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SI1. Derivation of eqn (16) in the main text. 

The general solution of eqn (13) may be written in the transcendental integral form 
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where we have dropped the variable t for simplicity. Equation (S2) may be rewritten in the form of the 

second order polynomial equation in ( )a
M M/ ax c cβ ∗=  according to 
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with , 0 0
e u u/k Jω φ ∗= ( )M M/ aA K cβ ∗=  and u T M/B J R c∗ ∗= . The physical solution of eqn (S3) reads as 
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which is eqn (16) in the main text. 

 

SI2. Derivation of eqn (19) in the main text, Demonstration of 1,2 0Ω ≤ , o 0τ− > . Justification of the 

physical interpretation of oτ− . 

In the cases where  and , eqn (18) becomes ( )S 0tΓ → ( )V 0Q t →
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Substituting eqns (5) and (6) for  and , respectively, and eqn (1) for ( )M o,c a r r t≤ ≤ (M o c,c r r r t≤ ≤ )

( )uJ t , performing the integration, we obtain 

 ,  (S6) ( ) ( ) ( ) ( ) ( ) ( )a a 1 a a
M M M 1 M e M 2 M e M e o/ d / d 2 d / d 0ac t K c t c t t k c t c t t k c t kβ τ∗ ∗ −⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −Ω + − Ω + + =⎣ ⎦ ⎣ ⎦ ⎣ ⎦

where the time constant oτ  is given by eqn (24) in the main text. To derive eqn (S6), we have used the 

following integrals given in our previous work1
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Substituting  in eqn (24), we obtain for 2Ω oτ  
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Using ,  and  (the steady-state surface metal concentration can not 

exceed the value predicted by equilibrium Boltzmann law), we demonstrate that 
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supports the physical interpretation given in the main text for the time constant oτ− .  

After elimination of the quantity  from the combination of eqns (S6) and (13), we 
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with  the microorganism surface resistance. Introducing ( 1
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where we have defined the second order polynomial ( )P x   
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The discriminant Δ  of ( )P x  is given by  
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which is eqn (23) in the main text. Finally, the differential equation governing the time dependence of 
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Equation (S19) identifies with eqn (19). 

 

SI3. Derivation of the expressions given in Table 1, case B  ( ). ( )a
M MK c t<<

This case corresponds to a strong affinity of M for the internalisation sites, which simplifies eqn (1) into 

( )u uJ t J ∗≈ . Substitution into eqn (12) provides ( ) ( )M ed /d MJ t t k J t=−  where ( )MJ t  depends on  

and  according to eqn (8). In turn, we obtain 
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which implies that the equilibrium Boltzmann law applies for the metal concentration profile in the 

extracellular volume, i.e. 
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SI4. Derivation of the expressions given in Table 1, case C  ( ) and of eqn (31). 

Demonstration of  for . 
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 5



In the situation , we have ( )a
M MK c t>> ( )a
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expansion of eqn (13) with respect to ( )a
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where  is a constant to be determined from the initial boundary condition . In 

addition, eqn (S19), or, equivalently, eqn (S12), becomes to the first order in 
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where we have introduced the characteristic timescale of metal depletion ( )d E e L/ 1 kτ τ τ= + . Substituting 

eqn (S26) into eqn (S24) and performing the integration, we obtain after rearrangements 
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The constant  is defined by the expression 1α
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where we have used eqn (16) in the limit , which provides ( )a
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Equations (S26)-(S29) match the results given in Table 1, case C . Under the condition where 

, the time constant ( )a
M MK c>> t oτ  may be written in the form ( ) ( )a o

o M E u u e 1 T0 1/c J kτ τ φ ∗= − − + Ω R , 
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⎦

  given in the Supporting Information of our previous work.1 In turn, 
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for , we have 0
u 0φ = ( )a

o M 0c Eτ τ= −  and . This justifies the existence of the only characteristic 

timescale 

1 0α =

( )d E e L/ 1 kτ τ= + τ  for bulk metal depletion kinetics when 0
u 0φ = . Considering the limits 

 and , eqn (S29) reduces to . Using the latter equation and 

simplifying eqns (S26)-(S28) for , we obtain eqn (31) in the main text. 
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M 0 ac cβ ∗=

1
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SI5. Derivation of the differential equation that determines  for cases where 2D and 3D 

adsorptions of metal ions are relevant. 
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Mc t

In the most complex scenario where 2D and 3D adsorption processes take place, the conservation 

condition for metal ions within the Kuwabara unit cell of radius  is given by eqn (18) cr
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Using eqns (S5)-(S6), one shows that eqn (S30) is equivalent to 
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where we have introduced  and S
M /K Kθ = S 1 S

S max u int H/ J k K Kτ θ ∗ −= Γ = . In the limit where 2D 

adsorption is most predominant, it comes a a 0q q q q∗ ∗= = = = , and eqn (S41) then reduces to eqn (35) in 

the main text. 

 

SI6. Derivation of eqn (36)-(40) in the main text.  

In the situations where the inequalities  and  all apply, we have 

 from eqn (12) (see eqns (S20)-(S21)) and eqn (S31) further simplifies into  

( )S a
M M M,K K c t<< (V

M M ,K c r<< )t

( ) ( )-1 a
M a Mc t c tβ∗ =

 ( ) ( ) ( ){ }1 S V *
M e M M e o max soft max a u Ld / d 1 / / /ac t t k c t K k V S Jβ τ ρ∗ ∗ − ⎡ ⎤+ = − + + Γ +

⎣ ⎦
τ .  (S42) 

The solution of this equation is identical to that of eqn (S22) provided that oτ  is replaced by the timescale 

oτ  defined by 

 ( )S V
o o max soft max a u/ /V Sτ τ ρ= + Γ + *J , (S43) 
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which is eqn (36) in the main text. 

In the other extremes where  and , eqns (1), (2) and (3) may be 

linearized with respect to ,  and . After elimination of 

 with use of eqn (13) and substitution in eqn (S31), the differential equation 

governing the time dependence of the metal surface concentration now reads as  

( )S a
M M M,K K c t>> ( )V

M M ,K c r>> t

S
M M

∗

( )a
M M/c t K ( )a

M /c t K ( ) V
M , /c r t K

( ) ( )M e Md / dc t t k c t∗ +

 ( ) ( )a ae L
M M M

E

1d / d /kc t t c t K kτ
e o Eτ τ

τ
⎛ ⎞+

+ = −⎜ ⎟
⎝ ⎠

,  (S44) 

where Eτ  and Lτ  are defined by eqns (37)-(40) in the main text. The solution  of eqn (S44) is 

similar to that of eqn (S25) with replacing 

( )a
Mc t

Lτ  and Eτ  by Lτ  and Eτ , respectively. The quantity ax  

expressed by eqn (39) and involved in the definition of Lτ  necessarily satisfies  because a 1x ≥ 2 0Ω ≤ , 

 and , as shown in §SI2. In addition, the inequalities 
o, 0a rG ≥

o o
1

, , el 0a
a r a rG H a fε −+ ≥

o, 0a
a rH ≤  and 

 (§SI2) lead to . 1 0Ω ≤ 1x∗ ≥

 

7. Figures S1 and S2. 
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Figure S1. Characteristic dependence of the normalized fluxes 0
u u/J J  (black), e e/J J∞  (red), 0

M M/J J  

(blue) on the dimensionless time d/t τ  for various values of  (ek ( )0
u u 0J J t≡ = , ). (A) 

mM, (B) mM, (C) 

(e eJ J t∞ ≡ → ∞)
7

M 10K −= 6
M 10K −= 5

M 10K −= mM and (D) 4
M 10K −= mM. The letters (a), (b), (c), 

(d) and (e) in panels (A), (B), (C) and (D) correspond to the values of e Lk τ  in decreasing order as adopted in 
Figure 2A,B,C and D, respectively. The other model parameters are identical to those adopted in Figure 2 of 
the main text. 
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Figure S2. (A) Dependence of the characteristic depletion timescale dτ  on the dimensionless charge density 

( )o / 2zFcρ ∞  in the soft surface layer for various values of  (indicated). Model parameters : 

mM, and 

e1/ k
5

M 10K −= o / 3F 0ρ = + mM. Other parameters: 400a =  nm,  nm, 50d = 610ϕ −= , 

ms3
int H 2 10k K −= × -1, m9

M,out 10D −= 2s-1, 1ε = , 0
u 0φ = , ( ) 5

M 0 10c t∗ −= = mM, , 1z = M 2z = , 

 (metal adsorption on the biomembrane and in the soft surface layer is ignored in eqn (18)), s V
max max 0ρΓ = =

s r/ 1ε εℑ = = , a a 0y σ= =  (the membrane surface is uncharged). (B) Dependence of the ratios 

 (plain lines) and ( ) (M M/c t c t∗ ∗→ ∞ = )0 u u/J J∞ ∗  (dotted lines) under the conditions of panel (A). 
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