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Introduction
In this supporting information file we find a solution of the system of the first order linear

homogeneous differential equations:

{m(@ = —(T12 + k)ny () + T2 (D) (S1)

ny(t) = Tionq(t) — (Tyq + ky)ny(t)

where ny(t) and n,(t) are time-dependent functions of concentrations of electrons at S; and T,
excited energy levels in agreement with energy level diagram of Ag nanocluster shown in Fig. 2
in the main body of paper, n,(t) and ny(t)are the first time derivatives of time-dependent
functions of concentrations of electrons at S; and T, excited energy levels, k; and k are the rates
of spontaneous emission from S; and T, the excited states to Sy the ground state levels which are
functions of emission wavelength, "1, and 7%, are temperature-dependent rate functions of the
intersystem crossing process from S; to T, excited levels and from T, to S; excited levels, t is
independent variable which stands for time.
According to Ref.! a general solution of the system of linear homogeneous differential equations
(S1) can be written using the time-dependent function:

ny(t) = cpe ™Mb 4 c e 2t
ny(t) = cze Mt + c et

n(t) = { (52)

where ¢y, Cy, €3 and ¢4 are arbitrary coefficients, A; and A, are reciprocals of lifetimes z; and z, t
is independent variable which stands for time. Putting t = 0 in the general solution (S2) leads to
the system of initial values equations for the system of differential Egs. (S1):

n1(0) =¢; + ¢,
{nz (0) =c3+cy (53)

Part 1
In Part 1 we find the unknown arbitrary coefficients ¢y, ¢, ¢z and c,4 for the general solution (S2).
Let us find these coefficients according to a procedure described in Ref.! We start with

substituting n; = c;e ¢ and n, = cze~*¢ from the general solution (S2) into the system of Egs.

(S1):
{—Alcle_llt = —(Ty5 + ky)cre ™t + Ty ce Mt (s4)
—Acze ™Mt =T ,cie ™Mb — (T + ky)cze ™Mt
We divide both sides of the system of Eqgs. (S4) by e~*1t:
{—/1101 = —(T12 + k1)eg + Ta165 (S5)
—Aic3 =T1200 — (T21 + k23
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Adding the first and the second rows of the system of Egs. (S5), we find:
—Aicy — A3 ==+ ky)cg +Ty103 +Tipc; — (T + ky)es
Eq. (S6) gives:
A1+ Aic3 = kicq + kyes
Using the Eq. (S6) we find the expressions for the coefficients c¢; and cs:

(k)
17 a2 &3

Ca = (k1—21)
37 (—ky) 1

(S6)

(S7)

(S8)

(S9)

By the analogy, we substitute ny = c,e~*2¢ and n, = c,e~*2¢ from the general solution (S2) into the

system of Eqs. (S1) and apply the same procedure for finding of relations between the

coefficients, we have:

_ Gamky)
27 (ky-2p) *
RO
€4 = Umrp ©2

(S10)
(S11)

Substituting (S9) and (S11) into the second row of the system of initial values Egs. (S3), we find:

{ c1 =n1(0) — ¢,

(k1=241) (k1=22)
nz (0) = 1 1) Cl + 1 =2 Cz

(Al_kZ (AZ_kZ)

(S12)

Replacing the coefficient c; in the second row of the system of Egs. (S12) by the first row of the

system of Eqs. (S12), we get:
c1 =n(0) — ¢,

_ (es=2y) B (ky=23)
{nz(o) = k) (n1(0) — ) + (Az_kz)cz
From the second row of the system of Egs. (S13), we have:
(A=k3)(A1—k3) — (k1—=21)(A2—k3) _ (A1=k3)(k1—23)
(A1—k3)(Az—k3) n2(0) (A1 —k3)(Az—k3) (n:(0) — ) + (A—k2)(Az—ky) 2
(A=k3)(A1—k3) _ (k1—=21)(A2—k3) — _ (k1—=21)(A2—k3) (A1—-k3)(k1—23)
e 20~ G T ek (O = T G T e €2 T Gy k) a—kr) 2

(S13)

(S14)
(S15)

(A2 — k) (A — k2)nz(0) + (A1 — k1) (A2 — kx)nq(0) = (A1 ky + Azky — Azky — A1k3)c; (816)

Let us define c; as equal to the left side of (S16):

c, = (A2=k2)(A1—k2)n2(0)+(A1—k1)(A2—k3)n,1(0) — A1—k1)Az—k3)
2 (A1=22)(ky—k3) (A1=22) (ky—k3)

A1-k1)(A2—k3) _ (kz—22)(A1—k3)

=20t 0 ~ G T ey kg 2 (0

(A2—k2)(A1—k3)
(A1=22)(k1—k3)

n,(0) +

n,(0) =
(S17)

Now we find the coefficient c;. Substitution Eq. (S17) into the first row of the system of Egs.

(S13) gives:
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_ (A=2) (k1 —k3) (A1—-k1)Az—k3) (A=kz)(A1— kz) —
L7 =2 (k1—k2) n(0) - (A1=22) (k1 —k2) m(0) — (A1=22)(ky—k n2(0) =
(A1k1—A1ky—Azk1+A3k3) _ (Aaz—-A1ka—Azk1+k1k2) _(/12 k2)(A1—k3) _
(A1=22) (k1 —k>) 1(0) (A1=22) (k1 —k2) 1(0) (A1 =22)(k1—k2) n2(0) =
(A1k1—kqka—A1 A +22k3) _ (Aa—kz)(A1-k2) (A1—k3)(ky1—-23) _ (A2-k2)(A1-k2)
(A1=22) (k1 —k>) (0) (A1=22) (k1 —k>) n2(0) = (A1 =22) (k1 —k2) n1(0) (A1 =2A2) (1 —k3) n2(0)
(S18)
Now we find the coefficients c3 and c4. Replacing the coefficient ¢, in the Eq. (S9) by the Eq.

(S18), we find:

(k1—41) (k1=21) [ (A1—k2)(k1—23) (A2—k2) (A (k )(k1—22) (Aa—k3)(k
=11C:11<1212() 2212)2()> 1112() 2211(0)(819)

37 Mok 1T (k) \ AUk L (A1=25) (ks =k M) key =) 1 =) (ks k) 2

Replacing the coefficient c;, in the Eq. (S11) by the Eq. (S17), we find:

_ (ky=2p) (ky=23) [ (A1—k1)(Ax—k3) (A=k3) (A1 =k, (A1—k1)(k1—-25) A2=ky) (A1 =k,
4T 0 2T k2)<(/11 “rtkn MO T G Tk n2(0)> gm0 - s (S20)

Substitution the Egs. (S17), (S18), (S19) and (S20) into the general solution (S2) gives the final
solution of the system of differential Egs. (S1) is:

(A1—k3)(k1—23) (A2—k2)(A1-k3) At (A1=k1)(A2—k3) _ (ka—22)(A1—k2) At
= ((11 —22)(k1—k2) 1(0) (A1=22)(k1—k3) 2(0)> o ((}L —25)(kq—k3) 1(0) (A1) (k1 —kp) 2(0)) 2 (821)

(e —21) (k1 —23) (Aa—k3) (k - (4 —ky) (k1 =2;) -k
Tl2=< 1—A1) 271(0) 27K 1k1) 2(0)> Alt (1 1)K —4A ()_ 2K 1k2) 2(0)> Azt (822)

=2 (ky=ky) 4 (=22) Uy =) (ki) 1 1=1) Uy

Part 2
In Part 2 we check out the solution (S21) and (S22) for the system of differential Egs. (S1).
Addition the first and the second rows of the system of differential Eqgs. (S1) gives:

n1(t) + 1y (t) = —kiny () — kany(t) (S23)

We replace ny(t) and ny(t) in the differential Eq. (S23) by the Egs. (521) and (S22):

_ (A1—k2)(k1—23) (Ap—kz)(A1—k, (A1—k1)(A2—k3) _(kz A2)(A1—k3) —Apt
& <(’11 “ate k) ™0 T G Tk k)n2(0)> — ((Al—az)(kl k™0 ~ G ) 2(0)) ’

_ (k1=21)(k1=23) (Az—k3)(k1—44 At (A=K (ki—23) _ a—ki)A1—k) At —
M <(/11 a0 T G Tk 2(0)> o ((Al e ™ O TG T k) 2(0)> ’

(A1—k3)(ky— Az) _(lz k2)(A1—k3) -t (A1—k1)(A2—k3) _(kz A2)(A1—k, At | _
(ul 2t ™ O T G T k) "2(0)> +(<Al e O T G k) 2(0))

_k <<(k1 A1) (k1—22) ( )_(Az kep) (kg — :)n2(0)> —}{1t+<(11 k1) (kg —23) ( )_(7\2 k) (A1—k3) n2(0)> —lzt> (824)

—2) (k) L (A1=2) (ky—k y—2y) (k) L A1 —22)(ky—k3)

The Eq. (S24) is to be true for all values of t, then the coefficients of e *1tand e~*2¢ must
vanish. Now we consider the equation for the coefficients of e ~*1¢ which follows from the Eq.
(S24):
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(Al_lz)(kl_kz)

(Al_lz)(kl_kz)

(A1—=22)(

Y <(Al—k2>(k1—az> 2, (0) — a2k n2(0)> it 2, <<k1—/11)(

A1-22)(k1—k3)

_ (A1—k3)(k1—2) _ Q—ka)(A1—k2) At _ (k1 =21)(k1—25)
k ( n1(0) (Al—azxkl—kz)"zm)) ¢ k2 ((Al—az)(kl—

Division of the Eq. (525) by e 1t gives:

A1—k2)(k1—2;) Az—k2)(A1—k3) (k1—-21)(k1—25)
_/11< 1~ R2)(Ky zn(o)_ 2~ K2)M 21’12(0))—11( 1= A1)k~ A

A1=2) (s —k;)

(A1-22)(k1—k3)

A1—k2)(k1—2;) A2—k2)(A1—k,) (k1—21)(k1—22)
_kl( 1~ R2)(Kyq an(O)— 2~ K2)( My 21’12(0))—](2( 1= M) Ky —4,

Eq. (S26) gives:

(A1-22)(k1—k3)

(A1-22)(k1—k7)

(k1=21)(k1—25)

(A1-22)(k1—k7)

(A1=22) (k1 —k7)

(A1—k3)(ky—25)

ki—2A3) _ (A2—k3)(k1=21) -t —
e L LG kv n2(0)> ¢

_ (A2—k3) (k=24 At

i (Al—az)(kl—kz)"zm))e “ (S25)
_ Gamka)(ky =) _

n1(0) (Al—az)(kl—kz)"zm))_
_ Gamky)(ks=1)

m: (0) (AI—AZ)(kl—kz)"2(0)> (S26)

(A2—k3) (k1—21)

(_Al (11—}(2)(}(1_12) _

1 Q=2) (k1 —k3) th (A1=25)(ky—k3)

(k1—11)(k1—/12)) n,(0) = (_/1 Aa—kx)(A1—ks)

(A1—22) (ks —k3) 2 (A-2) (k1 —k3) Y200k T A-2) (ke k)
(A2=k3)(A1—k3) (Az—kp)(k1—24
! ) s k) ez (Al—az)ucl—kz)) n2(0) (S27)
Eq. (S27) becomes:
A1—k)(k1—A5)(ka—=2A1)  (A1—k2)(k1—25)(k1—21) _ (Qa—ka)(A1—k)(k1—A1) — (Aa—kp)(A1—k2) (k1 —A1)
( (A =22)(ky—k3) (A =2) (kg —k3) ) m(0) = ( (4 =25)(k1~k3) (A=A (k1 ~k) )nZ(O) (S28)

Now we consider the equation for the coefficients of e ~*2¢ which follows from the Eq. (S28):

(A1—=22)(k1—k2)

(A1=22) (k1 —k2)

(A1=22) (k1 —k2)

(A1=22) (k1 —k2)

gy (G gy _ Gk ) ) gotat g, ((Al—ko(kl—m ny(0) — Qerklake) (0)> oot —

_ ((11_k1)(12_k2
1

(kA
TR R LELC) kv o

Division of the Eq. (S29) by e %2 gives:

_ (11_’(1)()-2_"2)
2 ((11_12)(’(1_’(2) n1

(A1=22) (k1—kz)

(A1=22) (k1—k2)

_ (kz_lz)(/h_kz) _ (Al_kl)(kl_}lz)
©) - GT O ) ,12<7

(/11_/12)(1‘1_](2)

(A1-22) (k1 —k2)

A1—k)(A—-k ky—2,)(A1—k A1—k1) (k=2
iy (Gakdiake) (g _ Gaa 2>n2(0))_k2<(1 D -1y)

Eq. (S30) becomes:

(11 _k1)(k1_}\2)

(/11_k1)(3-2_k2)

At (Al_kl)(kl_}\z) _ (}\z_kl)(/h_kz) At
)nZ(O) ) e ks ((Al—az)(kl—kz) n1(0) 2 (0)> e (S29)

(/11 _Az)(kl_kz)

(/11 _Az)(kl_kz)

 Ouk) (k)
m(0) ~ G ok "2 (O

Tl1 (0) _ (}\z_k1)(/11_k2) n2(0)> —
) (S30)

(Az_k1)(}~1_k2)

(_ (11_’(1)(12_1‘72) _
2 (A1 —22)Ukey—k3)

Ky (ka=22)(A1—k3)

a—Za)ki—iep) T K2

Eq. (S31) gives:

2 )k T Gy it —ie) T 2 Ay “2) ey —iey)
(Aa—kq) (A4 —k3)
(A1=25)(Je1—k3)

)n2(0)

((Al—kl)(kl—lz)(lz—kz) _ (Al—kl)(kl—xz)uz—kz)) 1,(0) = ((kz—az)(al—kz)(kl—az)  (ky=A2) Ay k) (ky =)
(A1 =25) ey —k3) 1

(11_12)(1‘71_’(2)

Part 3

(/11_’(1)(](1_7\2)) n1 (O) — (_l (kz_lz)(/ll_kz) _

2 (A1=22)Ule1—k3)

(S31)

2 (A1 =22) ey —k3)

(A1-22) (k1=K

)n2(0) (S32)

) (11_12)(](1_}(2)

In Part 3 we find the expressions for 71, and 7. We replace c in the first row and c; in the
second row of the system of Egs. (S5) by (S9) and (S8):
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(kq1— 11)
(Ay—ky) 1

— (F21 + k3)cs

—Mey =~z + ke + Ty

(A1—k32) kz)
(k1 l)

(S33)
—Aycg =T —=

We define A; as the left side of the first and second rows of the system of Egs. (S33)
(k1—21)
(A1—k2)

(A1-k3)
—A =Ty, (ki—li) — (P21 + k3)

A=~ + k) + Ty 57—
(S34)

The first and the second rows of the system of Eqs. (S34) are equivalent to each other.
Subsequently, we have:

k1i-241) (A1—k2)

—(Tp+ky) + Ty 57— Aty =T7—= (k1) — (Iy1 t k) (S35)
Eqg. (S35) gives:

Lo G2 = Ty o8 = (ky — k) (S36)
Dividing the Eq. (S36) by (ki-k,), we find:

[p = (k1 —41) (F21 ﬁ - 1) (S37)

We substitute the n; = c,e %2t and n, = c,e~*2¢ from the general solution (S2) into the system of
Egs. (S1):

{—Azcz = —(T12 + ky)cy +Tpicy (S38)

—Az¢4 = T30 — (U1 + k3)cy

By the analogy, we replace c4 in the first row and c;, in the second row of the system of Eqgs.
(S38) by (S10) and (S11):

ki—2
=6 = =Ty + ky)cy +Tpy Ell kZ; C2
(z=kz) . (S39)
—A2€4 =T (eoty) 4 — (T21 + k2)ey
We define A, as the left side of the first and second rows of the system of Egs. (S39):
= ==+ k) + Ty (RI:AZ)
(/12 k2) (840)
(A2—k3)
—A =T1 (k2 /12) — (T21 +k2)

The first and the second rows of the system of Eqs. (S40) are equivalent to each other.
Subsequently, we have:
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(ki=23) _ n (Aa=ky)
—(T12 +ky) + Ty Tpky) — 12001y T2y +k3) (S41)
Eq. (S41) gives:
(ki=k2)\ _  Uea=ka) .
F12 ((kl_AZ)) - F21 (AZ_kZ) (kl kz) (842)
Dividing the Eq. (S42) by (ki-k2), we get:
1
12 = (kq = 43) (F21 (Ga—kyp) 1) (543)
The Egs. (S37) and (S43) are equivalent. Subsequently, we have:
1 1
(ky = 44) (le ar 1) = (k1 = 43) (Blm - 1) (S44)
Eq. (S44) gives:
1 _ (ky—23) i
(F“ a-kp) 1) T (ki—2y) (F“ (A2=k2) 1) (S45)
(k1=A1)(Az=k3)—(k1=A2)(A1=k3)\ _ (k1—24)—(k;1—23)
F21 ( (k1=41) (A2—k2) (A1 —k>) ) T (kA (S46)
(kqAy—kqiky—A1 A5+ A1 k)= (kA —k1ko—A1 A +A2k5)\ _ (Az—11)
FZl( (k1 =11 (Aa—k2) (A1 —k>) ) T (k=) (S47)
(k1=k3)(A2—24) _ (A2-4y)
F21 ((kl—al)(az—kzml—kz)) T (k1-2y) (S48)
We define I'y; as the left side of Eq. (S48):
F21 — (A2—k2)(A1—k3) (849)

(k1~kz)
Substituting Eq. (S49) into Eq. (S37), we find I'12:
Fio = (s = 20) (T oy = 1) = G = 40) (B2 s - 1) = (- ) (53 - 1) =

(ki—kz)  (a—ky) (k1—k2)
(A2=k2)=(k1=k2)\ _ (Ap—k1)(k1—21)
(s =) ) )= (k1=k2) (S50)
Part 4
In part 4 we find expressions for A; and A,. We define 2, as the left side of Eq. (549):
kl_kZ
AZ = F21 Eﬂl—kzi + kz (851)
Replacing A; in Eq. (S50) by Eqg. (S51) gives:
(k1-k3)
_ (GakpOa-apy _ (G theka)ta-10) 1
i = (k1 =kz) )= < ) = ("1 Aaka) 1)Ga=4)  (552)
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Eq. (S52) gives:

T4 —ky) =Ty1(ky — A1) — (kg — 2)(A4 — k) (S53)
Eq. (S53) becomes:

M2 = (ky +ky + Ty + Ty )A; + kyky + Tyrky + Tk, =0 (S54)

Now we define A; as the left part of Eq. (S49):

(ky—k2)
Al = F21 (l;—kz) + kz (855)

Substitution Eq. (S55) into Eq. (S50) gives:

r,, = <(/12—kl)(kl—rngiiﬁg—kz)) _ ((/12 k) =Ty (Az—k1)> _ y—ky) Ay —ky)=Ty Gp—ley) _
(k1—k3) (A2-k3) (A2—k2)
2_ _ _ _
Az—ki4, kﬂt;:’j;’:; T21(A2—ky) (S56)
Eq. (S56) becomes:
A3 — (ky+ ky + Ty +T1)A, + kiky + Tyiky + Tk, =0 (S57)

Eqgs. (S54) and (S57) are equivalent. Subsequently, solutions for these equations are the same. A
general form of these equations can be written as:

ax’?+bx+c=0 (S58)
A solution of Eq. (S58) can be found using a well-known formula:

x = 2P (S59)

2a

where D = Vb? — 4ac
Now we find solutions of Egs. (S54) and (S57) using the Eq. (S59):

D = (Typ + Tpq + ky + kp)? — 4(Tzky + Tpqky+kiky) = (Tip + Tpq)? + (ky + kp)? + 2(ky +
k2)(T1z + Tpq) = 4(T1zky + Torky+hiky) = (Tip 4+ Tpq)% + (ky + kp)? + 2(ky Ty + ke Ty +
koT1p + kylpq) — 4(Tipky + Torkytkiky) = (Tip + Tpq)% + (kg — kp)? + 2(ky Ty — kqTpq —
koT1p 4+ kylp1) = (T1 + T21)% + (kg — kp)? + 2(ky — k) (T12 — T39) (S59)
/11’2 — (Flz+F21+k1+k2)i\/(F12+F21)22+(k1—k2)2+2(k1—k2)(['12—['21) (860)
Taking into account that 1; and A are reciprocals of lifetimes 7; and 7, we find:
T2 =5 - (S61)

1,2 (T124T 21 +K1+kz) ty/ (T12+T21) 2+ (k1 —k2)2+2 (k1 —k2) (T12-T21)
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