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Derivation of the equations of motion
Here we will describe the derivation of the equations of motion of the presented model. Let us first define certain
tensors, which will make the derivation more compact and straightforward:

Ωn (x) = Φ?n (x)Φn (x) , (1)
fαβ = θ?αθβSαβ , (2)

Unmq (x) = VnmqΦm (x) , (3)

Knq (x) =
ωq
2

∂2Φn (x)

∂ (xq)
2 , (4)

T(I)
αβp = λ?αp + λβp , (5)

T(II)
αβp =

(
λ?αp + λβp

)2
+ 1 , (6)

T(III)
αβp = λ?αpλβp +

1

2
, (7)

Sαβ = exp

{∑
p

λ?αpλβp −
1

2

(
|λαp|2 + |λβp|2

)}
, (8)

g
(I)
αβnp = wp

(
T(III)
αβp −

snp√
2
T(I)
αβp

)
, (9)

g
(II)
αβnqp (x) =

(
k(1,1)nqp xq + k(2,1)nqp x

2
q

) T(I)
αβp√
2

+ k(1,2)nqp xq
T(II)
αβp

2
, (10)

h(I)np =
∑
i,j

fijg
(I)
ijnp , (11)

h(II)nqp (x) =
∑
i,j

fijg
(II)
ijnqp (x) . (12)

In order to deduce the defined sD2 ansatz

|ΨsD2
(t)〉 =

N∑
n

∫ xmax

xmin
dxΦn (x, t) |n,x〉 ×

M∑
α

θα (t)

P∏
p

|λαp (t)〉 , (13)

free parameter ξi (t) = Φn (x, t) , θα (t) , λαp (t) time evolution using the Euler-Lagrange equation

d
dt

(
∂L (t)

∂ξ̇i
?

(t)

)
− ∂L (t)

∂ξ?i (t)
= 0 , (14)

we first have to calculate Lagrangian L (t) of the model

L (t) =
i
2

(
〈ΨsD2

(t) |Ψ̇sD2
(t)〉 − 〈Ψ̇sD2

(t) |ΨsD2
(t)〉
)
− 〈ΨsD2

(t) |Ĥ|ΨsD2
(t)〉 , (15)

where Ĥ = ĤS + ĤB + ĤE-B + ĤV-B is the full Hamiltonian operator of the model. The first two Lagrangian
terms are equal to

〈ΨsD2
(t) |Ψ̇sD2

(t)〉 =
∑
n,αβ

∫
dxfαβΦ?n (x) Φ̇n (x) +

∑
n,αβ

∫
d~xΩn (x)Sαβθ

?
αθ̇β

+
∑
n,α,β

∫
dxΩn (x) fαβ

∑
p

(
λ?αpλ̇βp −

1

2

∂

∂t
|λβp|2

)
, (16)

〈Ψ̇sD2 (t) |ΨsD2 (t)〉 =
(
〈ΨsD2 (t) |Ψ̇sD2 (t)〉

)?
, (17)
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and the Hamiltonian operator terms are equal to

〈ΨsD2
|ĤS|ΨsD2

〉 =
∑
n,α,β

∫
dxfαβ

[
εnΩn (x)− Φ?n (x)

∑
q

(
Knq (x)−

∑
m

Unmq (x)

)]
, (18)

〈ΨsD2 |ĤB|ΨsD2〉 =
∑
n,α,β

∫
dxΩn (x) fαβ

∑
p

T(III)
αβp , (19)

〈ΨsD2 |ĤE-B|ΨsD2〉 =
∑
n,α,β

∫
dxΩn (x) fαβ

∑
p

wp

(
1

2
s2np −

snp√
2
T(I)
αβp

)
, (20)

〈ΨsD2
|ĤV-B|ΨsD2

〉 =
∑
n,α,β

∫
dxΩn (x) fαβ

∑
q,p

g
(II)
αβnqp (x) . (21)

Then the Lagrangian can be written as

L =
i
2

∑
n,αβ

∫
dx
[
fαβΦ

?
n (x) Φ̇n (x)− f?αβΦn (x) Φ̇?n (x) +Ωn (x)

(
Sαβθ

?
αθ̇β − S?αβθαθ̇?β

)]
+

i
2

∑
n,α,β

∫
dxΩn (x)

∑
p

[
fαβλ

?
αpλ̇βp − f?αβλαpλ̇?βp +

1

2

(
f?αβ − fαβ

) (
λ?βpλ̇βp + λβpλ̇

?
βp

)]

−
∑
n,α,β

∫
dxfαβ

[
Ωn (x)

(
εn +

∑
p

wps
2
np

2

)
− Φ?n (x)

∑
q

(
Knq (x)−

∑
m

Unmq (x)

)]

−
∑
n

∫
dxΩn (x)

∑
α,β

fαβ
∑
p

(
g
(I)
αβnp +

∑
q

g
(II)
αβnqp (x)

)
. (22)

Now, by applying Eq. (14) to the free sD2 ansatz parameters ξi (t) = Φk (y, t) , θτ (t) , λµj (t), we obtain a system
of implicit differential equations:

Φ̇k (y) + Φk (y)
∑
αβ

θ?αθ̇βSαβ + Φk (y)
∑
αβ

fαβHαβ =

− iΦk (y)

(
εk +

∑
p

wps
2
kp

2

)
− i
∑
q

(∑
m

Ukmq (y)−Kkq (y)

)

− iΦk (y)
∑
α,β

fαβ
∑
p

(
g
(I)
αβkp +

∑
q

g
(II)
αβkqp (y)

)
∀ {k,y} , (23)

∑
n,α

∫
dxθαSταΦ?n (x) Φ̇n (x) +

∑
α

(
Sταθ̇α + θαSταHτα

)
=

− i
∑
n,α

∫
dxθαS?ατ

[
Ωn (x)

(
εn +

∑
p

wps
2
np

2

)
− Φ?n (x)

∑
q

(
Knq (x)−

∑
m

Unmq (x)

)]

− i
∑
n

∫
dxΩn (x)

∑
α

θαS
?
ατ

∑
p

(
g(I)ατnp +

∑
q

g(II)ατnqp (x)

)
∀τ , (24)



∑
α

λ̇αjfµα +
1

2

∑
α

[(
θ?µθ̇α + θαθ̇

?
µ

)
Sµα +

(
Hµα +H?

αµ

)
fµα

]
λαj

− i
2

∑
α

<
{(
θ?µθ̇α + θαθ̇

?
µ

)
Sµα +

(
Hµα +H?

αµ

)
fµα

}
λµj =

− i
∑
n

∫
dxΩn (x)

∑
α

fµα

[
wj

(
λαp −

snj√
2

)
+
(
k
(1,1)
nqj xq + k

(2,1)
nqj x

2
q

) 1√
2

+ k
(1,2)
nqj xqT

(I)
µαj

]
∀ {µ, j} , (25)

with auxiliary function Hαβ =
∑
p

(
λ?αpλ̇βp − 1

2 λ̇βpλ
?
βp − 1

2λβpλ̇
?
βp

)
. Eq. (24) can be further simplified by

constructing a
∑
n,α

∫
dxθαSταΦ?n (x) Φ̇n (x) term using the Eq. (23) and inserting it back into Eq. (24). This

results in a simplified form of Eq. (24)

∑
α

θ̇α − θα∑
ij

θ?i θ̇jSij +Hταθα −
∑
ij

fijHijθα

Sτα =

− i
∑
n

∫
dxΩn (x)

∑
α

θαSτα
∑
p

[(
g(I)ατnp − h(I)np

)
+
∑
q

(
g(II)ατnqp (x)− h(II)nqp (x)

)]
∀τ . (26)

Eqs. (23), (25), (26) then constitute the final system of equations of motion to be solved in order to obtain the
model time evolution.


