithms and general implications of the VE presentations for NUS 
spectra reconstruction was not discussed.

Digital considerations

In practical NMR experiment, N signal points are sampled at regular time intervals  over a period of time 

 = (N-1). Considering that the discrete Fourier transform (DFT) assumes that the signal is periodic with  𝑡𝑚𝑎𝑥

the period and starts at the time point zero, equations for the virtual echo presentation of the digitized  𝑡𝑚𝑎𝑥 

signal are:

 (S4a)SVE = [ (S0 +  S *
0 )/2,  S1,…,SN - 1,  0, S *

N - 1, S *
N - 2, …, S *

1 ]

 (S4b)SVE = [ S0,  S1,…,SN - 1 ,S
*

N - 1, S *
N - 2, …, S *

1 , S *
0 ]

where we consider two cases for position of the first measured data point: (Eq. S4a) at time point t=0, i.e. 
when all frequency components of the FID have the same phase, and (Eq. S4b) at the half dwell time, t = /2. 
Positions of the first data point, which correspond to the first order phase correction in the spectrum other than 

 are not compatible with the VE presentation. Eq. S4a can be seen as a sum of two time domain 𝑘𝜋, 𝑘 ∈ 𝑁
signals: right-zero-padded up to 2N points FID: 

 (S5a)S + = [ S0/2,  S1,…,SN - 1,  0,…,0]

and the complex conjugate of the time reversed FID, which is also left-zero-padded and cyclically shifted by 
one point:

 (S5b)S r
- = [ S *

0 /2,  0,…,0, S *
N - 1, S *

N - 2, …, S *
1 ]



In the frequency domain, signals in Eqs. S5a and S5b have the same absorption parts. The dispersion parts, 
however, have the opposite signs and thus cancel out in the VE signal in Eq. S4. 
If zero order phase  of the signal is known, it should be applied to the time-domain FID signal prior to the 𝜙
conversion to the VE. Then, the spectrum reconstruction from the time signal in Eq. S4a consists of the pure 

absorption real part and the zero imaginary part. With corrected zero order phase, spectrum of the signal in Eq. 
S4b contains only absorption contribution, which is however distributed between the real and imaginary parts. 
As in the case of the true-echo, this does not affect darkness of the spectrum and, if needed, the pure absorption 
spectrum with zero imaginary part can be obtained by the linear phase correction of 1800 in the frequency 
domain.

Figure S2. Effect of FID extrapolation and VE presentation on IST spectrum reconstruction from 20% non-uniformly sampled data. 
(a) Synthetic reference 1D spectrum consisting of six signals and (b) the corresponding complete FID. (c,e,g) reconstructed spectra.  
(d,f,h) reconstructed time domain signals. (c,d) IST on NUS FID without extrapolation. (e,f) IST on NUS FID in VE presentation. (g,h) 
IST on NUS FID with extrapolation.

Relation to zero filling and extrapolation

A similar to the VE signal presentation yet without the zero-padding in Eqs. S5 was suggested by Nagayama 8 
for elimination of the dispersion signals. As it was later pointed out by Szyperski and co-workers 2, 
Nagayama’s approach is not suitable for producing quantitative spectra. We must stress that the zero padding 
(also called zero-filling) of the time domain signals in Eqs. S5 serves for ensuring causality of the NMR signal 
in digital analysis, which in the traditional Fourier based NMR processing leads to enhancement of the 
resolution and notably sensitivity in the spectra 9. However, extrapolation of incompletely decayed signal by 
zeroes results in the sinc-type distortions of the spectral line shapes. Thus, in case of non-uniform sampling 
zeroes in Eqs. S5 are not used explicitly but considered as missing data. Consequently, NUS VE signal (Eq. 
S4, Fig S2f) has no explicit zeroes. Comparison of panels c and g in Figure S2 illustrates that, similar to the 
traditional Fourier signal processing, the extrapolation of the FID significantly improves quality of the NUS 
spectra reconstruction. Although never explicitly discussed previously, extrapolation is usually implemented in 
the NMR CS algorithms. Also in this work, for comparison with the VE, the FID is always extrapolated two 
times in the course of the CS and SIFT reconstructions. 



Since, CS finds the sparsest spectrum in the frequency domain, it tends to suppress the relatively low intensity 
dispersion tails of the signals (Fig. S2 c, g), which inevitably leads to a signal resembling the VE (Fig. S2 d, h). 
For the non-extrapolated signal, CS algorithm significantly distorts the time domain signal (Fig S2d) in 
comparison with the reference FID (Fig S2b) and, correspondingly, quality of the reconstructed spectrum (Fig 
S2c) is poor. When the time signal is extrapolated, the missing data in the extrapolated part allows for 
accommodation of the time-reversed signal (Fig S2c), which is enforced by the CS sparseness constraint. Thus, 
the correct FID is reconstructed and the spectrum is fine. In this context, the VE method (Fig. S2 e, f) fits 
naturally to CS behaviour – it uses the experimental points where otherwise the reconstruction would take 
place. The number of unknowns is thus reduced and the reconstruction performs better.

Generalization for N-dimensions

The virtual-echo transformation defined by Eq. 5 can be easily generalized for a spectrum of any 

dimensionality. For example, for every time point  of a two-dimensional signal (𝑡1,𝑡2)
, States method of NMR signal detection gives four real measurements, which (0 ≤ 𝑡1 < 𝑡1𝑚𝑎𝑥,  0 ≤ 𝑡2 < 𝑡2𝑚𝑎𝑥)

are essentially products of the form R1R2, R1I2, I1R2, and I1I2. From these we can build four complex matrices: 

 (S6)S ±± (t1,t2) = (R1 ± iI1)(R2 ± iI2)

For example, complex matrix  is obtained as𝑆 ++ (𝑡1,𝑡2)

S ++ (t1,t2) = (R1 + iI1)(R2 + iI2) = R1R2 - I1I2 +  i[I1R2 + R1I2]

Then, we double the sizes of the matrices in Eq. S6 by zero padding and perform the time-reverse operations 
for the individual dimensions similar to Eq. S5. Finally, after summation of the four resulting matrices we 
obtain a complex matrix of the 2D virtual-echo signal  :(0 ≤ 𝑡1 < 2 𝑡1𝑚𝑎𝑥,  0 ≤ 𝑡2 < 2 𝑡2𝑚𝑎𝑥)

 (S7)
SVE(t1,t2) = [ S ++ (t1,t2) S +- (t1,  t2max - t2)

S -+ (t1max - t1,t2) S -- (t1max - t1, t2max - t2)]
The two-dimensional Fourier transform or CS reconstruction of  signal produces complex 2D 𝑆𝑉𝐸(𝑡1,𝑡2)
spectrum with zero imaginary part. When phases of the signal are known a priori and corrected prior to the 
reconstruction, the spectrum is obtained in the pure absorption mode. Otherwise, the spectrum may contain 
non-zero dispersion part, which lessen the spectral sparsity, but still allows successful reconstruction, although 
with more experimental data.
As the final remark, we note that while the original FID for a multidimensional spectrum is hyper-complex, the 
VE signal presentation is always complex and, thus, directly amenable for processing using N-dimensional 
DFT, CS, and other algorithms dealing with complex signals. The difference may be significant in practice for 

NUS data. Out of four matrices in Eq. S6, any two, e.g.  and are sufficient to present all 𝑆 ++ (𝑡1,𝑡2) 𝑆 ±‒ (𝑡1,𝑡2), 

information contained in the original hyper-complex data set. In the traditional approach, spectral 
reconstructions are obtained separately for these two complex time domain matrices and the final spectrum is 
obtained as a sum of the obtained results. Due to inherent nonlinearity of the spectral reconstructions from 
NUS data, imperfections in the two subparts may manifest themselves as artefacts, e.g. like distortions of the 
line shapes (visible in Fig. 2c). It is noteworthy that regardless of the method used for separation of the hyper-
complex signal to two complex matrices, each of the complex spectra subparts is naturally less sparse than the 
full hypercomplex representation and thus requires more data for successful reconstruction. The effect scales 
up as number of subparts increases with more spectral dimensions and thus VE is likely to improve 
significantly high-dimensional techniques.

Experimental



1.2 mM sample of human alpha-synuclein (SWISSPROT accession number P37840) in sodium phosphate 
buffer 20 mM, pH 6.5, was used to obtain fully sampled 1H-15N HSQC spectrum at 15 °C on 800 MHz 
Agilent DDR2 spectrometer equipped with a cryogenically cooled HCN probe. The spectrum 512 complex 
points were acquired for the 15N dimension corresponding to the acquisition time of 177 ms. The 3D NUS 
HNCO spectrum of 1 mM human ubiquitin was acquired at 25 °C on 600 MHz Varian UNITY Inova 
spectrometer with a cold probe using 6.1% NUS out of the Nyquist grid of 120 x 79 points (43 ms and 28 ms) 
for the 13C and 15N spectral dimensions, respectively. For the alpha-synuclein spectrum, the NUS time-
domain data were produced by selecting measurements from the fully sampled spectra in accordance with 
NUS schedules generated by the program nussampler from the MDDNMR software package 10. For the 
ubiquitin spectrum, different NUS data were produced by random selection from the measured data points. 
SIFT algorithm was implemented in MATLAB as described in the original paper 11. Unless specifically 
indicated otherwise, signal support in the SIFT calculations included area ±26 Hz 1H, ±10 Hz 15N around 
every peak in the spectrum. CS-IRLS and CS-IST calculations with and without VE were performed using 
MDDNMR software 12 . For measuring intensities in the spectra reconstructed from VE with the uncorrected 
zero order phase (inset in Fig. 2e), the spectrum was phased after the reconstruction in the frequency domain 
using the Hilbert transform. For SIFT and CS-IRLS/IST processing of the traditional FID, i.e. without VE, the 
time signal was extrapolated to twice the size in all indirect dimensions as discussed in the Theory section. The 
extrapolated points were considered as missing measurements in the same way as other missing data in the 
NUS time domain signal.
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Figure S3. Comparison of CS IST spectral reconstruction of 30% NUS 2D 1H-15N HSQC of alpha-synuclein obtained using 
time-domain signal in traditional FID (a) and VE (b) presentation. (c) Accuracy of the peak intensities in spectra (a) and (b) 
are shown with (blue) and (red), respectively. Intensities of the peaks in the reconstructed spectra are shown against the 
corresponding intensities in the fully sampled reference spectrum. Dashed lines correspond to linear regression fit of VE 
(red)  and regular FID (blue) data. Correlation coefficients for the peak intensities are 0.99 and 0.97 for the IST 
reconstruction with and without VE, respectively. Histogram (d) shows distribution of the correlation coefficients 
between signal intensities measured in the reference spectrum and the spectra reconstructed with VE (red) and 
traditional FID (blue) for 100 resampling trials

Figure S4. SIFT signal reconstruction quality scores for 1H-15N HSQC spectrum of alpha-synuclein versus sampling level 
and size of the signal support mask for the 15N spectral dimension. The score is calculated as an RMSD of the difference 
between the reference spectrum (fully sampled, processed with DFT) and the SIFT reconstruction applied to regular FID 
(left) and to VE signal (right). The RMSD is calculated over all signal regions (manually verified peak maximum ± 20 Hz 1H 
and ±10 Hz 15N) and normalized to the noise level in the full reference spectrum. For every spectrum reconstruction, 10 
resampling trials with different NUS schedules were performed and the reported value corresponds to the mean score. 
For any given sampling level, the VE shows consistently lower (i.e. better) RMSD scores and, thus better reproduces the 
peak intensities and line shapes.



Figure S5. Accuracy of the peak intensities in the 2D 1H-15N HSQC spectra of alpha-synuclein shown in Figures 2a and 2b 
in the main text. 15% NUS spectrum was processed with SIFT applied to the VE signal (red) or to regular FID (blue); in both 
cases size of the signal support region in 15N dimension was set to ±10 Hz around the peak maxima. Intensities of the 
peaks in the reconstructed spectra are shown against the corresponding intensities in the fully sampled reference 
spectrum. Dashed lines correspond to linear regression fit of VE (red) and regular FID (blue) data. Correlation coefficients 
for the peak intensities are 0.99 and 0.96 for the SIFT reconstruction with and without VE, respectively.


