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I. DERIVATION DETAILS OF THE EXCITATION ENERGY DERIVATIVE
FROM THE PP-RPA

The matrix equation for ppRPA is given by!

A B X" 10 X"
Bf C Yn 0 -1 Y™

with

Aapea = (ablled) + dacdba(ca + €b),
Bab,hz’ = (ab|\hz>,

Chigr = (hil|jk) — 0nj0ik(en + €4).

By virtue of Hellmann-Feynman theorem,

O oo A BX X
o <(X (Y )T> o\ Bf(\) C(\) v |

where the normalization

(X" X" — (YY" =1

is assumed.

The first derivative A matrix elements are given by (note that the perturbed orbitals do not
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diagonalize H)

0
a_)\A()‘>ab,cd (7)
= D @B + - (3t (s + 0 (g — Do (s — B (L)
(8)
=3 (), (pblled) + u{ap|led) + w)(ab||pd) + u(ab]|cp)) (9)
+ 3~ (Bratipy (Pl Hale) + Guar.(al Ho|p)) (10)
> (Bacty (pIHL|d) + dacting (b H, |p)) (11)
= > (Baaty (| Hi ) + Saatipo (bl Hilp)) (12)
= (Bsctp, (p|Hild) + dperipylal Help)) (13)
+ 853(a| G| €) + Gae(b|GMd) — 0aq(D|G*|C) — Spe(a|G*|d) (14)
+ (.%(abHcd) (15)
+ % <5bd<a‘Hs|C> + 5ac<b|Hs’d> - 5ad<b’Hs‘C> - 5bc<a’|Hs|d>) ) (16)

where (9) results from the MO derivatives in the ERI; (10) to (13) come from the direct MO
derivatives in the 1-particle part; (14) comes from the induced contribution of the MO derivatives
in the 1-particle part. (15) is from the nuclear shift of basis functions in the ERI; and (16) results
from the nuclear shift of basis functions in the 1-particle part. Also H, is the HF or DFT effective

one-electron operator operator.



For the ERI MO derivative contribution,

> (up, (pbl|cd) + up,(apl|cd) + ). (abl[pd) + uny{ab] |cp))
P
= (), {eblled) + udy(aelled) + ud.{ablled) + uly(abl|ce))
+ Z Unna (bl |cd) + upy (am||ed) + iy, (abllmd) + up, g {abl|cm)
== Z 2.(eb||cd) + O (ael|cd) + O (abl|ed) + OX(ab||ce))
Z w(mblled) + Oy, (am||cd) + O, (ab||md) + O, (ab||cm)]

=D [utn (mblled) + i, (aml|ed) + 1, (abl[md) + wg,, (abllem)]

only Line (22) involves the MO derivative coefficients u),. Also, a, b, ¢, d, e are virtual orbitals

and h, 4, 3, k, [, m, n designate occupied ones throughout the rest of the paper.

The direct 1-particle MO derivative contribution is

Z (Gpatin, (p|Hslc) + Gpatin(al Hy|p) + Sactipy (p| Hy|d) 4 acuy (b Hyp))

p

=D (Baatipy (Dl Hylc) + Sagtip. (b Hy[p) + Suctin (pl Hold) + Syctip(al Hp))

p

A A A A
—5bdu 5(: + (5de €a + (5acudb5d + 5acubd5b 5aducbec — 5adubceb — 5bcuda5d — (5bcuad€a

-3 [Ogﬁbd(ea + ec) + Opbac(en + €a) — Opbaa(es + €c) — Opyboe(€a + €4)]

which does not involve the MO derivatives.

Now the matrix element with the HF /DFT reference is

(alG*e)

DS amlem ) + fal 2
=3 tpn L(aplem) + (amcp)]

+ Zu]);m (<ap|fxc|cm> + <am|fmc|0p>) ’

(23)
(24)

(25)

(26)



Thus, the induced 1-particle MO derivative contribution is
55a(@| G| C) + Gae(b|GMd) — 0aq(D|G*|C) — Spe(a|G*|d)

=0pg {% Zm:<am()\)|cm()\)> + (a| aavj\c |c>}

B {a% D mNldm(3) + 015 rd>}

¥ {% S mOfem) + 055 |c>}

e {@% S (am(ldm ) + fol i rd>}

=6ha > _ Uy, [(aplem) + (am|ep) + (ap| frclem) + (am)| foc|cp)]

+0ac > Uy, [(bpldm) + (bmldp) + (bp| frc|dm) + (bm| fuc|dp)]

p

~8ad Y tUpyy [(bplem) + (bmlep) + (bp| frclem) + (bm| frelcp)]

p

~Obe ¥, [(apldm) + (am|dp) + (ap|focldm) + (am| foc|dp)]
1
dpa ({an|em) + (am|cn) + (an|fyc|em) + (am] frc|en))

+0qc ((bn]dm) + (bm|dn) + (bn|fzc|dm) + (bm| frc|dn))

—dad ((bn|cm) + (bm|cn) 4 (bn| fzclcm) + (bm| foclcn))

—0pe ((anldm) + (aml|dn) + (an|fzc|dm) + (am| fzc|dn))
+ Z u;\m
Opa ((aelem) + (am|ce) + (ae|frclcm) + (am|fic|ce))

+0ac ((be|dm) + (bm|de) + (be fuc|dm) + (bm| frc|de))
—dad ((belcm) + (bm|ce) + (be| fuc|cm) + (bm| frc|ce))

—0pe ((ae|dm) + (am|de) + (ae| fyc|dm) + (am|f.c|de)) |.



The nuclear shift contribution to the ERI & (abl|cd) is not related to the MO derivatives either.

Finally the nuclear shift contribution to the 1-particle part is

(,j; (Bna{al Ho|) + Sac (| Hy|d) — Sua(b|H|) — bo(al HL|d)) (50)

= T (ol 1) + 8ol H[d) — gl H]) — Gl ") (51)

TN ;<amrcm>+<arvm\c>_ (52)

T _zmj<bmrdm> + Bl (53)

b _;wmrcm " <brvmc\c>] (54

—8%51)6 ;<am|dm>+<awd>], (55)

where

iy altl) = (yalendd) + (vl 3) + 3 (ael el gymm) 0

and H®"® stands for the core Hamiltonian —1V? + v(r).

Now the first derivative of the C matrix elements are

%C(A)hmk (57)

:%<h(>\)i(>\)“j()\)k(/\)> - (% <5z’k (H3) oo T 0ns (Hs)iorey = Onk (Hs)in00 — 93 (HS)h()\)k()\)>

(58)

= (upy (pilljk) + wy(hpl| k) + upy; (hi[pk) + upy (Rl | jp)) (59)

= G (upy (Pl Hl) + upy (| Halp) ) + 01 (up (| Hal k) + i (i He|p)) (60)

— Onk (U;/}i(P’HsU) + U;}j@’Hs‘p)) - ( n (P Hs|k) + u k(R H \p)) (61)

— (0t (hIGA ) + 0n (I G k) — 0 (1| G 5) — 655 (hIGP[)) (62)
0

+oy {hilljk) (63)

T (Bl L) + b L HLIRY — i ELLS) — b3y CALELR)). (64)



Now the contribution of ERI MO derivatives is

> (upy (pill k) + w) (hpl|jk) + ), (hilpk) + )y (hil|jp)) (65)
= (ud(eilljk) + udy (helljk) + u);(hil|ek) + uly(hil|je)) (66)
—% Y (Op(mil &) + O (hm||jk) + Og(hil [mk) + Oy (hil | jm)) (67)

The direct contribution of the 1-particle MO derivatives is

=D {0k (upn (Pl HL|5) + 1y (R H D)) + 6y (i (pIH | + 1y (i H ) (68)

p

— Oni (upi (P Ha|5) 4wy, (il Holp)) — i (upy, (p| Hs| k) 4wy (h| H|p)) (69)

= — [(Lk (u?hé?j + Uzjé’:‘h) + 5hj (uzz&?k + Uf‘kél) — 6hk (u;\iéfj + u;\Jé‘Z) — 51‘]‘ (Uihék + uzkah)] (70)

(Sszj)\h (€j + 5h) + 5thz’>\k (Ek + 51‘) — 5hk01)3 (6,' + €j) — (51]0;)1‘k (5}: + 5h)} s (71)

which again is MO derivative independent. The induced contribution of the 1-particle MO deriva-
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tives is

— (B (hIGP1) + 8as (1GAE) — SedilG) — GG )
- - 5{5 3 ({hm()lim ) + (hrn(V) el

))
- a{%%} (im)Fm(N)) + (m ()| el } (74)

+5hk{32 im(\)|im(\ A focljm(n (75)
+5{§AZ<<hm<A>|fcm<A>>+< ()| faclbm(3) } (76)
= —Sik Yy, [(hplim) + (hmljp) + (hp| faclim) + (hm| foclip)] (77)
— Onj >y, [(ipllem) + (im|kp) + (ip| frclkmm) + (im| frclp)] (78)
+ Onk pZmUQm [(iplim) + (im|jp) + (ip| faclim) + (im| foclip)] (79)
+ 0y Zu;m (hplkm) + (hmlkp) + (hp| foelkm) + (hm| foe|kp)] (80)
—5 Zo (hnlgm) + Gl + (i o) + (ol )] Gl
%%.;onm (inlkm) + (im|kn) + (in fuolkm) + (im| fuclkn)] (82)
—%mzobm [(inljm) + (im]jn) + (in| facljm) + (im| fucljn)] (83)
9 3 Ol i) + el + Ghnl ol )+ (ol ol (54)
Gk Zu [(heljm) + (hmlje) + (helfucljm) + (hm| foclje)] (85)
bty 2 i [ielm) + Gimke) + (il fofbm) + (il ol )] (36)
b 2 il jm) o+ {imlje) + el ol )+ G fclj)] (87)
+0y5 Zu [(helkm) + (hmke) + (he| foclkm) + (hm| foc|ke)] . (88)

The ERI nuclear shift contribution & (hi[|jk) is MO derivative independent again. Finally the
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nuclear shift contribution to the 1-particle part

0

T (a1} + s GUHLIR) — Sy GLHLL) — 5, HLIR)) (89)
a N core N core
= D B H ) g G HE ) — s 1) — | HE 1) (90)
0
_ 62-;@5 [;(hmbm (hlvge|s) ] (91)
= 2 (S i) + (il (92)
hja)\ - 1mirm UUgpe
Tl -Z<' ) + (i) (03)
hka)\ — lm]m chj
165 2|37 (mlm) + (hleselk) (04)
zga)\ — mirmMm Ve
where
0 . 0 . 0 . 0
5<hlvxclj> = <§hlvxclj> + <hlvxclaj> + zj:(hjlfxclamm). (95)

is also MO derivative independent.

Now the first derivative of the B matrix elements are

9, 0 .

O BN = DN KN (90
= Z o (POl i) + gy (ap|[hi) + upy, (abl[pi) + up;{abl|hp)) (97)

8

8/\ —(ab||hi) (98)
X (——OA (ebllhi) — £ Ol {ael|hi) + b abllei) + u;<ab||he>) (99)
- Z ( m T+ O’\ ) (mb]|hi) + (u,;\m + Og\m) {am||hi) + %Oﬁlh(amez) + 20,’\711(@6||hm>> (100)

6?

+5y abl[hd) (101)

Coming back to the expression of the eigenvalue first derivative,

Ow,

D (XMTAMX" + (X" BMY" + (Y")'BP*X" + (Y")'CMY™, (102)




of which the first term is given by

(XﬁﬁAﬁXﬁ

= Z Xaba)\

a<b,c<d

- ¥

n yvn
Xachd

a<b,c<d

—Z

— 5 [02,351)51(% + EC) + Oﬁdéac(sb + 5d) —

[5bd ((anlem) + (an| faclem)) + dac ((bnfdm) + (bn foc|dm))

- 5ad

((bnfem) + (bn| faclem)) —

+Y ),

+ 5ac
- 5ad

- 5bc

0
+ —(abHcd)

O\
0

+ ——0pq Z(am|cm) +

O\
0

T ox

0

)

0
)

dpa ({ae|em) + (am]ce)

((beldm) + (bm|de) +
((belem) + (bm|ce) +

({(aeldm) + (am|de) +

o\

L ™M

Sac | Y _(bm|dm) +

L ™M

dad Z(bm|cm>

L ™M

—Ope Z(am|dm> +

m

n
ab Cchd

{ -1 Z (02 (ebl|cd) + Oy ael|cd) + O).(ab||ed) + O2y{ab]|ce))
(mbl|cd) + Obm<am|]cd> + O;\m<ab|]md) + Ogl\m<ab\|cm>}

o (mbl|ed) + ubm(am] led) + ucm<ab\ |md) + udm<ab\ \cm)}

+ (ael faclcm) + (am| frc|ce))

0
({Opalal H [c) + dac (b H |d) — daa(b|H*"*|c) — Ope(a| H*"|d))

(alvge|c)

(bl vgeld)

+ <b]vm|c>]

<a|vw0|d>] }> 10

Og\céad<5b + Ec) - Oé\débc(ga + Ed)}

S ((an|dm) + (an] frcldm))

(bel frc|dm) + (bm| fac|de))
(bel frclem) + (bm| fac|ce))

(ae|freldm) + (am|frc|de))

(103)

(104)

(105)

(106)
(107)
(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)
(116)

(117)
(118)

(119)

(120)

(121)

(122)



the second and third terms are

e (123)
B
Z, aba)\B()‘)ab,thhZ (124)
a<b,h<i
1 1
~ X — 50z, (ebl|hi) — 5O {ael[hi) + uy, (abl|eq) + u;{ab he) 125
a§<ﬂh{§<2<”>zb<“> \(abled) -+ wabhe) (125)

1 1 0
-2 ( (6 O20) (bl + (i + OB) Caml i + 508 {ablma) + SO et} ) + a<ab||m'>},
(126)
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and finally the

{ > (ugnleill k) + udy(hel k) + udy{hillek) + up(hil je))

SINC

1
+5

5ik0jh (Ej + 5h) + 5hj01{\k (Ek + Si) -

fourth term is

mn (M| j&) + Opi(hml| k) + Op (il lmk) + Op i (hil | jm))

+Y 0,

dire ((hn|jm) +

A
- § Uepm
em

+ 0n; ((ielkm) + (im|ke) + (ie foclkm) + (im] foclke))

— (5hk ((ze[gm) -+ <2m\]e> +

— 0ij ((he[km) + (hm|ke) + (hel faclkm) + (hm| frc[ke))

dir ((helgm) + (hm|je) + (he|fuc|jm) + (hm|foc|je))

0

0
b {hil ) - m( S
0
-4 9 _Z (im|km) + (i]vge|k)
hj )\ — xc
+0 0 Z im|gm) + (|vee|7)
hk 5y "~ J wel]

+5ij% [Z(hm|km) (h|vmc|k] }

12

5hkij (5i + €j) — (5”01)1\k (5k + Eh)]

(hnl freljm)) + 0n; ((inlkm) + (in| fac|km))

(i€ fucljm) + (im|fuclje))

h‘HCOT6| + (5h] ’HCOT@‘k> _ 5hk< ’HCOT’el > _ 61J<h|HCOT‘6’ >>

(127)

(128)

(129)

(130)
(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)
(139)

(140)
(141)

(142)

(143)

(144)

(145)



First let us separate out those terms which are independent of the MO derivative coefficients

Ow,
OA indpt

= Z XopXed

a<b,c<d

2

Z o (mb|[cd) + Oy, (am||cd) + O, (ab||md) + O3, (ab||cm)]

- = [O/\ (5bd(€a + EC) + Obdéac(eb + Ed)

_ZO

— Oad ((On]cm) 4 (bn| fuclem)) — Spe ((an|dm) +

12 xatlied +

8)\ o\

9,
+ ——0pa Z(am]cm> +

O\

m

+ 5y Oac > (bm|dm)

L ™M

9,
_ 56@ [Z(bm\cm) +

+ (a|vm|d>] }

5 (On el + 50N aclni))

m

0
_ 5(51,0 [Z (am|dm)

m

Ly Xsbm-{

a<b,h<i e

0
(Opalal H ™ |e) +

+ (b|vge|d)

{ - lz (O, (ebl|ed) + O (ae||cd) + O (ablled) + OXy(abl|ce))

Spa ((an|em) + (an|frclem)) + 0qc ((bn]dm)

(alvze|c)

<b‘vw6|c>]

Og\cdad(gb + 80) — O;‘débc(é“a + Sd)}

+ (bn| fecldm))

(an| fuc|dm))

Gac(bIH" | d) — 0aa(b|H " |c) — dpe(al H*"|d))

(146)

(147)

(148)
(149)
(150)

(151)

(152)
(153)

(154)

(155)

(156)

(157)

(158)

Z ( - (mb||hi) + Op, (am)||hi) + O L {abllmi) + %O;\m<ab||hm>> — %(athU} (159)



+ Z YiiYi

h<i,j<k

2

m

1

+ = [5%0])\}1 (Ej + 5h) + 5hj0i)\k (Ek + Si) —

2

+ZO

0
+a<h2||

0

gk) — £

0
_ 52'1@5 [Z(hmbm

.

— 5’”5

0

)
+ hkoy

0

m

Z imlkm) +

L ™M

Z im|jm) +

L m

> (hmlkm) +

m

((hn|jm) +

( ik <h| HCOT‘@

(h|vge|g) ]

(i|vge| k) ]
(1|Vgeld) ]
s}

1 s . ‘ "
{ =5 > (On(millk) + Oy (hml|jk) + Op;(hillmk) + Oy (i | jm))

5hk02>3 (81‘ + €j) —

05 ((hn|km)

)+ 0 ([ H"| k) —

14

5ij01>1\k (5k + Eh)}

(in] foclkm))

+ (hn foc|km))

Onk (1| H| ) — 05 (h| H*"*|K))

(160)

(161)
(162)

(163)

(164)
(165)

(166)

(167)

(168)

(169)



and those that are dependent on the MO coefficients

Owy,
a)\ depdt (170)
= > XX (171)
{ — Z [ufm(mbHcd) +up, (am||ed) + u, (ab||md) + u2m<ab||cm)} (172)
" Z w (173)
b1 ({aclem) + (amlce) + {ael flcm) + (am fuclce)) (174
+ Oac ((beldm) + (bm|de) + (be] foc|dm) + (b frc|de)) (175)
— 0qa ((be|cm) + (bm|ce) + (be| fzc|cm) + (bm| fac|ce)) (176)
— Ope ((aeldm) + (am|de) + (ae|frc|dm) + (am|fxc]de))] } (177)
+2 ) ‘ngy,;;{ > (uyabllei) + u(abllhe)) = > (ua, (mbl|hi) + up, (am||hi)) } (178)
+ ) YV (179)
{ > (ulnleillik) + u(hel|jk) + uj(hillek) + uly (hil je)) (180)
=) o, (181)
Oik (Cheljm) + (hmlje) + (he|fac|jm) + (hm|foc|je)) (182)
+ Onj ((ielkm) + (im|ke) + (ie| foc[km) + (im| fuc| ke)) (183)
— Onr ((ieljm) + (im|je) + (ie| facljm) + (im| fclje€)) (184)
— 05 ((helkm) + (hmlke) + (he| foc|km) + <hm\fm\/€6>)] } (185)
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Now let us rename the dummy variables in %3

Own,

Owy,
2 depdt
= Z Z Xy Xig(mbl|cd)uy,,

m  abed

+2 Z deXdZuam (balem) +
(b,e)<d

+2 ) Xp X0 > up, ((balem) +
d<(b,c) am

-2 Z deXdZuam (balem) +
c<d<b

-2 Z deXchuam (balcm) +
b<d<c

+2) > XYy ebllaiyup, —2) 0> X meZ (mb||hi)u)

c<b mu a
+y > Yo Z ajllih)ug,,
mj ih
-2 ) Yy Z Ugy ((haljm) +
(h,j)<i
—2 Z Y;Z Zuam h&‘jm
1<(h,j)

+2 ) YRV ), ((haljm) +

j<i<h

+2 ) YRYE >, ((haljm) +

h<i<j

16

depdt

<ba|fr0|cm>)

(bal faclem))

<ba|fm0|cm>)

(bal faclem))

ab h<i

(hal fuclim))

(hal fucljm))

(hal fac|jm))

(hal facljm)) -

(186)
(187)
(188)
(189)
(190)
(191)
(192)
(193)
(194)
(195)
(196)

(197)



where we recognize

nLam

=—2 Z Z XapXeq{mbl|cd)

b c<d

Do XpXi+ Y XaXi = Y XaXu— Y XpXi

(b,e)<d d<(b,c) c<d<b b<d<c

((balem) + (bal foc|cm))

=23 "N X5V (cbllia) +2) Y " XYy (bml|hi)

c<b 1 b h<i
+2) N VR Viag | hi)
J  h<i
EPIREEDIRG D DR IR
(h,j)<i i<(h,j) j<i<h h<i<j
7y, (halgm) + (hal focljm))

Now the Z-vector method can be used. Instead of solving

HVu = b

(198)
(199)

(200)

(201)
(202)

(203)

(204)

(205)

(206)

to obtain the individual MO derivatives u* for each perturbation, one can solve once and for all

HWz» =" L,
where the matrix elements of Equation (206) are given as

HD, =003 (20 — 20) + Y [2(ailbj) + 2(ai fuelbj)]

bj

(207)

(208)

(209)

- {aa)\ <a’Hcore’ > + % Z(CLZU‘]) Z(al|fwc|a)\jj) |:<%¢a|vxc|¢z> + <¢a’vxc‘%¢z>} }

J

+ Z O, [(ailjik) + (ail foe| )] + £,0.

Then

(210)

(211)

(212)



Consider how to make the evaluation of "L,,,’s computationally more affordable. Define the

following intermediate quantities

" mb — Z ng<mb’|0d>7

c<d

"Whe= > XpXh+ Y XpXp— Y XpXn— Y XpXp,

(b,e)<d d<(b,c) e<d<b b<d<c

"Goy = ), Yiilajllhi),

h<i

RTINS N 5 G N 4 S N 70

(h,j)<i i<(h,j) j<i<h h<i<j

we then arrive at

"Lam =—2Y X0 Ky +2) "Vie ((balem) + (bal foclem))

b be

2 Y Ko 42 X0 G
i b

42 YR Gy — 2 Uy ((haljm) + (hal foel jm)) .
J hj

(213)

(214)

(215)

(216)

(217)
(218)

(219)

Thus the computational cost of constructing "L for each excitation is O(N?), the same scaling as

that of solving the Z-vector equation iteratively.

Coming back to the MO derivative independent contribution, and let us get rid of those anti-
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symmetric restrictions, we arrive at

Oow
. (220)
aA indpt
== ) > XBXH0M (eblled) —2) 0> N X5 X100, (mbl|cd) (221)
e ab c<d m ab c<d
- Y xpxp+ Z X0Xnm— > XpXp— Y XiX4 | Ohea (222)
(a,b)<c c<(a,b) b<c<a a<ce<b
—| > xpxp 4+ > XLXL - Y XaXk - > Xp X[ (223)
(a,b)<e c<(b,a) a<c<b b<c<a
Zo ((am|bn) + (am| fo|bn)) (224)
+ ) X”bX]}d 5 (abllcd) (225)
a<b,c<d
)
Y XeXp+ > XRXL - > XX - > XpXn oy (alHe"|D) (226)
(a,b)<c c<(b,a) a<c<b b<c<a

+ Y XeXp 4+ > XRXL - > XX - > XpXn (227)

(a,b)<e c<(b,a) a<c<b b<c<a
Z (am|bm) +Z ab| fel mm) (= 0 a|vge|b) + (a yvm|ﬁb> (228)
O\ )\ O\ )
=) Xny Z Ol (ebl[hi) =2 > " X7 Yyn Z O, (mbl|hi)y = > " Xn v Z O, (ab||mi)
ab h<i ab h<i a<b hi
(229)
+2 ) ngY,;; o (abl i) (230)
a<b,h<i
=D 2D YaYiOn, (mil|jk) (231)
hi j<k m
Y Y > YRV = Y YRy = Y Yy | Olen (232)
(hyi)<j j<(h) 1<j<h h<j<i
2 YYD YAYGE - D0 VARG - X VY (233)
(hy)<j j<(h,3) 1<j<h h<j<i
Z O) ((hmlin) + (hm| foe|in)) (234)
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Z Yhiy}kﬁmlwm

h<i,j<k
n n n ’I'L n ’I’L n n a core
Z Y Yij + Z Yindii Z YinYs; Y33 Yii B3N (RIH*"|i)
(h,i)<j j<(h,i) i<j<h h<j<i

(Z VY4 Y YRV = YRR - Y YfZéYﬁ)

hi)<j j<(h,i) i<j<h h<j<i

[; = (hmim) +;<hz’|fm\a%mm> (= hloecli) + <hrvzc\%i>] -

With the definitions given by Lines (213) to (216) we obtain

Ow,
a)\ indpt

SR 3) BEMUNCIED 3) SRETUMENED S
e ab m  ab ab
- Z " ab

0
Z anchdé?)\ (abl|cd) +Z" aba<a|HC‘m|b>
ab

a<b,c<d

+ Z nVab
ab

Z O} ({am|bn) + (am| f..|bn))

0 0 0 0
2 g (amlom) + 3 (ablflmm) + (zalunld) + (alenl 20

(235)

(236)

(237)

(238)

(239)

(240)

(241)

(242)

(243)

> X0"G0), + 2 Z Z X0 GOy = > Y YV KOy +2 > X, me o (abl i)
ab e hi m

a<b,h<i

—ZZY nGmZOAh—FZnUhZ zheh
hi m
+Z Uni
0

b Vi hillik) Y " ()

h<i,j<k hi

= Ui
hi

Zo ((hmlin) + (hm| foe|in))

0 4 , 0 0 , d .
; oy (hmlim) + ;mwaamm) (o hlvaeli) + (hlvrel 554)

Thus excitation energy gradient calculation procedure is O(N?).

20

(244)

(245)

(246)

(247)

(248)



II. ALTERNATIVE DERIVATION FROM THE LANGRANGIAN APPROACH

In this part we derive the pp-RPA excitation energy gradient using the Lagrangian formulation

by Furche and Ahlrichs?. The pp-RPA equation is given by

A B X 10 X
=w , (249)
Bf C Y 0 -1 Y

where

Auped = 0ac(b|Hs|d) + palalHs|c) — 04a(b|Hs|c) — dpela|Hs|d) — 2p + (abl|cd), (250)
Bayij = (abl|ij), (251)
Cijw = =0 (J|Hs|l) — 05 (i|Hg|k) 4+ 0 (J| Hs|k) + 65 (t| Hg|l) + 200 + (ij||KL), (252)

and we have 1<j, a<<b. The normalization
XX -Y'Y =1 (253)
is satisfied. The pp-RPA equation can also be rewritten compactly as
AX,Y) = wA|X,Y), (254)
Now let us define the functional
G[X,Y,w| = (X, Y|A|X,Y) —w (X, Y|A|X,Y) = 1). (255)

The variational principle dictates the following stationary conditions for G,

G
X T] (A —wA) |X,Y) =0, (256)
g_f — —((X,Y|AIX,Y)—1) =0. (257)

The first condition recovers the pp-RPA equation and the second one yields the normalization
condition. Therefore

wh = GMNX,Y,w] = (X, Y|AMNX,Y). (258)

The A* matrix includes both direct contributions due to shifts of the basis functions and indirect
contributions due to the relaxation of molecular orbitals. We can choose to proceed with the
evaluation of G* and afterwards group together the direct and indirect contributions, as in our
current implementation. The molecular orbital first derivatives can be eliminated later using the

Z-vector technique.
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As an alternative, we may choose to avoid the introduction of the molecular orbital derivatives

from the very beginning by introducing the following functional,
LIX,Y,w,c,Z W] =GX.Y w0+ Zia (H)jy — > Wpa(Opg — 6g). (259)
i Pe,P<q
The variational principle applied to L with respect to (X,Y| and w yields Equations (256) and

(257). The next two conditions give the Brillouin’s theorem

0L
5Zia

= (Hy);, =0 (260)

and the molecular orbital orthonormality condition

5L
W,y

- (Opq - 5pq) = 0. (261)

Now the Lagrange multipliers Z and W are fixed by the stationary condition with respect to the
molecular orbital coefficients,

oL

—— —0. (262)

OCpup

Thus the derivative of the excitation energies follows as

w =LMNX, Y, w, ¢, Z, W]
W+ Zia (H)G = Y W08, (263)

Pg,;P<q
where the (\) indicates that only the direct derivative with respect to the shift of basis functions
is taken. Thus we see that the dependence on the MO coefficients has been eliminated using the
L functional.
Now we proceed to solve the Lagrange multipliers Z and W from Equation (262). Multiplying
cug on both sides and summing over i, we arrive at

0 H aOv"s
QPQ + Z Zia Z (00 Z Wrs Z Ic Com (264)
ia I

rs,r<s

where
0G[X,Y, w]
@pq = Z T e G (265)
P 1ip
Let us also mark that
(Ho)ig = (H); + > [(ialjg) — calijlja)] + Vi, (266)

J
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where ¢, stands for the amount of HF exchange, which is separated out from the LDA/GGA
contributions for the sake of clarity following Furche and Ahrichs’ convention.

The right hand side (RHS) is the same as in the particle-hole case, and so is the second term
on the left hand side (LHS). The results are give as below.

LLp=i<q=]j

807“8
Z rs Z Cu] = Wii(1 + d45), (267)

rs,r<s

Z Ziyay Z 80 Wl Z {2 ijlivar) + 2f ij, G — Ca [(éi1]jar) + (mﬂjh)]} Ziay = H:;[Z]

i1a1 i1a1

(268)
where we also defined H[Z].
2.p=t,qg=a

607“5
Z Wrsz Ic » = m; (269)

rs,r<s

ZZZ ac L (270)
wi

1101

Zia€a + Z {2(ialirar) + 2f7, iiva; — Ce [(H11]aay) + (ia1|air)]} Ziya, (271)

i1a1

=Ziaca + H;t | Z). (272)

3. p=a,q=1

Z Wrs Z 807’8 ui — Wim (273)

rs,r<s

Z Ziyay Z acu 21&1 Cpi = LiaCio- (274)

i1a1

T sza@” = Wi (1 + 6u), (275)

rs,r<s

Z Zz1tl1 Z 80,“21(11 b = 0. (276)

i1a1

Thus now we only need to consider the derlvatlves with respect to

G[X,Y,w] (277)
=(X,Y|A|X,Y) —w (X, Y]|A|IX,Y) = 1). (278)
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Now that

KXV x vy — WP Y A x vy (279)
Cup Cup
OV X vy S wAlX YY) = 0 (280)
dcp

due to Equation (254), we only have to take the derivative with respect to A. Assuming that the

orbitals are real, we rewrite

G[X,Y,w] (281)
=X"TAX +2X"BY + Y'CY —w (X'X - Y'Y - 1) (282)
= Z Z XavAap,caXeca + 2 Z Z XapBap,ijYij + Z Z YiiCije Y (283)

a<b c<d a<b 1<j i<j k<l
—w (Z XapXap — > ViV — 1) (284)
a<b 1<j

Now let us evaluate them case by case.
Lp=iu<qg=nn
The derivative in the first term XTAX,

aAAab cd
e . Cui

Cpuin

(285)

“w
—Z e QaclblHs|d) + paalHslc) — daalbl Hsle) — dnelal Hs|d) — 24+ (aclbd) — (ad|be)) ¢y

Cpuiy

(286)
There are only the implicit contributions from the H, terms. Now
(bl H, ), (287)
8 Cpir
. L oV
—Z ( > " 1(bd]j) — ea(bjlid)] + a—bfl ) Cujr (288)
Cuiy j Cpiy indirect
=(bd|jrir) + (bd|irjr) — o [(bjrlind) + (bix|nd)] + fod iy + Fodiirsy (289)
=2(i1j1|bd) + 2735, pa — €2 [(110]51d) + (i1d]51D)] (290)
(alHyle)eps, (291)
8 l“l
:2(i1j1|ac) + 2f7,1]1 ac [(ila"jlc) + (i1€|j1a>] ) (292)
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0
> g il

=2(i11]bc) + 275, pe — cx [(01D]g1c) + (irc|fib)]

>

0

=2(ivslad) + 25, o — s [(nalid) + (id]ra)].

G‘H ’d Cﬂh

l“l

Therefore using the antisymmetry relations X, = —Xu,, Yij = =Y,

szab( “) X
I

a<b c<d

= Y X (20i0411bd) + 27 40 — o [(i1b]52d) + (ird]51D)]) Xaa

a<(b,d)
+ Z Xab le1|CLC> + 2f21]1 ac [(i1a|j1€) + (i10|j1a)]) XCb
(a,c)<b
= ) X (20i0411be) + 275, e — o [(i1bl51¢) + (ircj1D)]) Xea
c<a<b
- Z Xap (2(inj1]ad) + 27, a — co [(iraljrd) + (ird]j1a)]) Xug
a<b<d
= D Xa (2(iaf1lbe) + 27 4 — ¢a [(iabljrc) + (i1¢]51b)]) Xae
a<(b,c)
+ Z Xba (2(i1j1be) + 2125, e — co [(ablgrc) + (ircljib)]) Xea
(bye)<a
= ) X (20411be) + 275, 4o — o [(i1b]ac) + (iacljrb)]) X.
c<a<b
- Z Xiba (2(i1j1be) + 2125, e — ¢o [(i1blgrc) + (irc]j1b)]) Xae
b<a<c
= ( (le1|b0) + 213 11]1 be — [(Zlb|j10) + (Z16|]1b)]) %C
be
=H,;, V],

where we defined

Z XabXac+ Z Xba ca Z Xacha_ Z XbaXac

a<(b,c) (b,e)<a c<a<b b<a<c
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(296)

(297)
(298)
(299)
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The derivative with respect to the second term 2XTBY,

aBab )
Z 80,“1]

[(ailbg) — (aj[bi)] ¢,

:5m [(aj1]bg) — (aj|bj1)] + 6, [(ailbjr) — (aji|bi)].

Therefore,

ZZZXab< aBab”C m ) Yi;

a<b i<j

=2 ) Xy (83, [(aa |bf) — (ajlbgn)] + 6 [(ailbsr) — (ai|bi)]) Vi
a<b 1<j

ZQZZXab [(aj1|bj) — (aj|bji)] Yi,; + QZZXab (ailbjr) — (aj1|bi)] Yii,
a<b 11<J a<b i<iy

=2 3" Xay[(ajabi) — (ailbji)] Vi, + 2 0> Xy [(ailbjr) — (aji[bi)] Vi,
a<b 11<1 a<b 1<iy

=23 > Xap [(iblaji) — (ialbji)] Vi +2) > Xap [(j1blai) — (jralbi)] Y,
a<b 1<t a<b 1<iy

=2 Vi Hy [X] 42 Hj (XY,

11<2 <41

where we also defined H, [X]. The derivative with respect to the third term Y'CY,
Z aC’LJ kl
8cml

Z Fer

The contributions with respect to H, are

O (J [ Hs|l) — 05 (il Hal k) + 0t (G Ha k) + s (il Hi|l) + 20 + (23] |KD)] gy -

(309)

(310)

(311)

(312)
(313)
(314)
(315)
(316)

(317)

(318)

(319)

(320)

(irk|j10)], (321)

0{j|H,|! o o
Z %L ' | > = (04,505,1 + 0iu0505) €5, + 2(inda|g0) + 2155, 1 — o [(ind|nl) + (ial|517)]
Hry
0(t|H,|k o
Z <8|c | > Cujr (6’126 1k + 511k5312) S + 2(21]1|2k> + 215 11]1 ik — Cz [(leljlk) +
P i1
Z <8|c A | ) = (041011 + 0ik0j1j) €y + 2(i1j1|7k) + 2f; 11]1 gk — Cx [(i17]71k) + (i1k|717)]
i1
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Cujr = (0060500 + 0in0050a) €50 + 2(ina|il) + 235, — o [(inilnl) + (aalld)] . (323)

The contributions with respect to (ij||kl) are

il Ik)cy (324)

Cpis

:<jlj||kl>5ili + (g ||k 6syj + (87| 10) 0ayk + (i1 K gr) i (325)

Therefore

802
Z Z Yi; ( ——2 Cuj1> Yi (326)

i<j k<l

- 2Ui1j1531 Hjl_]l [U] (327)

O Y (GllkD S0 Y + ) 0> Yy (i k)i, ;) Yia (328)
i<j k<l 1<j k<l

3D Y (1D 8ie) Y+ > D Yig (] ki) iat) Yia (329)
i<j k<l i<j k<l

- - 2Ui1j1531 Hjl_]l [U] (330)

+ZZ g (k1) — (Gk[l51)) Ykl‘l—zz jin ((Ullkg) — (71k[17)) Y (331)
11<g k<l J<ii k<l

+ 30D Vi (i) — (i) Yae + Y Y Yig (Gdlik) — (il k) Yaa, (332)
1<j i1<l i<j k<iy

= =265 — H U142 Vi Hy [Y1+2)  Hj [Y]Yi, (333)

i1<J J<ii

To summarize,

Q’Lljl 21]1 + 2 Z 111 zgl + 2 Z ]11 ”1 (334)

11<1 1<i1

HY U +2) YiHy [Y]+2)  Hy Y]V, (335)

11<12 <11

_2Ui1j15j1

2.p=i,q=m
The derivative in the first term XTAX,

A

8cml

_Z o dac(b|Hy|d) + Spala|Hs|c) — 6aa(b|Hs|c) — Ope{a|Hs|d) — 21 + (aclbd) — (ad|bc)) cua, -

Mh

(337)

27



There are only the implicit contributions from the H, terms. Using previous the result in Equation

(307) we arrive at

> Xa (Z 8;1*’2 cd clm) = H}, [V]. (338)

a<b c<d

The contribution from the second term 2XTBY is given by

(),

a<b i<j

_QZ 111 la1 +2Z alz ul (340)

11<4 <11

Finally the contribution from the third term YTCY,

>3 (2 ) )

1<j k<l
= - H:al + 2 Z 117 ]al + 2 Z alj ]7«1 (342)
11<J 7<t1
To summarize

Qllal z1a1 + 2 Z 11 zal + 2 Z alz “1 (343)

11<1 1<11
—H (U142 Yl [Y] 42> H, [Y]Y,. (344)

1<t 7<i1

3. p=a1<q=0h

The derivative in the first term XTAX,

Z a"40,b cd (345)

(9CW1
—Z e Oac(D|Hs|d) + pa(alHs|c) — 8aa(b|Hs|c) — dpelal| Hsld) — 2p + (ablled)) ¢, (346)
Cpas
=0ac0a15001d€b; + 0ac0aydOb,bEb; + Obd0ayaObicEby + Obd0aycObyay (347)
—0ad0a16061¢Eb; — 0adOa1cO0b1bEb; — ObeOaraObyd€b, — ObeOardObraChs (348)
+0aya(b1b||cd) + 04,5 (abs||cd) + 0q,c(abl||brd) + dq,q{abl|cby). (349)
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Therefore

Z Z Xab < aAab cd Cubl) Xcd

a<b c<d

:2Va1b15b1

3 Xap Gayalbidlled) Xea + Y > Xap (Ja,0{abi [|cd)) Xeg
a<b c<d a<b c<d

+ ) Xap Barelabl|brd)) Xea + > D~ Xap (Jaya{abl|chr)) Xea
a<b c<d a<b c<d
=2Vonien +2 Y XayoHy [X]+2Y  Hy [X] X0,

a1<a a<ai

The derivative in the second term 2XTBY is

aBab,ij
Z oe Cruba

pai

=0a14 (10| |Z]> + 5a1b<ab1||ij>'

Therefore

2 Z Z Xab (Z aBab bl [Lb1> Yij

a<b i<j M 1

=2 > X (bliba) = (bilib)) Yig +2 ) Y Kaa, ((ajlia) — (hiilja)

a1<b i<j a<ay i<j

=2 XaoHy, [Y1+2)  Hy [V Xa,.

ai1<a a<al

Finally the derivative with respect to Y'CY
Z 0Cj ki
Cuby
3cua1

—Z 5o 0| — 05 il H|k) + 0 3| Hilk) + Oju (il Hill) + 200 + (ig[[RD)] vy
Hal

=0.
To summarize

Qalbl 2%11)18171 +2 Z Xala abl ] +2 Z HZ)Za[X]

a1<a a<al

+2 Z aia ab1 + 2 Z Hbla aal-

ai1<a a<al
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(351)
(352)

(353)

(354)

(355)

(356)

(357)

(358)
(359)

(360)

(361)

(362)

(363)

(364)

(365)



Lp=a,¢=10
The contributions from the first term XTAX,

Z Z Xab <Z aAab Cdclwd) Xed

a<b c<d Cpay
_2 Z aia azl + 2 Z z1a aa1' (366)
a1<a a<aq

The contributions from the second term 2XTBY

re(r)-

a<b i<j Cpar
_2 Z aia azl + 2 Z ’Ll(l aa1 . (367)
ar<a a<ai

And the derivative with respect to YTCY is zero. To summarize

Qalll - 2 Z Xala azl + 2 Z 'Lla Xaa1 _I— 2 Z aia azl + 2 Z 'Lla aal' (368)

a1<a a<al a1<a a<al

Therefore, to sum up, we have obtained the following four equations,

Qiljl + Hzth [Z] = VVil]d(l + 511j1)7 (369)
Qilal + Zi1a1€a1 + Hz—:al [Z] - Wi1a17 (370)
Qalil + Zilalgil = VVilau (371)
Qa1b1 = a1b1( + 5a1b1)- (372)

Subtracting Equation (371) from Equation (370) we arrive at

(5a1 - gil) leal + H:al[ ] - = (Qilal - Qalil) ) (373)

which is called the Z-vector equation. After the Z-vector equation is solved for Z we then can

evaluate W using

Qilh + H;; [Z]
Wi = i , (374)
1J1 1+611]1
Wilal == Qalil + Zi1a1€i17 (375)
Qalbl
Wap, = 2o 376
T . (376)

Finally, with both Z and W at hand the excitation energy gradient can be evaluated via (263).
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ITII. SUPPLEMENTAL RESULTS

II1.1. Equivalence of CISD and pp-RPA with HF* reference for the hydrogen

molecule

Energy / au
-0.95 4

-1.00 T
-1.05 -}

-1.10

-1.15 4

-1.20 ———

CIsD
= pp-RPA HF*

Bond Length / A

Figure 1. Bond dissociation curves for the hydrogen molecule with CISD and pp-RPA with the HF reference with

the Cartesian cc-pVQZ basis set®. Their results are identical for this system.

IT1.2. Equilibrium bond lengths and adiabatic excitation energies of BH and CH™"

Table I. Equilibrium bond lengths and adiabatic excitation energies for the ground state and the lowest three

excited states of BH. (Units: Hartree, A)

12 BH 1H 327
Method
R(B-H) R(B-H) Adia. EE R(B-H) Adia. EE R(B-H) Adia. EE
Full CI 1.238 1.196 0.0477 1.238 0.1110 1.227 0.1723
pp—RPA/BSLYP ref/Plan A 1.244 1.157 0.0467 1.187 0.1228 1.146 0.1843
pp-RPA/B3LYP ref/Plan B 1.240 1.155 0.0466 1.185 0.1226 1.145 0.1841
(TD-)LDA 1.257 1.178  0.0287 1.229  0.0936 - -
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Table II. Equilibrium bond lengths and adiabatic excitation energies for the ground state and the lowest three

excited states of CH*. (Units: Hartree, A)

Iy 311 1 3y-
Method
R(C-H) R(C-H) Adia. EE R(C-H) Adia. EE R(C-H) Adia. EE
Full CI 1.136 1.141 0.0420 1.264 0.1128 1.248 0.1742

pp-RPA/B3LYP ref/Plan A 1.098 1.077 0.0395 1.138 0.1199 1.119  0.1873
pp-RPA/B3LYP ref/Plan B 1.140 1.120 0.0405 1.236 0.1166 1.185  0.1858

(TD-)LDA 1.165 1.128 -0.0228 1.257  0.0921 - -

The Cartesian 6-311++G(d,p)*® basis sets are used. The equilibrium bond lengths of pp-RPA
are slightly underestimated for both systems, and the underestimation for the equilibrium bond
length for the double excitation X~ is greater compared to single excitations. The (TD-)LDA gives
better bond lengths but considerably worse adiabatic excitation energies. The double excitation

3%~ is absent in TDLDA.
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II1.3. Dissociation curves for the ground state and excited states of LiH and NaH
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Figure 2. Ground state and excited state bond dissociation curves for the LiH molecule.
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Figure 3. Ground state and excited state bond dissociation curves for the NaH molecule.

The Cartesian 6-311++G(d,p)*® basis sets are used. For both cases (TD-)LDA fails qualita-
tively for greatly overestimating the ground state energies due to its huge static correlation errors.
Even EOM-CCSD in this case predict incorrect energy ordering at large separations. However,
pp-RPA with the HF reference reproduces that reference Full CT and MRCISD(Q)"® results very

well.
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