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1 Description and Scaling of the PT Algorithm

The central element in this kind of perturbation theory is the following system of linear equations

D

ZtK<L’V — Ey|K) = —(L’ﬁ[h@ 4 M

which has to be solved for the amplitudes tx., Once all tx are known, the second-order energy

correction is obtained in a straightforward way as

Zt (0|H|K)
0wy

for PTa and
D\P

By =t (] HK)
K
for PTh, respectively. The problem can be formulated as a matrix-vector product equation At =b
with Az = (L|V — Eo|K) and by, = —(L|H|¢) + {;'l;ﬁ) (0| H1p), which is solved iteratively using the
Jacobi method, since A is diagonally dominant. The time critical step is the construction of the
left-hand side At, which is a weighted summation of Fock matrix elements. Since the summation
is truncated to doubly-excited determinants, the number of elements in t is O(n*). A is a sparse
matrix with only O(n) nonzero elements per row (determinants that differ in maximally one orbital),

such that the overall number of operations is O(n’). The largest memory allocations are needed for

the storage of vectors b and t, which makes the memory scaling with O(n?).

2 Generalized Matrix Element Expressions

In the following, the expressions for (L|H|w) and (L|¢)) are given for a completely arbitrary closed-
shell wavefunction [¢) in terms of one- and two-particle matrix elements (h,, and gpes). The ex-
pressions are presented for most generalized matrix elements, which allows an implementation for

unrestricted and even generalized complex orbitals. The only symmetry in the two-particle matrix



Electronic Supplementary Material (ESI) for Physical Chemistry Chemical Physics
This journal is © The Owner Societies 2014

that is assumed to hold is gpgrs = ggpsr- We use physicists’ notation throughout.

2.1 Definitions

e Orbital indices 17, j, k, [ stand for occupied levels and a, b, ¢, d for virtual levels with respect to

the reference determinant (0|. Indices p, ¢, 7, s are used for arbitrary orbitals.

Even if the orbitals are completely generalized, it is practical to group them in pairs of 'quasi’ «

(ijab) and 'quasi’ 3 spin (z7ab), due to the inherent paired nature of closed-shell wavefunctions.

The determinants on which [¢) is projected are denoted as excitations from the reference

determinant (0| and abbreviated as (¢| = (0a!a,, (] = (O]a}ta}abaa, etc.

The orbitals are sorted {1,1,2,2,...,4,%,...,4,7,-++y...,G,@,...,b,b,...}, which makes all

determinants unique. There is e.g. no determinant (%¢|, as this is the same as (%

2w

(pq||7s) = Gpgrs — Gpgsr denotes the antisymmetric two-electron integral.

2.2 Overlap

The overlap of arbitrary closed-shell determinants with [¢) is
c = (0¢) ci = (i 1) c;.l;.’ = <;’£2{b|¢>

whereas all open-shell configuration coefficients are zero: (%[¢h) = (%)) = (@[0)) = @) = (D|) =
{1y = (1) =... =0.
In the case of AP1roG, the wavefunction has the additional features that intermediate normal-

ization holds (¢ = 1), and all quadruple and higher excitations are expressed by combinations of

l?c‘?

;¢%, such that all expansion coefficients of [)) are defined by the

: : : ab __ .a,.b
pair-excitations, e.g. ¢;; = ¢jc; +¢

parameters {c?}.
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2.2.1 Seniority Zero

Projection onto seniority zero states yields all the JK-only matrix elements

(OlH[p) = ) (h + g+ (@) + Y G@llig) + @) + (llia) + (@) > Co + ZZ il |aa)cy

7 >t
@HW) = Y (hjj +hy+ GAlGD + D GEIGE) + (GkII7E) + (E|liE) + <Jk||J/<f>> a
Jj#i,j=a k>j,k#i,k=a
+aallityeo + Y _(gllinyes + > (aal|bb)e? + > > " (j7l[bb)csy
J#i ba j#i ba

With the aid of the Fock matrix elements, defined as f,, = hyy + > s (pillgi) + (p7]]qz), some

computational time is saved and in addition the matrix elements can be written in an easier way as

<O‘H|¢> = Z(hzz+fzz+hzz+fzz +ZZ ZZHCLG

@HW) = Y (hy+ Fig + hg + f— Gillgiy — GllR) — Gl — Gill7i) + (allja) + (al|7a)
jij=a
o C;l o occ. e vir. o occ. vir. e
+(jallja) + (allja)) = + {aallizeo + D (illin)c + Y _faallbb)ei + D > {igllbb)esy
J# b#a J#i b#a

2.2.2 Seniority Two

Up to double excitation, the seniority two determinants are (4|, (%], (%], (2|, (2|, (4|, (3|, (D], (71,

(], (2] and (2%|. They can reach the following seniority zero states by single excitation:

occ.

({IHI0) = has + (allit) + > (aillis) + (a7li]) = fai

J#
occ.

(HIE) = (Flala:HIE) = hia+ (wllae) + Y (@llag) + @laj) = fa — (@llai) + (wl|aa)
JF
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<%b|H|%a> =

(WIH|D) =

(7 1HIE) =

(7 1H157) =

(5 afay H|2%)

Plafa,H|2)

— (i afas H5Y)

~($lala;HIS)

Together with the double excitations

(AH[) = (atl|bb)

({1H57) = —(4Illia)

(& | H|0) =

(i71H|0) =

hia + (ballaa) + ) _(bjllaj) +
i
(b1]|az) +

(b7llaz)
(bil|ai) — (bal|aa)

(a7llb7)

fEa -
hap + (ab|[bB) + > (aj||bj) +
j#i

fab — aillbi) — (ai]|bz) + (ab]|bb)

—<hﬁ+<fj\|jj>+ > (k||k) +

k#i,5;k=a
_ffj _

(wal|7a) +
- <hji + (llin) +

= —sz’

<W_f||7/5>>
<j/5|\i7f>)

(tal|ja) — (wil|72)

occ.

> (Gkllik) +

k+i,j;k=a
— (jallia) — {jallia) + (j7l[i7)-

2 -

(i HIT) = (abllcc)  (F1H

(kK] |ij)

(abl|i7) —(7llba)

(aalliz) — (FHIg) = (15 = — (2l |bb)

(A¥¥]

we can construct the seniority two matrix elements as

GH|Y) = (hai + (aillit) + ) {ajllis) +

occ.

ocCcC.

JFi

vir.

<aJ|IiJ>> Co + (hza + (wal|aa) + Z(UII@J’)

JFi

+ <ZJ||GJ>) ¢

=D {iglliayes + Y (aal|bb)}

J# b#a
(@I H|p) = (hbz‘z + (bal|aa) + _ (bjllaj) + (bJHaﬁ) + {ablliT)co + Z (abl|ce)c;
jAi c#a,b
+ (hab + (ab|[bB) + ) (ajl|bj) + <aj||bj>> b= (jgllbaycsy
J#i J#i
(F1H[Y) = (%HUHJJ + Z (tk||7k) + (ik||7k) ) ¢i + (aalliz)co + Z (kk|li7) i
k#i,5;k=a k#i,j
- (hji + (alliny + > (ikllik) + (ik|Jik) ) w||5b>0?f
k#i,5;k=a b#a
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or, applying the Fock matrix,

GHIY) = faico + (fra — (@illai) + (al|aa)) ¢ — Z(J’ﬂli@c;” + Z(Cﬂ!@d’
jF#i b#a
(@IHW) = (fia — (billai) - (©2l|a2) + (ballaa)) ¢ + (fun — (ail|bi) — (aal|b7) + (abl[bD)) ¢}

vir. occ.

+{abllit)eo + Y (abllce)es = > (jjllba)esy
. c#a,b JF#i
(GIHIY) = = (fg+ (allje) + Gallja) — @l|7)) ¢ — (f5i + (allia) + (jallia) — (571li7)) ¢5
+(aallif)co + Y (kklliz)e — > (w][bb)esy.
k#1,7 b#a

2.2.3 Seniority Four

ab <@b <al§ <g13 @5

For the seniority four states <§Jb |, and the other 15 spin-flipped states like @b e R R g P e

etc. only two-electron elements matter and we end up with
(HHW) = (abllijheo + (@llab)ey + (llaj)ef + (Falbi)c; — (al|bj)e; — (bl|ai)c].

2.3 Exchanging Paired Orbitals

For seniority two and four, the other determinants can be derived from above expressions by adhering
to the following rules: If any of the orbitals i, j, a, b are replaced by its pairs 7, 7, @, b, the indices in

(1j]|ab) have to be adapted, and the sign of the corresponding coefficient ¢ changes, if the index is
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appearing in there. We have thus

ClHW) = fuco+ (fua — (llar) + (iallaa)) & — S (igllan)ct + 3 ial|pb)c!

jF#i b#a
CIHW) = fuco— (fua — Gillai) + (allaa)) ¢ + S (lliayet + 3 (arl|bb)ct

i ba
CIHIW) = fuco— (fia — (llar) + (iallaa)) & + 3 Gllanc + 3 ial[bh)c!

J#i ba
EHW) = — (fro— (illai) — (Brllaz) + (ballaa)) & — (f5 — (@illbi) — (@[} + (@bl Bb)) c?

~(alliveo — 3 (ballca)es + 3 (jllabyes?
c#a,b jF#i

for seniority two states and

(GHH) = (@bllij)eo — (@llad)cs — (llaj)ef + (zallbi)c; — (wllbj)e; + (jbllai)c;
(@IH|Y) = (ablliz)eo + (wjllab)es) + (@b|[az)es + (jallbi)e) + (aal [b7)e} + (jbl|ai)c
(GFHH) = (@bllij)co + (wllab)es; — (bllag)ef — (jallbi)c; — (@allbj)c} — (jbllai)c]
(GIH[) = (abllij)eo + (@llab)esy — (bllaj)e; — (gallbi)e; + (aal|bj)c} + (7bllai)e
(GIH[) = (abllzj)eo — (igllab)esy + (ibllaj)es — (qallb)e; — (ial [bf)} + (7b|az)e

(@IH[Y) = (abllagyco + (ijllab)esy + (ibllag)es + (jallba)c; — (ial[bg)e} — (jbl|az)e

for seniority four states. These expressions can describe the entire set of determinants that directly

couple to the reference state |0).
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2.4 Simplifications
2.4.1 Spin Restriction

Using restricted orbitals, the additional equalities hp, = hsg, Gpgrs = Gpgrs = Gpgrs = Gpgrs and

hpg = Gpgrs = Gpgrs = - - - = 0 hold. This simplifies the seniority zero states to

occ. occ. vir.

(O[H[y) = Z (hii + fui) co + Z Zgimacf

@HHW) = (his + fij — 295050 + Gjiis + 295aja — Gjaas) ¢
j#ij=a

occ. vir. occ. vir.

FGaaiiC + D Gj5iiC5 + D Guatn] + D> Gigwcly

j#i b#a J#i b#a

For seniority two, the only surviving states in the projection space are the singlet linear combinations

(@] + (@], (2] + (2], and (22| + (2|, whose normalized expressions become

<?| + <fl| . occ. . vir.
TZHW> = V2 faico + (fia = Gitia + Yicaa) € — Z 9jjiaCj + Z giabbC?
J# b#a

ab ab
a | T i "
—< | \/§< Hly) = ﬁ{(f ba — 2Gbiai + Gviia + Goaaa) ¢ + (fab — 2Gaibi + Yaiis + Javid) €

+0apiiCo + Z gabcccg - Z gjjabcgjb:|

c#ab J#
Gyl + & H = V2 2 a 2 @
S ) = — (fij + 29iaja — Giaaj — Giiij) ¢ — (fii + 2Gjaia — Gjaai — Gjjji) €

occ. vir.
a ab
+9aaijCo + E GkkijCr — E gijbbcij:|'
k#£i,j5 b#a
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It remains the treatment of the seniority four states with the singlet states

(] + (&

T”HW} = V2 [(gabij — Gabji)Co + (Gijab — gz‘jba)C?]b + GibajCi + gjabz'C? - giabjcg - gjbaicﬂ

() + &

T”H’w = \/§ [gabijCO =+ gijabc%l-’ + (gibaj - gz‘bja)c? + (gjaln g]azb) b gzagbcb gjbiacﬂ

{1+ &

T”H [0) = V2 [~gabjico = GipaCs] + Givjact + Giane; + (Giagp — Giav) ! + (Gjvia — Gjvas) €] -

2.4.2 Real Matrix Elements

Finally forcing the matrix element to be real and symmetric, we introduce another set of equalities

h

zero) to

@+ Gl
V2

)+ G

V2

Hly)

HIy)

(& + (g7
THVW

(] + (@
S

(14 (&
THW)

(3] + (2
THW)

pq = hgp and Gpors = Grspg = Ypsrq = Grgps Which simplifies seniority two and four (but not seniority

\/§ |:fia (CO + Cg) + (giaaa - giiia) C? - Z giaij? + Z giabbcg:|

JF#i b#a

\/5 |: (fab — 29iaib + giabi) (C;‘l + Cf) + gaaabcg + gabbbc?

vir. occ.
c ab
+GabiiCo + E GabeeC; — E gjjabcij:|

c#a,b jF#i

\/5{ — (fij + 28iaja — Giaas) (¢ + &) + Giii ¢ + 9ijis €5

occ. vir.
a ab
+YijaaCo + E 9ijkkCl, — E gz’jbbcij:|

kti bta
\/_gz]ab(00+c +C +C) \/_gz]ba(co+c +C +C)

\/_gz]ab(co—i-c +cf —|—c) \/igmjb(C?JrC?JrC?JFC?)

ﬂgiajb(C?+C?+cf+cj) \/_glﬂ,a(co%—c +c —i—c)

These are the equations that were used to generate the numerical results presented in the article.



