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To reveal the contribution of negative energy states to correlation, a complete derivation of the first and second order (nonradia-
tive) QED energies for instantaneously interacting electrons is presented based on the simple rules for algebraically evaluating
the Feynman diagrams. The previous equations that hold only for the special case of two electrons are hence corrected.

Although claimed for a many electron system, some of the
(nonradiative and nonretarded) QED energy expressions (i.e.,
Egs. (92), (95), and (107)) in Ref. I are found to hold only for
the special case of two electrons. In particular, except for the
diagrams considered before (see Figs. (3a) to (3h)), the so-
called three-electron-two-photon diagram? shown in Fig. (3i)
should also be included for the second order energy E(?) of
a many-electron system. Since the QED energy expressions
for more than three electrons have not yet been documented in
the literature, it is worthwhile to make a complete derivation
here. For this purpose, some simple rules are first provided in
Appendix A so as to directly write down the algebraic equa-
tions for the Feynman diagrams. Further combined with the
integral identities in Appendix B, the elements of the S-matrix
and hence the energy shifts can readily be evaluated. It is fur-
ther shown that the disconnected but linked diagrams shown
in Fig. (4) should also be considered to precisely cancel the
singular terms arising from Fig. (3), a point that is rarely men-
tioned in the QED literature. The final two-body terms of E(2)
include Eqgs. (30), (31), (42), and (76), while the one-body
terms include Eqgs. (97) and (99). Consequently, Eqs. (95)
and (107) in Ref.! should be replaced with the present Egs.
(42) and (99), respectively. Although formerly the same, Eq.
(92) in Ref.! (actually the first term of the present Eq. (32))
should be understood as the present Eq. (72) arising from
Fig. (3i). Notwithstanding these corrections for the equa-
tions, which are only necessary for more generality, none of
the statements in the original context needs to be revised. In
particular, the ‘(time-independent) potential-independent no-
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pair approximation + (time-dependent) perturbative QED’
approach advocated therein for high-precision structure calcu-
lations is not altered. This approach not only gets rid of the in-
trinsic O(Za)? uncertainty of the no-pair DC/DCB equation,
but also paves a seamless bridge between relativistic quantum
chemistry and QED that used to be two mutually exclusive

subfields.
aiiz=
(a) (b) (©) (@
1
(e) ﬂW;) (2 (h)
®

Fig. 3 Feynman diagrams associated with the zeroth (a), first (b, c),
and second (d-i) order energies
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Fig. 4 Disconnected but linked Feynman diagrams
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Fig. 5 Feynman diagrams for (a) electron self-energy, (b) vacuum
polarization, (c) vertex correction, and (d) photon self-energy
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A The S-matrix

According to the S-matrix formulation of QED, we need to
consider the diagrams in Figs. (3) to calculate the first and
second order energies due to the perturbing potentials (cf. Egs.
(85) and (86) in Ref.!) by means of the following formulae

EW = limy—o Z{(a|SW |ex) + [2(cx]|S?) |ex)
—(a|sW[e)?]}, (1
E@ = limyo Z{[3(a|S®|e) — 3(ar[ SV |ax) (x| P |ex)]
+[4(alsW o) — 2(|SP )]}, )

where |a) represents the unperturbed electronic state. It will
be shown later on that the disconnected but linked diagrams
in Fig. (4) are also needed to fully cancel the singular terms
arising from Fig. (3), a point that is rarely mentioned in the
QED literature. The n-th order S-matrix defined as

st = %/dx‘l‘---/dxiT[%”(xl)---%”(xn)]
x e Mnlt-lnl) 3)
H(x) = —epT(x)cakAy(x)9(x) @

can be rewritten in second-quantized form

n nd n G ~Pm
S0 = B0 (S)  Laf ®

where {p1,p2, - ,pm} and {q1,q2, - ,qm} denote the re-
spective outgoing and incoming free orbital lines of a Feyn-
man diagram, while n, represents the degeneracy of the dia-
gram. The weight factor n; can be counted as follows: Each
of the possible assignments of the electron propagators

Sr(xi,x) = f%SF(O);?'h?j)e*iw(t’;l"), i<j, (6

. 7)oy (7

Sr(@:F, 7)) = S ™
contributes a factor of two if i < j or a factor of one if
i = j. The numbers of such electron propagators are denoted
as npy and npp, respectively. In contrast, each of the possi-
ble assignments (np) of all the photon interactions I(z;7;,7;)
contributes a factor of one independently of the ordering of
the vertices i and j, i.e., I(z;7;,7) = I(z;7,7j). Therefore,
ng = max(1,np; +2npy) x max(1,np). Specific examples are
given in Table 2. The integral (S")1%"9" in Eq. (5) reads

(_1)nz/il Zi/ﬂ/@
2w ) 2w 2w ) 2w
(p1p2- " Pml
(=(z1373 Ty ) (=) (223 Ty, Fiy ) -+
iSF(@1375,,7), )iSF (@235 Fjy ) -
19192+ - Gm)

27 (E))27A(Es) - 2mA(Ey).  (8)

(S S,

X X X X X

That is, there is a factor [ g—;‘r’iSF(a);?,-ij) for each contracted
pair of electron fields and a factor [ g—ft(—i)l (z; %, 7y) for each
photon interaction. In the Coulomb gauge, the instantaneous
Coulomb/Breit interaction I(z;7,7) is simply the g(k,!) op-
erator defined in Eq. (5) in Ref.!. Note that there is no z-
integration for the counter potential —U (7), see Eq. (86) in
Ref.!. Furthermore, there is a factor 21Ay(E;) for each vertex
arising from the time integration (see Eq. (104)). The argu-
ment E; is just the difference between the incoming and out-
going orbital energies/photon frequencies through the vertex.
Finally, there is a global factor (—1)™, with n; being the num-
ber of loops. These rules of thumb for evaluating the Feyn-
man diagrams have been documented in the recent book by
Lindgren3. However, they are only complete when combined
with the present rules for counting the degeneracy n; of the
diagrams. The integral identities in Sec. B can further be em-
ployed to facilitate the evaluation of (S")21% %" (8). The
following identity is also very useful for evaluating the expec-
tation value of the excitation operator {a}!;2. 2"}, (normal
ordered with respect to the NES) over the unperturbed state
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_ Pm ,P1P2 " Pm—2Pm—1
O " ag gu--gmrqm1

_ Pm ,P1P2 " Pm—2Pm—1
6(] 1m AGmgs-Gm—2Gm—1 | a>

X npl np2 T npm7 (9)

where {n,,} are the occupation numbers (0 or 1) in |o). The
repeated use of Eq. (9) will lead to the final fully contracted
result.

Table 2 Degeneracy (n;) of low-order Feynman diagrams. ng;:
number of electron-field contractions between two different vertices
enumerated in an ascending order; ng1: number of electron-field
contractions within the same vertex; np: number of possible
assignments of all the photon interactions;

ng = max(1,np| 4+ 2npy) X max(1,np).

Diagram npo nry np nyg ng/n!
Fig. 3(b) 0 0 1 1 172
Fig. 3(c) 0 0 1 1 1
Fig. 3(d) c+ia 0 1 12 1/2
Fig. 3(e) 1CI+3C3 0 1 12 12
Fig. 3(f) 2 0 1 6 1
Fig. 3(g) 3 0 1 6 1
Fig. 3(h) c 0 0 2 1
Fig. 3(i) C; 0 2 24 1
Fig. 4(a) 0 0 0 1 172
Fig. 4(b) 0 0 ic 3 18
Fig. 4(c) 0 0 c 3 12
Fig. 5(a) 3 0 1 2 1
Fig. 5(b) 0 cl 1 2 1
Fig. 5(c) c 0 1 6 1
Fig. 5(d) C3 0 2 24 1

With the above rules and the integral identities, the § () op-
erators (5) can readily be constructed for the diagrams in Figs.
(3) and (4). Although the enumeration of the vertices x; = #it,
the ‘direction’ of the virtual photons z;, as well as the des-
ignation of the free orbital lines are completely arbitrary, the
following expressions follow the convention that, for a given
diagram, the vertices are enumerated in a clockwise and as-
cending order, the virtual photons are directed from the left
to right, while the outgoing (incoming) free orbital lines are
denoted as p,q,--- (r,s,---) from the left to right. In addi-
tion, the frequency @; in the electron propagator goes always
upwards. These ‘directions’ are necessary just for calculating
the arguments E; = Ej;, — E,,; of the vertex 2nA(E;) functions.

Fig. (3b):

1

S = 2 (S5 {ai . (10)

(S = J 52 (pal(=D)1(z:72,71)rs)
X 2nAy(e — &, —2)2mA (e, — €,+2) (11)
— —ign 2mAy (& + & —€p— ;).  (12)

Note that Eq. (11) holds for the full instantaneous and
retarded interactions, whereas Eq. (12), as indicated by
the arrow, is confined only for the instantaneous interac-
tion g(1,2) (cf. Eq. (5) in Ref.!). This assumption is
adopted throughout. The expectation value of 5@ over
the unperturbed electronic state |or) reads

_ij
8ij

@) g) —
(@s@le) = 517, (3)

which contributes to the first order energy (cf. Eq. (1)) as

. | |
£y = TR(als®a] = 5 0ar) (4

Fig. (3¢):
s = (sW)4{ary,, (15)
(S = —i(-U)921A,(e,—¢,), (16)
(W) = 2 (17)

Y

B = %<a\s“>\a>=—vf. (18)

The sum of E§ 117) and ES) leads to the full first order en-
ergy

1 .
EW = (5Viur ~U)}, (19)

which agrees with Eq. (16) in Ref.!.

Fig. (3d):

1 rs
W = 3 (S plar b, (20)
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272y (& + & — 0

Xx X x 1 x x x x

)I(zz,r3,?4)
iSF((x)l;?1,74)iSF((1)2;?2,?3)\rs>
2mAy (& — 20 — 01)2mAy (20 + & —
—21)27Ay(z1 + 0 — &4)21)
(Pqlg(2,1)8(3,4)
Sr (0w ,r1,r4)SF(a)2;?2,?3)|rs>
— )
27y (€p + €4 — O — @)

)

(22)
1

X

27Ary (& + & —

X

where the 1ntegral
expectation value

<a|S<4>

tu 517
gz] 8tu { L”,

g;qgtuf o f 27 o—( 1 zn) ) —¢&y

— )
27Ny (€p + 84— 01 — @)

o8l (&1, €43 €+ &5, 8y +€4,27), (24)

4iy
2iy|Lsy|

&+E€j—&—&ut20YLey

[8i+8j—8t _5u+2i'thu]

84am, (—Lu
4iy

+ %/|8i+ej:8)‘+8u}7
we obtain (cf. Eq. (2))

2)

EQ) = Y 4(c)S0x)]

| gL

where the first term can further be split into

7}

~ij -if
8ij8ij

4 gtei—g—¢, |5i+€j#€r+8u + 2iy

(1-in)

(23)

7 1s given in Eq. (117). From the

‘(X> £g€7gtL4[22(£ta£u’£l+8]781+8]a27/)(25)

(26)

gtej—g—&, ‘8i+€j?'£8t+5u

27)

(28)

(29)

(30)

(3D

(32)

=0. (33)

b ;i
E(z) — 1 glal Sab
L++ — 4gtej—e—€°
_ij _lj
E(Z) _ 1 8ij87;
L—— — 4 &+e— e —&)
54 5i ska 5ij
E(z) _ gl/ ga] 1 gl/ugka ‘
Lov — £—&, 2£,+£/7£k & i#j#k>
Skl 5 St sk
E(z) _ l gijgkl l gk]glj
LOO ™ B egtej—g—g 8 & +€—&—¢;
Fig. (3e):
@_1 pq
S = E( ) ay, }nv

(34)

(5(4));2 _ f dz; f dzy dwl fzﬂ
(pq| (=1 (Z17r27r4)( )1 (z2375,71)
iSp(1371,74)iSF (@n; 72, 73)|rs)
27Ay (& — 21 — 01)2TAY (& + 22 — (%)
2A (01 — 22 — €)2TAy (02 + 21 — €,)35)
T2 [ 52 (pqle(2,4)8(3,1)
SF(wl,rl;r4)SF(a)Z;?2a?3)|rS>
ZJEAQY(S, —&— W+ ah)
27y (& — €p + O — @)

Xx X x 1 x x x x

(36)

d(})l 1
gpugqu j 27 o — 811 in) m—e,(1-in)

21Ny (8 — €5 — 01 + )
27Ny (& — €y + @) — @) (37)
8 G (&, 84385 — €r,8— €5,27), (38)

X

X

where the integral 15(2 is given in Eq. (118). From the
expectation value

(alsWio) = Leiloi (&, €48 — 1, € — €,27)

7%g£‘2g7;[§2(8,,6u;0,0,27/) (39)

_ 1 &g Xuu gl Xuu
- iy 8j78ijrjet*8u B Stitgu b @0

we obtain (cf. Eq. (2))
E® — Yiglo|S@ 41
( 714(als )| @1
sl el

= - 8y+8j &—¢& 8,/!781)’ (42)

where the summation over p includes all the occupied

and virtual PES. Note that E}(f) vanishes for the same oc-
cupied orbitals (i.e., i = j).

Fig. (3f):

sG) — ( ) al?},, (43)

() = J 5 [ 92(pq|(=D)1(z:72,73)

X (—l)[—U(rl)]lSF(a),rl,?2)|rs>

X 2mAy (& — &, —2)2Ay (& 42— @)

X 2nAy (0 — &)

= i[92(pqlg(2,3)U(1)Sk(@;71,75)|rs)

X 27rA2,,(£, +&— e,, — W)2wAy(g;, — )(44)
_ rs 1
- Ut 27r 0—g(1—in)
X ZnAzy(er +& — €, — 0)2TAy (g, — 0)(45)
= lgsztjl2(6t’£qa£qa 7)3 (46)
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where use of the energy-conserving relation &, + & —
€, = &, and the integral Ji> (111) has been made. From
the expectation value

where the first term can further be split into two terms

2 veud

@ _
EN. = (61)
(asPlay = iglUn(ese).€),7) (47) o Ul
1 Epi-= g=% (62)
= lgz]Ut{Syejfgt |j¢t+m|j:t}7 (48) ’ 7%
we obtain (cf. Eq. (2)) Fig. (3i):
2 j r . .
Eﬂ = T3(a|sY )] (49) SW = (SWYIK{ali Y, i jFk, (63)
VRl 3g U7
= . |j#e = =35 (50) where
Fig. 32): (5(4))§f;{r = 942 [ 42 (par|(=i)I(z1:72,F1)
X —i)(z0;73,74)iSF(; 72, F4)|ijk
The derivation is completely parallel to Fig. (3f), leading to (=Dl (i, Fa)iSr (@37, Fa)lik)
X 27EAY(85 —& -2 )27’[Ay(£j —72— )
. X 2nA (& +20 — & )2Ay (21 + O — €
E(z) - (VHF)’jUi/ 3gtj/Ujj 51 }'( k 2 r) Y( 1 o q)”
&Y~ T g |j7£f 2iy - G — *lf <qu|g(2 1) (3,4)Sp(a);r2,r4)‘l]k>
Th £ E? (50) and ESY (51 ) 2oy (e~ &~ &+ @)
e sum o ( ) an gy( ) gives rise to « 27[A2y(8j+8k—€r—w) (64)
a j a j ; l k'
E}?H _ 7<VHF),»Ujj€U,» (Vyp)é7 (52) = _lg[thgrt]. %m
; y ),fUJ,-Hj,’(V v X 2717A2y(8p +&—&— )
2 HF Uz +U; (Var)>
EQ) = e (53) 27Ary (€ + & — & — ©) (65)
; — gt K
E]g)y _ SngUJJ . (54) . 18pg8ri
. iy X Lo(&:ep+€,—€,8j+ & —&,2Y). (66)
Fig. (3h): From the expectation value (cf. Eq. (9))
S@ — (s@yarp 7 (55) ki
(§ptaatn (alsla) = —ilgetina (e e;20) ~ balal
_ X Iip(&s€j+ & — &€+ & — &,2Y) J(67)
(S8 = [42(p|(=)[-UR)|(—i)[~U ()] it ki .
o _ gllgkt [ 1 2iysgn(e) ]
X lSF(w,rl,r2)|q> 2iy lej—g(1-2iy) [:»:/-—gt(l—Ziy)]2
X 27A (€, — w)ZnAY(a) —&) ala [ 1
gt 1 - 4iy lejt+e—g—e(1-2iy)
— iUu Ut 271: w—&(1—in) Zi}/sgn(&‘,,) t . .
X 27Ay (€, — 0)2TA, (g, — @)  (56) t Gre-e-aiampl 1FJFk (69)
_ _errtyrd .
o WU ha & €, €, Y), 57) and the relation
where the integral Iy is given in Eq. (109). From the ik i i
expectation value £ 88 = (Vur);(Vur)j Zg,]g,t, (69)
i#k
alS®|a) = —iU’.UjI €€, €, 58
(als 7] a) 12(8:€),€5,7) %) we obtain (cf. Eq. (2))
U'Uf ‘ 207 U]‘ (59)
= — j;ét Jj=t» .
17(81 &) E3(12,)y: Q’[4<a|s(4)|a>] (70)
we obtain (cf. Eq. (2)) V) i
o = { Hi gHF t|i7£t - gu ;j |17£t
@) iy 2) UtU] 20U} j o /tk
E7 =22(a|s?|a S J 60 L g 38
ny = 5 IS Tl = g — |”é’ iy (60) - 2ths,|t#1#k#t}+ Hligjz (D
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where the first term can further be split into

) ~ (Vur)f (Vur):
Bl = et (72)
=aj =ij ~ka =ij
(2) gl/gul 1 8ij 8ka
E® = - 73
3iov §—€ 26€ e —g— |t;é];£k( )
= —Eg, 74)
2) (Virr)i(Var): 81383
By = ) (75)
’ & — & & — &
ski =ij
2) 1 8ij8 i
E3; = —_— 76
30— R —— |z¢nék (76)

Note that the term E\ (74) will cancel the term E £ )

310v
Eq. (32).
Fig. (4a):

1

S = S (S5 {alihn, (77)

(SNpy = (pal(=DI=UFE(=i)[=U (72)]|rs)
2mAy (& — €,)2mAy (& — &)
= —UU27TAy (€ — €,)2TA (&

X

&), (718)
From the expectation value

(alsPlay = H{-UlU/[2rA,0)?

+U’U’[27rAy( —81)] Hizj  (79)

we obtain (cf. Eq. (2))

EQ) = 702(a)s?)|a)] (80)

2U Uf
= |17$ja (81)

because the second term of Eq. (79) vanishes in the limit
Y— 0.

Fig. (4b):

S = (59 (bt} (52
A direct evaluation of this diagram according to Eq. (82)
is possible but is very lengthy. As observed in Fig. (4a),
the transitions between the disconnected parts of a dis-
connected diagram all vanish in the limit Y — 0. That
is, the disconnected parts can be treated as infinitely sep-
arated in space and time. Therefore, the expectation of

4) (82) can be factorized as

(a|sWiay = L) (al{as, bulor)
(S <a|{aW}n|a> (83)
= Nals?|a)(alsy) o) (84)

gl I
= %ﬁgk’y\##kﬂ, (85)

where use of the expression (13) has been made for both

the left (SEZ)) and right (Sg)) parts of the diagram. We
then obtain (cf. Eq. (2))

2 i
Eyp = Z4(a|s®|a)] (86)
51 okl
= M| (87)
Fig. (4¢):
S(S) _ 1 rsu f pqt
- E(S )pqt arsu}n (83)
Like Fig. (4b), the expectation value of $6) (88) can be
factorized as
(s@ar) = (als? oSy ) (89)
g2 iU
= 2 list i (90)

where use of the expressions (13) and (17) has been made

for the left (S(Lz)) and right (Sg)) parts of the diagram. We
then obtain (cf. Eq. (2))

2 i
EY = T13(als®)|a)] o1
= z?ygg i ik (92)

Some remarks on the Y~ !-type of divergent terms should now
be made. Note first that the second term in Eq. (60) can only
be canceled out by the sum of Eq. (81) and the following term
(cf. Egs. (1) and (17))

Wi Wil 2uivd
L A J~J lj|l7é] (93)

iy 2

alsW|a)?] = —
3l =~ -
Likewise, the divergent term (54) can only be canceled out by
the sum of Eq. (92) and the following term (cf. Egs. (2), (13)
and (17))

J J —l/
l}/ 2) B 3g U 3g U
> = 3(als|a)(alsP|a)] = y i+ 2'7

|17éjaék o4

Similarly, the second terms of Egs. (29) and (71) together can
only be canceled out by the sum of Eq. (87) and the following
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term (cf. Egs. (2) and (13))

; Py
ry 8ii8k

5[—2<0¢|S(2)|0¢>2] = —dy itk (95)
ge &gl
= =l — 5 ik
glgl
— iy lig ikt (96)

It is therefore clear that the disconnected but linked diagrams
in Fig. (4) are essential for removing the y~'-type of diver-
gences from Fig. (3), although they do not contribute to the
energy. Of course, Fig. (4b) appears only for systems of more
than three electrons, whereas Fig. (4c) (and (31)) only for sys-
tems of more than two electrons. The final two-body terms
of E® include Eqs. (30), (31), (42), and (76), while the one-
body terms in Egs. (52), (53), (61), (62), (72), and (75) can be
regrouped into

6) (Vir —U){(Var —U)y _ . (2)
Eoepiy = Ei = e C=Eg,, O
; -y
£0) _ Var = U)i(Var —U); 883 ©8)
QED.1= & — & & — &
T ~ij
g8;,
— (2) _ Ueij 99
CSi-" g g 99

Note in passing that, at variance with the above complete ma-
nipulations, the same results can alternatively be obtained by
discarding the singular terms from the outset, including the
terms with a negative sign in Egs. (1) and (2), the last terms in
the integrals (109), (110), (111), (117), and (118), as well as
all the diagrams in Fig. (4). It is this ‘shortcut’ that is usually
employed in the literature®. Retaining only the terms in Egs.
(30) and (97) goes back to the standard no-pair approximation
that has an intrinsic error of order (Za)3 and is dependent on
the mean-field potential generating the orbitals. Fortunately,
such an error as well as the potential dependence can largely
be removed by further accounting for the simple counter terms
(53) and (62), leading to a ‘potential-independent (hybrid) no-
pair approximation’.

The algebraic equations for the diagrams in Fig. (5) can in
principle be derived in the same way. However, they require
delicate regularization and renormalization that go beyond the
scope of the present work. The results are therefore not to
be documented here. Yet, we can discuss briefly the vacuum

density p,,

pvp(F) = ile|Tr[Sk(x1,x2)] (100)

= Lp.m-p @ aon
p+(M) = Lo M), (102)
p-(F) = Lo/ o), (103)

where Eq. (101) arises from the equal-time electron propa-
gator (see Eq. (112)) and the summations in Egs. (102) and
(103) involve the whole PES and NES, respectively. Obvi-
ously, p,,(7) vanishes pointwise for free particles. However,
in the presence of a pointlike nucleus, the induced charge den-
sity py, has a profound feature*: The PES are occupied by
positrons e*, while the NES are occupied by electrons e~ ;
Since the positive energy functions ¢; are pulled closer to the
nucleus by the Coulomb field, whereas the negative energy
functions ¢; are pushed away from the nucleus, the induced
charge density p,;, has a positively charged part localized at
the position of the nucleus and a negatively charged polariza-
tion cloud marginally spread out from the nucleus, in accor-
dance with the condition Q,, = [ py,(7)d7 = 0. That is, the
dipole moments of eTe™ pairs are oriented with e™ closer to
the nucleus. This is completely opposite to an ordinary polar-
izable medium, where positive and negative charges are usu-
ally alternating. Since the radial extension of p,, is extremely
short ranged (in the order of 7i/mc ~ 386 fm), the vacuum
polarization can effectively be visualized as an enlargement
of the nucleus charge and thereby behaves as an attractive
force. Note that this pictorial interpretation is independent of
the charge renormalization.

B Useful integrals

We first define?

too 2
/ dre® e = — =Y _ oA (o), (104)

0> +y

where Ay(®) is an even function of @ and has the following
properties

limAy (o) = 6(w), (105)
7—0
lim TyAy () = 8¢, (106)
7—0

SIS
/ i—:ZnAa(a — )21 (b+ ®) = 27Ag. g (a+ b).(107)
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The integral /11 with one electron propagator and one A func-

tion reads
e dw 1
I sd, = — = 27TAy(a—
1(&:a,y) [m 2 0 —¢&(1—in) 7hyla = @)
1
= — 108
a—g&(l1—iy)’ (108)

where 7 is an infinitesimally positive number, whereas 7 is a
small but finite positive number (i.e., N + Y =~ 7). The integral
115 with one electron propagator and two A functions reads

+oo dw
—o 2T w— s,(l in)

210y (a— 0} s + a0

I2(&;a,b,7y) 27rAy( 0)21A,(b— @)

ysgn(&)
+[a o 1ll;gr[1b U Zy]}, (109)
which reduces to
—1 .
Y isgn(e)
I a,a,y) = - - 110
12(£t a,a }’) (1—8[(1_1'}/) [a—et(l—l')/)]z ( )

in the case of a = b. Likewise,

J12(8t;a,a, 'y) = f+: Lé?r) mzﬂAfy(Cl — )27[A2'y(a — a))
o 2 2 - }
- 3y La—g(1-iy) afer(lfw)
2 1 .
= , ifa#eg,
— { Wae , e (111)
iy?sen(er)’ ifa=g.

Further in view of the identities

ho( 8)—/+wd—w 1
LS =) 2matw—g(l—im)

Iélo(a, 8;717, Su) =

1
= — &), (112
2isgn( l)a ( )

+o0 dw 1 1
—o0 21 aFw—¢&(1—in) btw—¢g,(1—id)

= [a—s,(1—inﬁiffﬁ—su(1—i5)] (113)
with
Lu= Liy=-L =1, Ly=L, =L_,=0,(114)
and
Byla,&,b,e) = [1Z %?aia)felt(lfin) bia)felu(lfié)
= e ey (19
with
Xu=Xir =X =0, Xu=X;_=-X_. =1, (116)

the integrals with two A functions and two electron propaga-
tors can readily be evaluated as

'

+oo dwy dan 1 1
—oo 2w 2w w—g&(1—in) wr—e&,(1—in)

1%2(817814;(171757/)

X2Ay(a — 01 — )27Ay (b — 0 — )
= 210y(a — D) qra e
+ [u—e,78,,+iyL),/,‘,]L[tI:‘—e,—s,,+iyL,,,] }7 (117)
15(2(8”8“;“’1” )= fjm iy dZaf)rl d;; o ettl in) wm— 8141(1 —in)
X27Ay(a+ o) — @)21Ay(b+ o) — @)
= 27Azy(a—b){ Zate i(g:ﬁiyxm]
o [a+8t7€u7in7,/LI,)]([rI:J|r8;7£ufin,u] } (118)
By(enecaby) = [0 fodede 1o
X27Ay(a — 01 + @2)27Ay (b + 0 — o)
= B (&, €45 —a,b, 7). (119)
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