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I. Details on the analytical developments leading to egns (10)-(11), egn (28), and egns (33), (36) and
(38) in the main text.
1. Expression of the metal concentration profiles (egns (10)-(11)).

The general solution of the Nernst-Planck equations (4)-(5) with differentiated metal diffusion

coefficients inside and outside the microorganism soft surface layer is given by
cu(asrs ro>:ﬁr[C3Fr,ro +C4} (S1)
and Cm (r>1o) = By [CiFr o0 +C2 (S2)

iy

.....

.....

Cht = Ba |CaFar, +Cal (S3)
which is obtained from eqn (S1) applied at the position r =a . Using egns (S1) and (S2), the continuity of
cm (1) at r=r, (eqn (8)) is further written

C1Fp o0 +C2 =04 (S4)
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The condition given by eqn (9) for the continuity of metal flux at r = r, may be arranged according to
edey, (r)/dr|r:ro_ —dey, (r)/dr|r:r0+ +¢4(L-e/3)dg, /dr|,_ . =0, (S5)

where we used the equality cy, (r = ro) = 045ro and the eqgns (22a)-(22b) that reflect the continuity of the

potential and electric field displacement at r =r,. The derivatives dcy, (r)/dr|r:ro, and dcy (r)/dr|r:ro+

are evaluated from egns (S1) and (S2), respectively. After some rearrangements, the substitution of the

resulting expressions into eqn (S5) leads to

—ers 2y — Ol[Fro,oodﬂr /dr‘r:r+ — 1y % [+dB, fdrl, _.+ (ca—c)=0. (S6)

The electrostatic boundaries given by eqgn (22) were considered for deriving eqn (S6), together with the
following relationships: dg, /dr = —zMz_lﬁrdy(r)/dr and dFy /dr=dF, . /dr= —1/(r2ﬂr). The

constants cj_; 4 can be determined from egns (S3), (S4), (S6) and eqgn (6) in the main text, with as final

result
G (Rt ot~ Filo 1+ Fa 27
c ; \
Ci _ (1_ c,"i‘ﬂﬂgl/C*M )1—1 X Cpm (S7)
W R A (et /e (L Far 27

(S1) and (S2) leads to egns (10) and (11) for the metal concentration profile cy, (r)

2. Derivation of the differential equation (28) for metal depletion kinetics under steady-state metal

transport condition. Demonstration of the inequality €2, <0.
The amount of metal ions located outside the microorganism (r > r,) and within the Kuwabara cell of

radius r.

c

IS given by

fe

4z [r’c, (r,t)dr =4zc, (1) G, , +(ch (V. ey () -1)(1+ F, A HE IR, (S8)

o

where G, . =fr2ﬁ,dr and HP" =J‘r2ﬂrFm3dr. Equation (S8) is obtained from egn (11) with replacing ‘o’

nn
n h

by ‘1.’ and further specifying that the bulk metal concentration c;, and the metal surface concentration c},
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now depend on time t. By the same token, the amount of metals within the microorganism of radius ry, may

be expressed in the form
47zJ2 r’c,, (r,t)dr = 4zc;, (t)[}t‘lH;ro n (Ga,ro —AHE, )cﬁ,, (V) e, (t)] . (S9)

The ratio ¢}, (t)8,"/cy, (t) involved in egns (S8)-(S9) may be evaluated from eqn (17) and further written
in the concise form

ey ()82t (1) =U (t)/2, (S10)
where U (t) is the time-dependent function given by egns (29)-(30). In addition, the uptake flux J,(t)

defined by egn (1) may be expressed in terms of U (t) as follows

-1
3, (0135 :1/{1+(2KM,83_1)[C*M (t)u (t)] } (S11)
Then, starting from egn (27) in the main text and further using egns (S8), (S9) and (S11), we obtain the

following differential equation that governs the time-dependent cy (t)

cia (U (O] 2K ey (00U (1) = udefy 1)/t 0 ey (6)U (1) e, (512)

where O and ©Q, are provided by
Q= —[G,O'rc —(1-& My By JHE IF, —HE as™ fe,]/(aZJj) , (S13)
and Q,=-[0,+G,, /(a%3])]/2. (S14)

Equations (S12), (S13) and (S14) correspond to egn (28), (31) and (32) given in the main text, respectively.
It is straightforward to verify the following relationships: a®J’ >0, H;. <0, G, >0, HF >0,

F . >0and ¢*f,/f

o le

>1. The latter inequality results from £<1 and f, > f,; (which is justified from

el,in

eqn (13) in the text), having in mind that the conductive diffusion factors f,, f,,, and f are

el,in el,out

dimensionless positive quantities. In turn, ¢ defined by eqn (S13) necessarily satisfies ¢ <0.

3. Derivation of the limiting kinetic regimes expressed by egns (33), (36) and (38).
Equation (S12) may be rearranged in the following differential form where time and metal

concentration variables are separated

a)(c;,, )dc;,, —dt, (S15)

where o is a function of cy; according to
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ofcin) =20t o0 (cia) ]l + @[ (e ) o (e ) ciav (cie) (516)
The functions U (C*M) in egn (S16) is now written in terms of ¢y

U i) =-u(ep ) +[u(ci ) +an(ei)| (s17)
with A(CK,,) = Kmpytlcy and u(cy)=A(csy )(1+Bn™)-1. The function Z(C*M) involved in egn (S16)

is defined by E(c’,’{ﬂ) = [dU (c’,’{ﬂ (t))/dt}/[dc*,vl (t)/dt} , which after developments leads to

z(c’,:,l): {KMﬂa_l(lJr%)—[u(c*M)z +4A(c",(,,)r/2{u(c",(,,)}<,\,,ﬁgl (1+%j+ ZKMﬂgl}}/c",{Az . (S18)

where Bn is the (time-independent) bioavailability number Bn defined by egn (19).

* For situations where A(cy, )(1+Bn™)<<1 (or, equivalently, u(cy,)<<0), the function & may be
linearized via considering the first order term in its corresponding Taylor development with respect to the
variable Y = A(cy, )(1+Bn™) =K, A" (1+Bn™)/cy (t) <<1. Rewriting a)(c’,(,l) in the form w(Y),
performing the aforementioned Taylor expansion, we show that egn (S15) to the first order in Y is
[1/(KM ﬁgl)+1/c;,|]dc;,, = dt/z, (S19)
with the time constant 7| defined by
7L = —KmfBat(Q+29,). (S20)
The inequality A(cy )(1+Bn™)<<1, or A(cy)<<1/(1+Bn™), that marks the validity of eqns (S19)-

(S20), goes in pair with A(c,, ) <<1 because Bn™ >0 and thus 1/(1+Bn™)<1. Under the limit examined

here, we then have KMﬂa_llc*M << 1 so that eqn (S19) further simplifies into
dcg /(KM ﬂ,;l) = —dt/z, . (S21)

The solution of egn (S21) is expressed by egn (33) in the text. Using the relationship
Q,+2Q0,=-G,, /(aZJ: ) derived from eqn (S14), the expression (S20) for 7 may be rewritten as

7. =K,G,, /(a’83;). (S22)
Substituting eqn (3) for J; into eqn (S22) and further introducing the surface resistance Rs =1/(k,, Kz, )

and the area of the bioactive surface S, =4za’, we obtain eqn (34) given in the main text for 7| .
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e In the other limit A(c:,l)(1+ Bn’1)>>1 (i.e. u(c;‘,l)>> 0), the function @ may now be linearized via
considering the first order term in its corresponding Taylor development with respect to the variable
Z El/[A(c’,(A)(l+ Bn’l)] =c;, (t)/[KMﬂa’1 (1+ Bn’l)] << 1. After rewriting a)(cf{ﬂ) in the form w(Z), we
find that egn (S15) becomes to the leading order in Z

[§+1/c”,{ddc”,{,| = —dt/ g, (S23)

where £ is defined by the expression

-1

£-= {Ql 120, [2 ~(1+ Bn‘l)l}}{KMﬂa‘l (L+Bn ) (1+Bn )+ 20, ), (S24)
and the characteristic timescale 7. is provided by the relation
re ==Ky B[ Qu(1+Bn)+20, |, (S25)
For Bn' <<1, & may be developed as follows
£~11(KyB,')+0(Bn™). (S26)
where the symbol O denotes order of magnitude. The combination of A(c;, )(1+Bn™*)>>1 and Bn™ <<1

leads to A(c;“,l)>>1 or equivalently KMﬂa‘llc’,'{,, >>1. The latter inequality used with egn (S26) and eqgn
(S23) finally yields
dey /oy = —dt/7g, (S27)
ie. cu (t)/ ey (0)=exp(-t/z:), (S28)
which is egn (36) in the main text. For cases where Bn™ >>1, we have
£~0(Bn?), (S29)
and eqgn (S23) again reduces to eqn (S27) whose solution is expressed by the exponential decay of cy, (t)

given by eqn (S28). For cases where none of the inequalities Bn™ <<1 and Bn™ >>1 applies, integration
of egn (S23) leads to

£(cm (1) =i (0))+ |n{j:/l"—((t0))J =—t/rg. (S30)

The solution cyy (t) of the transcendental equation (S30) may be formulated in terms of the Lambert

function W defined by W (x)exp[W (x)]=x for any argument x . The solution is then written

6 ()63 (0) = & W (&c;, (0)exp[ —t/ 7 + ey, (0)])/ i, (0), (S31)
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which is egn (38) in the main text. Finally, the expression (S25) for z. may be written in the form

7o = —Ku B9, +20Q,]- K, AQ,Bn . (S32)
The first term in the right hand side of eqn (S25) identifies to 7| (eqn (S20) while the second term can be
rearranged according to K,,3,'Q,Bn"' =47a*J’QR,/S,, where we have used eqn (19), eqn (3) and the
definition R; =1/ (DM,out fela‘l) for the conductive-diffusional mass transfer resistance. In turn, eqn (S32)

identifies to that given in eqn (37).

I1. Details on the numerical solving of eqns (4)-(5) and egn (20) in the main text.

1. Solution of the non-linear Poisson-Boltzmann equation (20).
The non-linear Poisson Boltzmann equation governing the potential distribution y(r) across the soft

biointerphase depicted in Figure 1 may be written in the general form
goVo[g(r)?y(r)] = [ZZZFZC‘” /(RT )]sinh[y(r)]— zFp,f,(r)/(RT), (S33)
where &(r) stands for the relative dielectric permittivity at the position r and p, f,(r) corresponds to the
spatial distribution of fixed charges carried by the soft biointerphase with f (r>r,)=0. f (r) may be
formulated according to*
f,(r)={1-tanh[(r—r,)/&]}/2, (S34)

with & the characteristics decay length of the density of soft material and fixed charges across the

biointerphase. In the limit & — 0, the case of uniform charge distribution across the soft microbial surface

layer is recovered. By the same token, we may write &(r)=¢,f,(r) where ¢ is the relative dielectric
permittivity of the bulk medium and f, (r) the function defined by

f.(r)=(3-1)f (r)+f,(r+r,-r), (S35)
with I=¢,/¢,, as defined in the main text. In the limit @ — 0, eqn (S35) leads to e(a<r<r,)=¢, and

e(r, <r<r,)=g¢ . Combining eqns (S33)-(S35) provides after some arrangements

2y (r)= - 1 df (r)dy(r) .\ x*sinhy(r) K’ p, (1) | (s36)
f.(r) dr dr f.(r) 2zFc” f (r)
which simplifies into egn (20) for & — 0 i.e. for uniform distribution of charge and dielectric permittivity
within the soft surface layer. Equation (S36) and boundaries (21), (23) may be solved numerically by means
of the COLSYS procedure detailed elsewhere.” It is stressed that the formulation of diffuse distributions for

the density of fixed charges and for the dielectric permittivity across the biointerphase (egn (S34) and (S35),
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respectively) as subsumed into egn (S36), automatically verifies the boundaries given by eqgn (22) for the

continuity of electrostatic potential and electric field displacement at the position r =r, .

2. Solution of the Nernst-Planck equation (4)-(5) for non-uniform distribution of metal diffusion coefficient
across the microorganism soft surface layer.

Following the strategy given in the preceding section, the spatial distribution of the diffusion coefficient

Dy, (r) across the whole biointerphase may be written D,, (r)= Dy, fo (r) with f,(r) defined by
fo(r)=(e-1)f (r)+f, (r+r,-r). (S37)
and &=D,,; /Dy, . After some developments and using this continuous dependence of the metal

diffusion coefficient on radial position, the Nernst-Planck equation governing the spatial distribution of

metal concentration across the biointerphase is given in steady-state by

foM(r):_dcgr(r) fDl(r)d fgr(r)+27Md)rlj(rr)}ZTMCM(r){vfy(r)+ fDl(r)dfgr(r)d)(/er) ' (538)

Equation (S38) with boundaries (6)-(7) may be solved numerically using the same collocation algorithm
than that employed for the electrostatic problem.? Under the condition & — 0, eqn (S38) reduces to eqns
(4) and (5) in the main text. It is further emphasized that eqn (S38) necessarily satisfies the requirements of
continuity for the metal concentration and for the metal flux at r=r, (eqns (8) and (9), respectively).
Finally, in view of the different magnitudes for the key electrostatic and diffusion length scales relevant for
the problem, it is judicious to replace in the numerical scheme the far-field boundary condition expressed by
eqn (6) by the following relationship

cu(r=r')icy =1+r*2dc'\é—r(r) [/, -1/r"] (S39)

r=r"

where r* =r +n/x (n>>1) isa position just outside the extra-particulate electric double layer, i.e.
y(r')=dy(r)/dr| . =v?_y(r)=0. (S40)

Equation (S39) is obtained upon solving egn (S38) outside the extra-particulate electric double layer where

eqn (S40) is applicable.
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