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Supplementary Material

Following  Aitchi-
son and Hey, parallel D:(a,b+0db)
transport is carried out
around the closed cir-
cuit indicated in the
figure. Two examples
are: a classical vector
V, and a wave func-
tion. We shall begin
with 7. A natural set-
ting for classical par-
allel transport is space- B:(a+da,b)
time. Here, 3D is used
to illustrate principles.

The change of the o component of ¥ due to the curved nature of the surface upon
which it is being transported is given by eqn (3.11):

The right hand side is evaluated for each leg: A—B, B—C, C—D, D— A, and these
contributions are combined to obtain the geometric phase for the infinitesimal closed
circuit. The individual contributions to dV'# are given below.

q'=a+da, g2=b
AV == | dg'TeVr =-Te,(ab)V7(ab)da (1)
q'=a, g?=b

In evaluating the integral, the connection I'%, | times the vector component V7 is taken
at the starting point (a, b). The other terms are as follows:

dV%c = -T'%n(a+da,b)V7(a+ ba,b)ob )
dV%p = -T%,(a+da, b+0b)V(a+ da, b+5b)(—5a) 3)
dVps = —T%,(a, b+3b)V'" (a, b+ 5b)(~6b) )

When combining the above contributions, it is necessary to reference each to (a,b).
For example, the B— C leg is expressed relative to (a,b) by expanding the connection
I'*,5(a,b) in powers of the displacement da, and retaining the lowest order term, and
using parallel transport to express V7 (a+0,b) in terms of V7 (a,b) plus a connection.
Thus, the expression for dV“gc becomes
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dV%c = —(Fayz(a,b)-i-#

Sa |(VY(a,b)-T7s1(a,b)V(a,b)da)db . (5)
al( )

The (a,b) parentheses are no longer necessary, as they are common to each term, so
henceforth they are understood. Retaining the lowest order terms, dV *pc becomes

ore
dV%gc=—T%, V78— [ yz VY —T%, 1—‘7’51V5J dadb (6)
or«
= _1"0!72 VYob— { 7/2 —raé‘zré‘yl} V7Y8adb . (7)

The C— D leg is simplified by exchanging the integration limits and multiplying by —1.
Thus, eqn (3) becomes

q'=a+da, g> =b+3b
dVecp = [ dg' T V7 =T%,(a, b+3b)V"(a, b+5b)da . 8)

g'=a, ¢>=b+5b

As before, expanding the connection and vector component yields

dV%cp = (rayl + ‘920;” 5b} (V7 -T75,V96b)da )

= Fay1V75a+L Lyy —Te,I'7s V(?J Sadh (10)

1"0:
= F“y1V75a+L —1"0‘511"5;,2J V76adb . (11)

Combining the dV%ap and dV%cp contributions gives

re
AV + dV%rp = { 7l
Jq*

-Tas lrffﬂJ VY6adbh . (12)

In a similar vein, the last leg, dV%pa, is obtained by reversing the direction of
integration, yielding dV'%pa = T'%,,V76b. Combining this with dV%gc from eqn (7)
yields

(9T«
dV %% + dV s = - r2
dq'

—ra(gzrﬁle V78adh . (13)

The net change for the closed circuit is obtained by adding eqns (12) and (13):
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are are
( 72 _—7/1+ Fa§1F§72 - 1"0{52 Fale V7505b (14)

dve = —
dq! dg?

This was obtained by using the two spatial coordinates g! and ¢2. For the general 4D
case it follows that dV' ¥ is

_( &Fayﬁ _ &Fayo-
aq° aqh

The incremental surface area is dS .

The contents of the large parentheses comprise the Riemann curvature tensor: R% 45 .
This is discussed in: Gravitation, by Misner, Thorne, and Wheeler. As mentioned above,
a discussion focused on the present case is in Aitchison and Hey. When every element
R%ypc is zero the space is flat. When at least one of these elements is nonzero the space
is curved. Working this out for polar coordinates illustrates the fact that the space is flat,
despite the fact that the basis vectors vary with location.

Transporting ¥

Next, a wave function is
transported around the circuit D:(a, b+ 0b)
indicated in the figure. Equa-
tion (3.13) gives the change: Al =g
dy =—iqAuydx# for each
leg of the journey. One could | A:(x',x?)
also use dy= —igA"ydx,.
In either case, the result is ex-
pressed in terms of the elec- x2=h
tromagnetic field strength ten-
sor Fy, or F*'. The change B:(a+da,b)
for A—>Bis

xl'=a+8a, x2=b
@)= - | dlighy=—igAi(a.b)y(a.b)da (16)

xl=a, x2=b

Again, all legs are expressed relative to (a, b), and contributions are summed to obtain
the closed circuit result. To start, expressions analogous to eqns (2) — (4) are written:

(dy )y = —igA2(a+Sa,b)y(a+Sa,b)db (17)

(dv).p, = —igAi(a+ Sa, b+ b)Yy (a+ba, b+ 6b)(~ba) (18)
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(dw)y, = —ig A2(a, b+ 6b)y(a, b+ 6b)(—6b) (19)

Referring to eqn (17), write A42(a+ da,b) in terms of Az(a,b) and its derivative with
respectto x!, and w(a+ da,b) interms of w(a,b) and its connection along x!:

(d'//)Bc = —ig [AZ + % 561) (l//— iqA11ﬂ5a)5b ) (20)
Retaining the lowest order terms gives
. . 04r
(d‘//)Bc = —igA2y b — qqA1 4> l//5a5b—zqFl//5a5b. (21)
X

Likewise for (d l//)CD:

(@Y )ep, = igAi(a, b+8b)y(a,b+5b)da 22)
= i‘](z‘h +%§b) (v —igA2yb)da (23)
X
. . dA,
= igA\yda+ qqA1 42w dadb + iq ﬁ woaodb (24)
X

Finally, (d v )D  is equal to ig A2y 6b . Combining the four legs of the journey yields

dy = (dy),g + (@Y )ge + (@¥)ep, + (dy)p, (25)
= —iw&t - iqﬂzl/{5b - qqAM&ﬁb —ig % wdaodb
dA
+ iq/L{lfﬁa + qq%l//é‘a&) +ig 0_)721 woaodb + iMﬁb . (26)

Thus, parallel transport of the wave function around the infinitesimal closed circuit has
resulted in a compact form for the change dy :

([ dA4r I
dy = - [———] 8adb . 27
Y =-ig ol a2 )V (27)

For a general infinitesimal closed loop, this is —ig (o'?ﬂAV — Ay )l,de , Or
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