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Derivation of Eq. (64). 

 

The general resulting equation for the FC contribution to vicinal spin-spin coupling constant in 

MO LCAO approximation reads as follows: 
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Here, A, B, C, and D run over all atoms =Q {
1
H ,

2
H ,

1
C ,

2
C }. Indexes ...,,, cba  and ...,,, kji  are 

assigned to unoccupied and occupied molecular orbitals, respectively; )(
2,1

QH

Q

mln
iii

rϕ  is the 

spatial atomic orbital localized on atom Q  characterized with a set of three quantum numbers 

{
iii
mln ,, }: principal, azimuthal and magnetic; 

ia
εε −  appearing in Eq. (1) denotes the energy 

differences between Hartree-Fock unoccupied and occupied molecular orbitals; 
2,1

QH
r is a short 

notation of the vector difference: 
QHQH
rrr −=

2,12,1

. Based on Eq. (1), it is easy to evaluate the 

number of atomic sums to be equal to 
4

4 , which thus can be separated into 16 general types: 
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Taking into account only the s-type functions on hydrogen atoms, one can eliminate the 

summations over the quantum numbers {
iii
mln ,, } in the terms containing )(2,1 0

H

mln
iii

ϕ  and replace 

)(2,1 0
H

mln
iii

ϕ  by 

00

100

1
)(2,1

aa

H

π
ϕ =0 . In that way, all sums in Eq. (2) can be combined into nine 

groups: 
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Herewith, the Cartesian left-handed coordinate system is chosen, so that  C1C2 bond lies on Z  

axis and C1H1 bond lies on Y axis. Provided that bond angles ∠ HCC equal to 2/π , the C2H2 
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bond lies in the plane parallel to XY plane and revolves around Z axis with the azimuth φ  which 

in that case equals to the dihedral angle ∠ H1C1C2H2. 

Further, the short notation )(
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C
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rϕ  denoting the part of  )(
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C

nlm
rϕ  which is not depend onφ , 

namely, 
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Further we consider each group in (3) using a set of Eqs. (4)-(12). If )()(
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Here 
µν

π  is the mutual polarizability of atomic orbitals: 
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Eq. (15) takes a general form: 
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where coefficients A and B are as follows: 
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Eq. (19) takes a general form: 
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The coefficients A, B, C and D are as follows: 
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Summing up the terms in Eq. (35) over the quantum numbers, we obtain 
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As follows from Eq. (36), the fifth contribution takes a general form: 
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where coefficients A, B and C are as follows: 
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Taking the sum over the quantum numbers in Eq. (44) gives 
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Eq. (45) can be generalized into the following expression: 
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Coefficient A  in Eq. (46) takes the form: 
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Using the definition of the mutual polarizability given by Eq. (14), one can reduce Eq. (47) into a 

compact form: 
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The coefficient B  in Eq. (46) takes the form: 
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and coefficients C and D  in Eq. (46) are 
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Coefficients 'B  'C  and 'D  in Eq. (46) take the form: 
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The latter two coefficients can be simplified to a form:      
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7th sum: 
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The coefficients in Eq. (74) are as follows: 
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9th sum: 
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            (84) 

Eq. (84) can be represented in a generalized form: 
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The coefficients in Eq. (85) are as follows: 
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In that way, the final vicinal spin-spin coupling constant (FC term) can be expressed in a general 

form: 
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where the coefficients An, Bn, Cn, Dn and En are obtained by collecting the corresponding 

coefficients in the following nine terms: (13), (16), (20), (26), (37), (46), (57), (74) and (85) to 

give 
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