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DERIVATION OF THE SCALING CRITERION

Our theory is independent of the constitutive rela-
tions used to describe the diffusion and kinetics processes.
While our simulations are based on a specific model, our
analysis as well our conclusions are general for any phase-
separating system undergoing heterogeneous reactions.
For the ease of visualization and without loss of general-
ity we focus our analysis on a 2D domain, fig. 1.

FIG. 1. System of volume V and characteristic length L
undergoing insertion kinetics. For demonstration purposes,
we show a solution undergoing spinodal decomposition, the
timescale of which play a fundamental role on defining if the
process is reaction or diffusion limited.

The concentration profile c in a domain of characteris-
tic length L is described by

∂c

∂t
= −∇ · j (1)
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where j is the diffusive flux defined in terms of the species
chemical potential gradient j = −M (c)∇µ, ∇ is the gra-
dient operator and M (c) is the species mobility and de-
pends on the concentration [1].

A heterogeneous reaction of the form

Cres � C

takes place at the boundary of the domain which is de-
scribed by the following boundary conditions

− n · j = R (2)

with R = R (c, µ, µres) the reaction rate which depends
on the species concentration, its chemical potential and
the reservoir species chemical potential µres [2–7]. In
electrochemical systems it is common practice to drive
the reaction under galvanostatic conditions [8]. This is
equivalent as keeping the total reaction rate Rt across
the reactive boundary at a constant value

−
∫
∂A

n · j dA =

∫
∂A

RdA = Rt (3)

The mean concentration of C in the domain shown in
fig. 1 is defined as

d 〈c〉
dt

=
1

V

∫
∂A

RdA =
Rt

V
(4)

where V (in m3) is the volume of the system.
Both eqs. 3 and 4 play a central role in our analy-

sis, as we use them to define the scaling relation which
quantifies if our system is reaction or diffusion limited.
First, we need to transform both of them in a dimension-
less form. To do so, as a characteristic reaction rate we
choose k0/F , where k0 is in units of A/m2 and F is the
Faraday constant. Additionally, the characteristic scale
for the differential area of the reaction integral dA is the
total area of the reactive boundaries A (in m2). The flux
j and the total concentration are scaled with Dchcmax/L
and cmax, respectively, where Dch is a characteristic dif-
fusivity (in m2/s) and cmax is the maximum concentra-
tion we can store in the domain. Applying these scales
in both eqs. 3 & 4, it results

−
∫
∂A

n · j̃ dÃ = Da

∫
∂A

R̃ dÃ (5a)
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2∫
∂A

R̃ dÃ =
Rt

k0L2

F

= R̃t (5b)

with k0L
2/F being the characteristic overall insertion

rate. In equation 5a we define the Damköhler number
as Da = k0L/DFcmax, with L = V/A. Combining
eqs. 5a & 5b we arrive in a relation which connects the
diffusive flux at the boundaries of the system with the
total imposed insertion rate

−
∫
∂A

n · j̃ dÃ = Da× R̃t (6)

When the reaction is electrochemical in nature, R̃t =
I, where I is the dimensionless applied current in the
system.

From eq. 6, we understand there is an interplay be-
tween the diffusive flux and the insertion kinetics. More
specifically, the one that is slower is going to be the rate
determining step. In cases where diffusion in the material
is large, such that quasi-static equilibrium is achieved,
then reactions are controlling the process. On the other
hand, where insertion kinetics are very fast compared to
the slowest diffusion timescale in the system, then dif-
fusion is the bottleneck. In the case of phase separat-
ing materials, the system exhibits more complex phe-
nomena compared to the well-understood diffusion [9].
More specifically, once system is thermodynamically un-
stable, the mixture will no longer be a solid solution
and spinodal decomposition takes place, fig. 1. A well-
known phenomenon when a system undergoes phase sep-
aration is the coarsening of phases [10]. According to
non-equilibrium thermodynamics, the diffusivity of the
slowest phase determine the coarsening timescale. There-
fore, as the characteristic diffusivity in the Da number,
we should choose the diffusivity of the slowest phase, as
the slow coarsening dynamics of the slowest phase can
lead to a diffusion-limited system.

To conclude our findings, from eq. 6 we known that

when Da × R̃t > 1, diffusion-related phenomena cannot
keep up with the insertion kinetics, and thus diffusion-
limitations are expected to be experienced. On the other

hand, for Da × R̃t < 1, once new chemical species en-
ter the domain, diffusion is fast enough to make the
system be at quasi-static equilibrium. These simple ar-
guments, which are based on dimensionless analysis be-
tween phenomena of different timescales, are validated
by full three-dimensional simulations in the main text.

DETAILS FOR LITHIUM COBALT OXIDE
SYSTEM

LixCoO2 (LCO) [11] is a layered oxide, widely used in
commercial Li-ion batteries [12, 13]. When x ∈ [0.5, 1.0],
LixCoO2 belongs to the R3̄m space group, and has
a hexagonal close-packed structure with rhombohedral
symmetry [14, 15]. Between 0.75 < x < 0.94, LCO un-
dergoes a metal-insulator transition, changing the layered

oxide from a perfect to a poor conductor [16]. As revealed
by ab-initio calculations, Li ions diffuse mostly through
tetrahedral site hopping (TSH) [17], and this occurs only
along the xy planes, not allowing for intra-layer diffu-
sion. Figs.1(b) and (c) in the main text show a single
crystal nanoparticle of LixCoO2 undergoing Li+ inter-
calation under constant current conditions [11]. Li ions
are inserted from the sides of the particle, while the top
and the bottom sides are impermeable. Another char-
acteristic of our system is the negligible diffusivity along
z-direction, which is responsible for kinetically-arrested
equilibrium states [11].

The homogeneous free energy gh has the following
functional form

gh (c) =µ0c+RT [c log c+ (1− c) log(1− c)]

+ c (1− c)
N∑

k=1

Ωk (1− 2c)
k−1 (7)

where N = 3 and Ω1 = −159744 J/mol, Ω2 = −118782
J/mol, Ω3 = −39032 J/mol. Additionally, the penalty
gradient constant κ = 3.084× 10−18 J/m.

The mobility of Li ions in LCO was fitted to the ab-
initio calculation found in [18]. The fitted expression is

M (c) =
1

c
exp

[
log(10)

(
119.8260c3

−305.4364c2 + 245.7523c− 76.2585
)] (8)

The functional form is shown in fig. 2.
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FIG. 2. Mobility M(c) as a function of the fractional concen-
tration c.
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IMPLICATIONS ON THE PREDICTION OF
THE OVERPOTENTIAL

The spatial dependence of the concentration profile has
practical implications on the predicted overpotential. In
phase-separating systems, during insertion, we show that
the Li-rich phase always forms at a boundary of the parti-
cles, Fig.2. Therefore, when the system is modeled using
the reduced-dimension model, the shrinking-core struc-
ture is going always to be formed, with the Li-rich phase
to be located at the reactive boundary. In general, there
is a critical concentration value after which the inser-
tion reaction rate decreases monotonically [2, 8, 19], and
in the limit of x → 1 the reaction shuts down. When
ion insertion is driven galvanostatically, by the time the
boundary concentration lies inside the spinodal the solu-
tion undergoes phase separation [20, 21]. At this moment
the value of Li concentration along the boundary of the
entire system becomes that of the Li-rich phase (forma-
tion of shrinking-core).

When the concentration of the Li-rich phase ap-
proaches x → 1, the effective resistance of the reaction
becomes infinite [3]. Therefore, in order for the system
to keep up with the applied current, the overpotential
has to increase resulting in the voltage to reach its cut-
off limit. In the case where the concentration profile is
allowed to depend in three dimensions, the overpotential
does not overshoot. The main reason is that Li ions are
inserted at the side of the interface that results in smaller
overall overpotential [11].

Depending on the value of the applied current, the
spike in the overpotential predicted by the shrinking-core
model can force the resulting voltage to drop below its
cut-off value. This is highly likely to underestimate the
final state of (dis)change (SOC/D) of the system. In the
case of anode materials, such as graphite, the prediction
of larger overpotential values can lead to false predictions
about the conditions where Li plating becomes thermo-
dynamically favorable. Thus, it can result in falsified and
costly decisions for designing the electrochemical experi-
ments/systems.

DETAILS ON THE IN-SITU OPTICAL
MICROSCOPY EXPERIMENT

Apparatus and experiment

The experiment was done in a custom cell, in which a
working electrode/separator/Li counter electrode sand-
wich was pushed against spacer and washer by a quartz
window. The working electrode consists of graphite flake
particles loaded onto a stainless-steel mesh. The size of
the graphite flakes varies between 354-420 µm, which
is controlled by sieving the commercial graphite flake
(Sigma-Aldrich) through a mesh 40 sieve followed by a
mesh 45 sieve. The electrolyte is 1M LiPF6-EC-EMC.
We use a digital camera to record the graphite electrode
during charge/discharge. There are roughly ∼ 60 parti-
cles loaded, Fig. 3.

(b)(a)

FIG. 3. Image of the experimental device where LixC6 par-
ticles undergo lithiation. (a) Electrochemical cell where the
graphite particles are sitting on the electrode mesh. (b) Im-
age processed particles to identify their shape as well as their
color change during lithiation.
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Analysis on core-shell statistics
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FIG. 4. Statistical analysis on the number of particles that
undergo core-shell lithiation, Ncore-shell, as a function of the
applied C Rate. We observe the fraction of the particles that
have a shrinking-core behavior to increase linearly with in-
creasing C Rate. Two different measurements at two differ-
ent overall completion percentage were considered, 80% and
100%, respectively. The completion is defined as the time
where the voltage of the cell is equal to 0V vs Li.

PHASE-SEPARATION PROFILES FOR
DIFFERENT DIFFUSION MECHANISMS
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(a)

FIG. 5. Demonstration of the concentration profile under
reaction and diffusion limitations. Different diffusion mecha-
nisms are illustrated in (b) to (c). (b) species are able to dif-
fuse through 1D channels, e.g. LixFePO4 [22]. (c) species can
only diffuse via an in-plane mechanism, e.g. LixCoO2 [17],
LixC6 [23]. (d) species can diffuse in every direction, e.g.
Li4Ti5O12 [24]. Under diffusion limitations, each diffusion
mechanism leads to different concentration as shown in fig-
ures (b) to (c).
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LITERATURE DATA FOR THE TRANSITION
BETWEEN THE BULK QUASI-EQUILIBRIUM

AND DIFFUSION-LIMITED REGIME

To further validate our predictions on the scaling law
that classifies the observed phase morphologies, we resort
to reported literature data on LixC6 (graphite), LixCoO2

(LCO) and LixFePO4 (LFP). A lot of experimental work
has been reported on trying to understand the dynam-
ics of phase separation in LFP and LixC6 systems, and
how these dynamics affect the performance of Li-ion bat-
teries. In the following table, we report the gathered
data from in-situ electrochemical and chemical lithia-
tion/delithiation, where direct visualization of phase sep-
aration dynamics was performed.

Only one reference for chemical delithiation of LFP

is used [25], where the ‘C Rate’ is approximated as fol-
lows: based on the available data, it is estimated that
when the surface of the LFP crystal is exposed to the
electrolyte, the chemical potential difference between the
reactant and product state is equivalent to 1V. Given this
is a chemical delithiation process, and neglecting all the
electron transfer effects [26], we approximate the result-
ing current upon exposure with the expression of Butler-
Volmer kinetics presented in [2, 6, 21]. Using as exchange
current density the one reported in [26], and considering
the binodal points of LFP to be at x ' 0.05 and x ' 0.95,
we find that the value of the ‘chemical C Rate’ to be C
Rate ' 7.49 h−1.

For the construction of the master plot shown in Fig.4b
of the main text, we estimate the exchange current den-
sity based on literature data. For LCO we consider
i0 ∼ 10−3 A/m2 [11], for LFP i0 ∼ 10−2 A/m2 [27],
and for graphite i0 ∼ 10−2 A/m2 [28, 29].
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Material and Ref. V/A Estimated C Rate(s) (h−1) Morphology
LFP [27] 150 nm 0.2, 0.6, 2.0 Intercalation Wave
LFP [30] 36 nm 0.5, 2.0 Intercalation Wave
LFP [31] 25 µm 0.2 Intercalation Wave
LFP [32] 500 nm 0.1, 0.2 Intercalation Wave
LFP [33] 20 nm, 150 nm, 250 nm 0.1 Intercalation Wave
Chemical LFP [25] 1.3 mm ∼7.49 Shrinking Core
Graphite [34] 4 µm 0.2, 0.5 Intercalation Wave
Graphite [28] 50 µm 3 Shrinking Core
Graphite [29] 1 mm 0.1 Shrinking Core
LCO [35] 10 µm 0.1 Intercalation Wave
LCO [35] 10 µm 1 Intercalation

Wave/Shrinking Core
LCO [35] 10 µm 10 Shrinking Core

TABLE I. Literature data on the classification of phase separation dynamics during (de)lithiation. Results for LFP, Graphite
and LCO are reported.
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