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Computation of DNP coupling factors of a nitroxide radical in toluene: Seamless
combination of MD simulations and analytical calculations
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I. REVISITING THE FFHS MODEL

A. Solving for g(r,r0;s)

Here we follow the derivation of Ref. 1. Taking the
Laplace transform of the diffusion equation
9 >
aP(r,ﬂro) = DV*P(r,t|rg) (1)
and using the initial condition
P(r,0|rp) = 0(r —rp) (2)

results in
sP(r,s|rg) — 6(r —rg) = DV2P(r, s|rp), (3)

where P(r, s|rg) is the Laplace transform of the transition
probability density. Defining

Kk =1/s/D, (4)
the last equation can be written as
1
(V2 — k%) P(r, s|rg) = 755(1‘ —1p). (5)

Due to the linearity of the Laplace transform, the bound-
ary conditions
OP(r,t|ro)
or

=0, P(r,tlrg) — O (6)
r=b r—>00

apply to P(r,s|rg) as well. These boundary conditions
are most conveniently imposed in spherical polar coordi-

nates where

s 10 (0N, 1 (0
v T2 9r T@T +T281n989 Sm@a& %

"
r2 sin? 0 0¢?
and
§(r —10) ~— !
O(r = o) = =5 > > V" (0,0)Y"" (60, 60).

=0 m=—1
(8)
We look for a solution of (5) of the form
00 l
P(r7 S|I‘0) = Zgl (7’, 703 S) Z }/lm(ev gb)}/lm*(e(% ¢0)
=0 m=—1
9)

Substituting (8) and (9) in (5) it is found that
g1(r,m0; k)—now as a function of k—should satisfy

5 (PR) = et 10+ Dl =~ o =) (10)

subject to the boundary conditions

0g1(r, 705 K)
or

. =0, ql(r,rok) Tjoo(). (11)
From (10) we conclude that g;(r,79; %) is a linear com-
bination of the spherical modified Bessel functions 4;(xr)
and k;(kr).

In the interval r = [b, r¢] we impose the hard-wall (re-
flecting) boundary condition and write ¢; to the left as

g (ryroy k) = A li(kr) — Bi(kb)ki(kr)] (12)

where we have defined

Bia) = @) (13)

Strictly speaking, the primes in this expression should
denote derivatives with respect to r. However, since ;
is the ratio of two such derivatives, the primes can be
treated as derivatives with respect to the argument of
the function.

In the interval r = [rp, 00) we require that g; vanishes
for r — oo and write the Green’s function to the right as

g7 (ryro; k) = Biki(kr). (14)

The continuity of the Green’s function at r = rg im-
plies

i1(kro)
ki(kro)

B = — Bi(kd) |, (15)

There is a jump in the first derivative at » = r¢. The
magnitude of this jump in going from the left to the right
is equal to —1/D divided by 73. Thus,

Ay liy(kro) — Bi(kb)k)(kro)] — Bikj(kro) = (16)

krgD’
The k on the right appears because prime denotes a

derivative with respect to the argument, not with respect
to r.
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Substituting (15) in (16) we deduce that
1 1

K
A= ——— ky(kro) =k 17
! kréD W (kro) 1(570) D (o), (17)

where W denotes the Wronskian
W (kro) = ki(kro)ij(kro) — i1(kro)k) (Kro) = (18)

2.2
R=Tq

of the spherical modified Bessel functions 7;(kr) and

ki(kr). Note that the primes here denote derivatives with

respect to the argument (krg) and not with respect to r.
Substitution in (15) yields

1 1

B=—
YT k2D W (ko)

lir(kro) — Bi(Kb)ki(Kro)]

as well as the relations!

i(2) = 27 PIg0(2), ku(z) = 27 PR b 0(2) (23)
between the spherical modified Bessel functions and the
modified Bessel functions. Finally,!

I5)2(2)Ks3)2(2) + K5/2(2)13/2(2) = 1/2

is also necessary.

The determined functional form of go(r, ro; k) changes
depending on whether r is smaller or larger than rg.
Thus, we split the integral and evaluate

(24)

G ) = / ar / drot L g5 (r,ro; )
b r ™To

K (19) r<ro (25)
= 3 lulkro) = Bi(wb)ki(kro)] RO LS
+ dr [ dro——g5 (r,r0; k).
T
Putting everything together, we find ’ : 2
r>Tr0
K ' The first integral is
g (ryro; k) = Bk/’l(lﬂ“o)[ll(lﬂ“)—ﬁl(Iib)kl(lﬂ“)], b<r<rg
(20) K /OO dTM /OO dro ka(kro)
and DL T o (26)
K o ko(kr) [ ko(kr
g7 (ryro; k) = B[il(mo) — Bi(kb)ky (kro))ki(kT), T > T0. *ﬂz(ﬁb)/b dr 2(r ) / dTo%] )
(21) '
whereas the second integral is
B. The FFHS spectral density J™5(w) K [/OO ko (k1) /T ia(kro)
— dr dro
DL/, r b To (27)
Again, the calculation is based on Ref. 1. To perform © ka(kr) [T k2 (ko)
the integrals for G(s) and evaluate them for s = iw we 752(’11))/17 dr ” /b dro ro :
will need to use the expressions’
p The sum of the two integral is
/ drig(m“) _ I35 (kd) /°° drkg(mr) _ K3/5(kb)
0 r (kd)3/2 " r (kb)3/2 7
(22)
J
. oo . oo k o0 k r . [e'e) k 2
Gits(g) = & [/ dr”(_’W)/ dTOM+/ drﬂ/ dTOM — Ba(kb) (/ dTM) 1 .(28)
D |/, r - ) b r b 70 b r
For the first integral in the square brackets of (28) we find
T, = / ar2(7) / dro 22070 _ / ari2ter) Kapplor) / ar r2o7) Kajalsr), (29)
b roJy ro b ro (kr)¥ oo ()2 (kr)¥
where (23) was used to write the last equality. For the second integral in the square brackets of (28) we find
I2 = /oo der(IiT) /T drOiQ(IiTo) _ /oo der(IiT) Ig/Q(HT) B Ig/Q(,‘ib)
b r b rrO b r (HT)3/2 (Hb)3/2 (30)
_ /OO dTKE,/Q(FLT) Ig/Q(HT) _ Ig/Q(:‘ib) Kg/Q(:‘ib)
b r(kr)t/2 (kr)3/2 (kb)3/2  (kb)3/2 "~
Again, we used (23) to write the last equality. The sum of these two results is
° I K K I I b) K b
T 4Ty = / ar 5/2(kr) Kgo(kr) + 5/2(k7) I3)2(kr) B 3/2(kb) K3/2(k ) (31)
b r(kr)t/2 (kr)3/2 r(kr)l/2 (kr)3/2 (kb)3/2  (kb)3/2
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Using (24),
o 1. K K I > 1 1 1
/ dr 5/2(k7) 3/2('<07“)+ 5/2(k1) I3)(kr) :/ ar 1 _ (32)
b r(kr)1/2 (kr)3/2 r(kr)t/2 (kr)3/2 b r(kr)® 3 (kb)3
Finally, the third integral in the square brackets of (28) is
*  (kr)|? | [Ksp(kb)]®
Is = d = |—= . 33
o= | - [ )

Putting all these results together,

G™(s) = 5T+ Ta = Balsb)T) = 575 |5 = Tl Kaalit) = Ba(b) )

This expression has to be evaluated for s = iw, i.e., kK = y/iw/D. With

T = b\/m (34)

we find

G (lw) = %% % — Iz ja(x) K3/2(2) — 52(35)K§/2($) . (35)

This is the expression given in the main text. It is the well-known result of Refs. 1 and 2.

C. The long range-long range FFHS spectral density Jﬂhs( )
In this case we need to evaluate

/ dT/ dTO__gz rTos kK / dr/ drO__gz 703 K)- (36)

Clearly, the calculation is identical to the one above with d replacing b in the limits of integration. Hence, with

y =d\/iw/D, (37)

11

ffhs

5~ s Kaat) — e300 (39)

This expression first appeared in the supplementary material of Ref. 3.

D. The short range-short range FFHS spectral density J2"(w)

The calculation runs as before, the only difference being that now the limits of integration do not go to infinity but
are restricted to the finite domain r < d:

G (g / dr/ dro——92 T, T3 K / dr/ dro——92 T T0; K). (39)

To perform the integrals in this case we use

4 dy(kr)  Igja(kd)  I3p(kb) b ka(kr)  Ksp(kb)  Ksa(kd)
/bdr /bd r (kb)32  (kd)3/2

r (kd)3/2  (kb)3/27

(40)

for b < d, which follow from (22).
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As before,

d d d oo d 2
Ghs () = % [/b dr—z2(:T)/ dro%’?’o)Jr/b dr@/b dro% — Ba(kb) (/b dr@) ] . (41)

For the first integral in the square brackets of (41) we find

ri= [arttn) [ ) - [l [Fusi) S
_ /dd Is o (kr) Ksja(sr) [13/2(1”»(1) 13/2(nb)] K32(kd)
b

r(kr)t/2 (kr)3/2 (kd)3/2  (kb)3/2 | (kd)3/2

For the second integral in the square brackets of (41) we find
IQ = /d der(IiT) /T dTOiQ(IiTo) _ /d der(IiT) I3/2(I€T) - 13/2(I£b)
b Ty 70 b T (kr)3/2  (kb)3/2

_ /ddrKE)/Q(FW) I3ya(kr)  I32(kb) |:K3/2(I§Jb) B Kg/g(:‘ﬂ?d):|
b r(kr)1/2 (kr)3/2 (kb)3/2 (kb)3/2 (kd)3/2

Finally, the third integral in the square brackets of (41) is

I = Ubd drkl("")r _ {Ksm(f”»b) B Kg/Q(nd)r

r (kb)3/2 (kd)3/2
Using
) (k)12 (kr)3/2 r(kr)L/2 (kr)3/2 3| (kb)®  (kd)3]|’

we can evaluate the sum in the square brackets of (41) as

Ty + Ty — Bo(kb)Ts = [ 1 1 } B [13/2(%) 13/2(,117)} K3)5(rd)

T3 (kb (kd)? (kd)3/2  (kb)3/2 | (kd)3/2
_Ig/g(lib) Kg/Q(Hb) _ Kg/g(lﬁd) _ﬁ (Hb) Kg/Q(Hb) B KB/Q(Hd) 2
(kb)3/2 | (kb)3/2 (kd)3/2 2 (kb)3/2 (kd)3/2
Thus, when evaluated at s = iw, G becomes

62%(10) = 535 {5 1= 0/0°) = [0/ Lyalo) - o)) (002 o)

~Is (@) [Kayo(@) = (b/d)* Ko (y)] = Bo() | Ko yala) - <b/d>3/2K3/2<y>}2} .

E. The short range-long range FFHS spectral density J5"(w)

In this case rg € [b,d] and r € [d, 00), thus ry is always smaller than r. Therefore,

9] d . .
/ dr/ dTo——QQ Ty K %/ dr—kQ(:T)/ drow(mO) ﬂjo(’ib)b(mo).
d b

Performing the integration we find

K K3z)5(kd) {{13/2(1-«1) 13/2('4’)] — Bay(rb) {K?’/ 2h) Kw(nd)} }

D (kd)3/? (kd)3/2  (kb)3/2 (kb)3/2  (kd)3/2

Gﬁ'hs( ) _

(48)

(49)
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For s = iw this becomes
ffhs s, 11 3/2 3/2 _ _ o 3/2
G (i) = o= (0/d) 2 Ky o) { [0/ ) 2L 2(4) — Lo (0)] = Ba(a) [ Ko@) = 0/} o) | (50)

One can calculate Cf in a similar manner and observe that it is identical to Ghs

the problem under exchange of rg and 7.

, as evident by the symmetry of

II. FFHS MODEL WITH ABSORBING OUTER BOUNDARY CONDITION

In this case, the boundary conditions are

P(r,t
9P tro) | _ o iy tfrg) e = 0. o)
or —b
For g;(r,70; k) these imply
0 .
9T 0 R | g s ) = 0. (52)
or —b

As in the previous section, in the interval = [b, r¢] we impose the hard sphere inner boundary condition and write
g1 to the left as

g7 (roro; k) = Ay [iy(kr) — Bi(kb)ki (k)] (53)

where §;(z) was defined in (13). In the interval r = [rq, a] we impose the absorbing boundary condition and write g;
to the right as

g7 (r,ro; k) = By li(kr) — ag(ka)ky ()], (54)
where
_ (2)
a(z) = kll BL (55)

The continuity of g; at r = ro implies

(kro) — Bi(kb)ki(Kkro)

i
B =A . 56
! lil(nro) — aq(ka)ki(kro) (56)
The jump in the first derivative of g; at r = rg yields
. ) 1
Ay iy(kro) — Bi(kb)k) (ko)) — By [i7(kro) — au(ka)k)(kro)] = —5 (57)
0

As before, the xk on the right appears because prime denotes a derivative with respect to the argument, not with
respect to r. Using the expression for the Wronskian (18) we find

] — k K 11(kro) — Bi(kb) ki (kr
K i(kro) — au(ka)ki(kro) B - 1(kro) — Bi(kb)ki( 0). (58)

A= D Bi(kb) — ai(ka) "D Bi(rb) — ay(ka)

Thus, limiting our interest to [ = 2 only, for b < r < ry we have

12(kr)ia(kro) + aa(ka)Ba(kb)ka(kr) ke (kro) — aa(ka)ia(kr)ke(kro) — Ba(kb)ka(kT)ia(Kkro)

g3 (r, 703 1) = % Ba(kb) — aa(ka) - (59)
whereas for b < rg <r <a,
5 ) = 2 ) o)l —eslnaboritor) - Fobomiatom) (g
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A. The finite-size (fs) FFHS spectral density J***(w)

As before, the determined functional form of go(r, ro; k) changes depending on whether r is smaller or larger than

ro. Thus, we split the integral and evaluate

Gabs / dT/ dro——92 T, 70} K / dT/ dTO——QQ T, Tos R )

r<ro r>70

Looking at the form of g;(r,70; %) it is clear that G2P3(s) will have the form

K Jt + as(ka)Be(kb)J? — ag(ka)J? — Ba(kb)J*

abs _
G (s) = D B2(kb) — as(ka) ’

where the J¥’s need to be determined by performing the integrations.
We immediately see that

S /ba 32057 /b“ drg2(m0) _ [Ig/z(m) - Ig/g(ﬁb)r

r 70 (ka)3/2 (kb)3/2
and
2 kQ(HT) @ kQ(K,TO) B K3/2(Iib) K3/2(Iia) 2
Jo = dr——= drg = —
b r Sy T (rb)3/2 (ra)3/?
The other two integrals are
73 / dTZQ(nT) / dro ka(kro) +/ dr ko(kr) / dro 12(Kro)
b r r To b r b To

and

g /a drkz(lﬁ’) /a droiz(l-m"o) +/a driz(nr) /T dTOkQ(HTO).
b Ty 7o b L) o

For the first integral of J? we find
/“ 3. 207) /“d ka(ero) _ /" g 12(r) [Kaya(r)  Kajs(ra)
b r r To b r (kr)3/2 (ka)3/2

. /ad Iy /o (wr) Kgpo(kr) [Ig/z(m) I /Q(f;b)] Ks)(ka)
b (k)2 (kr)3/2 (ka)3/2 (50372 | (ra)s/2

where (23) was used to write the last integral. For the second integral of J? we find
/a dT—kQ(HT) /T d?‘oL(HrO) = /a der(KT) IB/Q(HT) — IB/Q(Hb)
b oy ro b ro L(er)32 (kb)3/2
:/ drK5/2(K,T) Ig/g(K,T) B K3/2(Iib) B K3/2(Iia) I3/2(K,b)
b r(er)2 (kr)32 (k0)3/2 (ka)3/2 | (kb)3/2"
Adding (67) and (68), and using (24) to deduce that
a I K K I @ 1
/ dar [ 5/2(kr) Kg/o(kr) 5/2(KT) 3/2(:/7;)} _ / ar _
b b

1
r(kr)t/2 (kr)3/2 r(kr)1/2 (kr) k3t 3

[(f;)?’ - ('fi)3]
vields

[ 11 ] B |:13/2(1‘€a/) B Ig/g(mb)] Ks/z(ka) |:K3/2(I§Jb) B Kg/g(:‘ﬂ?a)] I3/5(kb)
( (ka)¥2 (k0% | (ka)?/? (k0)3/2 (ka)®/?

(kb)3/2

(61)

(62)

(63)

(64)

(69)
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For the first integral of J* we find
¢ ko(kr) (kr I/Q(Ka) I/Q(HT)
/b dr—r /T 0 s [ 3ﬁ@)3/2 - (3:%”3/2} 70)
B [Kg/g(mb) Kg/g(:‘ﬂ?@):| I35(ka )_/adTKs/Q(fﬁT) I3/5(kr)
“L T T T | T Sy e e
For the second integral of J* we find
ka(kro) [ da(wr) [Kza(kb)  Kgpa(kr)
R [ an B = et [T -
_ |:I3/2(K,0,) 13/2( b):| K3/2(Iib) —/ad I5/2(K}T) Ks/Q(HT)
(a7 7 | Gt Sy e (el
Adding (70) and (71)yields
s 1 1 K3/5(kb) B Ks/o(ka)] I3/2(ka) I3/5(ka) B I3/5(kb) | Ks/2(rb)
7= 3 | ) o) T e e e ™

To obtain the spectral density, G2"*(s) has to be evaluated for s = iw, i.e., & = y/iw/D. With

z =a\/iw/D (73)

we find
Gabs(iw) — i ‘]1 + a2(z)52($)‘]2 B QQ(Z)‘]B B 52(1')‘]4 , (74)
Db Ba(x) — aa(z)
where
gl Iya(2)  Iype(x)]? 2 Kap(z)  Kypa(2)]?
T 232 g3)/2 ' T g2 3)/2 '
73 11 1 I3/2(2)  I3y2(x)] Ks)2(2) Ksjo(w)  Ksza(2)] I3/2(x) (75)
T3 a2 23| | 3/2 T 3/2 23/2 | p3/2 0 ,3/2 23/2 7
J4 _ 1 i _ i Kg/g(l‘) _ Kg/Q(Z) 13/2(2) 4 13/2(2) _ Ig/Q(ZC) Kg/g(l’)
T 3|23 3 73/2 ~3/2 ~3/2 ~3/2 13/2 r3/2

B. The long range-long range fs-FFHS spectral density Ji>(w)

Similarly to the situation without absorbing boundary, Gﬁbs follows directly from G after replacing b with d (and
2 with y) in the limits of integration (but not in the argument of 3). Hence,

Gabs( ) _ i Jlll + O‘Q(Z)ﬁQ(x)Jl% B O‘Q(Z)JIPI) B 62($)Jﬁ (76)
Db Ba(x) — aa(z) ’
with

gl — 13/2(2) 13/2(9) ? J2 — K3/2(y) Ks/z(z) ?
=1 3/2 y3/2 ’ = y3/2 o L3/2 ’

gp Lyl 1 I3ja(z) L)) Ksp2(z)  [Ksp(y)  Kspp(2)] Izy) (77)
T3y 23 23/2 y3/2 »3/2 y3/2 23/2 y3/2

Ji_ 171 1 Kspo(y)  Ksya(2)] Is/2(2) I3/0(2)  I3y0(y)] Ks3/2(y)
73123 43 + Y32 232 23/2 + 232 432 y3/2
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C. The short range-short range fs-FFHS spectral density J2>° (w)

In this case we need to evaluate

/dr/ dro——g2 T K

Gdbb

/dr/ dro——g2 7,70} K).

(78)

We immediately see that the evaluation of the integrals is identical to the one carried out above for G,ps, with the

only difference that the upper limit is now d instead of a. Hence, we have

Gabs(iw) — i Jsls + 042( )52( ) - QQ(Z)JSBS B 52(17)Js4s
. Db Ba(x ) —az(z) ’
where
Jl— 13/2(?/) 13/2(35) ° 72— K3/2($) Ks/z(y) °
ST y3/2 T3/ ’ s 3/2 y3/2 ’
g3 _ i1 17 I3/5(y) _ I3/5(x)] Ks/2(y) B Ks/o(x) - Ks/5(y)] I3/2(x)
s T3 |28 B y3/2 23/2 372 23/2 53/2 23/2
ga_ Lyl 1 n Ksp(x)  Kz2(y)] I32(y) n I3pa(y)  Ig2(@)] Ksp2(2)
s T 3|y 23 23/2 y3/2 y3/2 y3/2 23/2 232

D. The short range-long range fs-FFHS spectral density Jabs( )

For the present case rg can only be smaller than r, so we need to evaluate

abs

Again it is of the form

/dr/ dro——g2 T, 70} K).

b3 (5) = K JY + az(ka) B2 (kb) J3 — as(ka)J3 — Ba(kb)J4
sl D Ba(rb) — aa(ka) ’
where now
Jsll :/a drz‘Q(m) /ddroiQ(mO)v Jfl :/a der(m) /ddrokQ(WO)a
d r b To d r b To
a d . a . d
8= / diQ(K,T) / dry ZQ(HTQ), A= / drzz(m) / dry kz(liro)'
d r b To d r b To
Evaluating for s = iw leads to
Gobs (i) = <L Ja + aa(2)Ba(x) I3 — as(2)J3 — Ba(x) I
Db Bao(z) — az(z) ’
with
gl — 13/2(2) _ 13/2(9) 13/2(?/) _ 13/2(55) J2 = K3/2(y) _ Ks/z(z) K3/2($) _ K3/2(y)
sl 23/2 y3/2 y3/2 3/2 | sl y3/2 »3/2 23/2 y3/2 ’
g3 — K3/2(y) _ Ks/z(z) 13/2(?/) _ 13/2(55) 4= 13/2(2) _ 13/2(9) K3/2($) _ K3/2(y)
sl — y3/2 23/2 y3/2 3/2 |7 sl ™ | ,3/2 y3/2 13/2 y3/2 )

(79)
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E. The restricted short range-long range fs-FFHS spectral density Jralbs(w)
In this case, we need to calculate
a d’
abs 11 >
G (s) = dr dro——gs (r,70; K). (86)
d b rTro
The result is of the same form as the other G#*(iw)’s with
g I3/2(y) B I32(2)] [13/2(y') B I3/5(2") s [K3/2(2) B Ks/o(y)] [ Ksy2(2') B Ks/5(y')

rl = y3/2 23/2 (y')3/2 (/)32 | 1 — 23/2 y3/2 (2/)3/2 (y')3/2 |’ (s7)

23/2 y3/2

y3/2 23/2

(2)3/2 (y')3/2

rl —

g3 — [Ig/z(y) 13/2(2)] {Ksﬂ(ﬂﬁ/) Ks/z(y’)} o Jh= [Kg/z(z) K3/2(9)] [I(Zlg)ggj;) - QZ?)gf;)] |

¥ =b/iw/D and  y =d'v/iw/D. (88)
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