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S1 Detailed derivation of multipoles and amend-
ments

Any electric and magnetic field can be represented by six quanti-
ties, however, only four of them are independent. Therefore, we
can describe electric and magnetic fields using four quantities:
the scalar potential (®), and the three components of the vec-
tor potential, (A). Figure 1 (in main text) shows a particle of an
arbitrary shape at the origin of coordinate system O. Assuming
Lorenz gauge condition, retarded potentials of electromagnetic
field produced by such arbitrary shaped source in the medium
with permittivity of €gy (where & is electric constant and ¢ is di-
mensionless relative permittivity) and permeability puy. The A
vector potential and & scalar potential are:
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where v = \/ﬁ is the speed of light in a medium, p is the
electrical charge density, r is the distance vector to the volume
dV of the particle and R is the distance vector to the observation
point. We will denote modulus of vectors by usual letters: r = |r],
R=|R|.

Considering the field in the region R >> r, we can expand |R —r|
into Taylor series. We use Einstein notation and take the sum
over all pairs of repeated indices. Next, we consider the time
dependence of potentials:
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For small 1, we obtain:
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Substituting the definition of 1 into the series:
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The series is considerably simplified by limiting the consideration
to far-field (i.e. Av/cR < 1 for all important wavelength compo-
nents of the emitted radiation):
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Where the overdot is the partial derivative over the retarded time.

Consider the Taylor series expansion of the function 1/|R—r|:
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We neglect high order terms except the zeroth-order term since
all other terms can be suppressed by moving the detector shown
in Fig. 1 (in main text) far enough from the source. This logic
applies here and is technically correct. However, we note that
in case of Equation (S7)), one should include higher order terms
since J; could be an oscillatory function of time. In this case even
a small change in the argument could lead to the large change in
the function value.

Finally, for the vector potential, we obtain:

Hio &K
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A similar equation can be obtained for the scalar potential.
S1.1 Electric dipole moment and first amendment

Consider the integral [J;dV in the first term in Equation (S9). To
treat this term, we consider the continuity equation

a—p+diVJ=0 (S10)
oJt
utilizing the auxiliary equation we obtain
V(Jr[) = (JV)r[+r,-(VJ) =J;—pri. (s11)

By integrating by parts the left side of Equation (S1I) and rear-
ranging terms, we obtain

/JidV:/pridV+/V(Jri)dV
\%4 JV JV

(512)
= d,‘ +%§(I‘ls -J)r,-dS = d,‘ +U;.
where d; is i component of the electric dipole moment:
d= / p(r)rdv (S13)
Jv

The second term denoted by U;, which is i component of some
amendment vector, is obtained as a surface integral:

U; = fg(ns -J)ridS (S14)
where ng is the external normal vector to the surface S of the
integration volume V. Namely this integral (and the following
surface integrals) does provide the necessary amendment: For a
closed system it turns to be zero, but for non-isolated system it
gives a nonzero contribution.
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S$1.2 Electric quadrupole moment, magnetic dipole moment
and second amendment

Consideration of the second term in the vector potential in Equa-
tion (S9) leads to:

Rj/ Jirj dv (S15)
4
To treat it, we will use the following auxiliary expression:
R; /VV(Jrirj)dV =R; /V(prir_,' +JiR;rj+riR;J;)dV
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From here we can obtain:
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where tensor ( is the electric quadrupole moment:

Qij:/vp(r)r;rjdv (518)

vector m is the magnetic dipole moment:

:%/V[rxj]dv

The magnetic moment appears without involving magnetic per-
meability p, but rather based only on the dielectric permittivity
€. For this reason, we obtain the resonance effect for high index
dielectrics. We denote the second order amendment tensor U’ as:

(519)

Uilj = ﬁ(ns -J)rirde (SZO)

S$1.3 Electric octupole, magnetic quadrupole moments and
third amendment
The third term in Equation leads to:
Rij/ JirjridV (S21)
14

By analogy with the previous cases, consider an auxiliary equa-
tion of the form:
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Considering the third term in the last equation, the fourth term is
treated similarly:
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where ® is the tensor product. Summarizing Equations (S22) and
(S23)), we obtain the following result for Equation (S21IJ):
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Where, O is the electric octupole tensor:
Ojjk = ./Vp(r)r,-rjrde (825)
where M is the magnetic quadrupole tensor:
2
Mo = /V [t % J]grmdV (526)

and we denote U” as the amendment which is the third order
tensor:

Ulfjl-k:jés(nyJ)rirjrde (527)

Summarizing all above, we can write the multipole expansion
of the vector potential:
HoH
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S$1.4 Electric multipole moments

We briefly overview here the family of electric multipole mo-
ments:

q= / p(r)dV — full charge
14
di = / p(r)r;dV — electric dipole moment
Jv
0ij = / p(r)r;rjdV — electric quadrupole moment
1%

Ojji = / p(r)rirjr,dV — electric octupole moment
14

In case of monochromatic time dependence
—iot
p(r.1) = p(r)e ™',
it can be useful to express electric multipole moments as functions
of currents. From the continuity equation, we obtain:

p
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(529)

using this relation, we can describe the electric multipole mo-
ments as function of the currents. The full charge is defined as:

1 1
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Electric dipole moment is defined as:
1 .
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Electric quadrupole moment is defined as:
1 7 ..
Q,-jf/vprirjdvf%/leer,r]dV
- i/ V(Irir;)dv i/ (IV)rir;dvV (532)
= ol Tirj _iw v rirj

1 1
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Operating with quadrupole moments, it is usually preferred to
deal with traceless tensors. The tensor, defined in Equation (S32),
has a nonzero trace (denoted as gt). However, this is not impor-
tant for our numerical treatment. If necessary, Equation can
easily be converted into the traceless one using the well-known
relation: Q' = Q — gt I, where [ is the diagonal unit tensor.
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(a)

o/

Fig. S1 (a) Homogeneous medium with charge density depending on
point p(r) and some arbitrary volume inside it. (b) The shift of the whole
medium by some infinitesimal vector or leads to the charge density at
point r to become p(r—dr).

Further, for the electric octupole moment we develop:
1 .
Oijk = /Vpr,'rjrde = E /V leJrirjrde

1 1
T . vV(Jrirjrk)dV i '/V(JV)r,-rjrde
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S1.5 Representation of multipole moments through polar-
ization
For nanophotonics applications, it can be suitable to represent the
multipole moments through polarization induced in dielectric1'2.,
For this, we first consider a homogeneous medium with a charge
density continuously varying from point to point, and thus being
a function of the radius vector. We choose some arbitrary volume
V inside it (Fig. ), and shift the whole medium by some in-
finitesimal vector Sr (Fig. [S1p), to evaluate the change in charge
density inside the volume.
The charge inside the volume V is

g= /V p(r)aV, (534)

and the charge inside the volume after the shift of the medium is

a+38q= [ [p(r)+6p(r)|av
Y (S35)

:/Vp(rfsr)dv:/v[p(r)pr(r)Sr} av

If the integrals over the arbitrary volumes are equal, then the

integrand functions are also equal.
Sp(r)=—Vp(r)ér (S36)

Now, we can introduce the infinitesimally small polarization
vector 8P. Since dr in Equation does not depend on r, we
manipulate with Equation as

[Vp(r)] Sr=Vv. [p(r) 5@ —Vsp (S37)
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where we define:

V&P = —5p(r) (S38)

Since dielectrics are electroneutral, the initial charge inside the
volume is zero. Therefore, the whole charge inside any volume is
the induced charge. So we can write electric multipole moments
through polarization using Equation (S38).

The electric dipole moment is defined as:

di = / pridV = — / ridivPdV =
|4 JV

_ / (V-Pr,-)dV+/ (P-Vr)dV = ($39)
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The electric quadrupole moment is defined as:
Qij :/ prirjdV: —/ diVPI‘,'rjdV =
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The electric octupole moment is defined as:
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We rewrite the magnetic multipole moments as functions of
polarization. Using the continuity equation and Equation (S38)):

ap B
0 VI=0
I(VP)

ot vi

We replace the partial derivatives d/dr with V, so

JaP

=%

and assuming that the polarization P is time-harmonic, we obtain

J=—ioP (S42)
Finally for the magnetic dipole we obtain:
1 i
mzf/[rxJ]dV:—/[er]dV (543)
2 Jy 2 Jv
The magnetic quadrupole is defined as:
2 2iw
Mij:g,/v[rXJ]irjdV:T,/V[er]irjdv (544)



S$1.5.1 Electric and magnetic fields

To obtain equations for fields, we consider the equation for vector
potential:

AR, ) = HHo (d+U+ Ont
47R
1 15, 1
— S45
+v[m><n}+2vUn+6v20nn (545)
1 1
+2 5 [ann] +@U nn-+..
Magnetic field is expressed through the vector potential:
B=VxA (846)

and when we take rotor of the vector potential, we neglect the
terms that occur due to factor 1/R in each term of the sum be-
cause of higher order of smallness (where &, denotes the Levi-
Civita symbol),
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We write down the expression for the rotor of each component
of the sum in Equation (S45):
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Thus, the magnetic field, while remaining only terms of the first
order of smallness, is:

Mo
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1 11, 1
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In this form, the only remaining term is the first order of small-
ness. It can be seen that this equation can be written in short
form:

B= [Axn] (557)

which corresponds to a vector H in a plane wave®.

The electric field is expressed in terms of the potentials as

E=-A-V® (S58)

Finally, remaining only terms of the first order of smallness, we
obtain:

1

:m([[dxn}xn]—i—[wxn]xn]
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(859)
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Then, Equation (S59) also can be written in a simple form:
E=v[Bxn]=[[Axn]xn] (S60)

which also corresponds to an electric field E in a plane wave®.

Both equations for B and E are the same as plane
wave illumination. After the terms ~ 1/R, we consider the field at
distances much larger compared to the system and at a sufficient
distance from the source arbitrary shaped wavefront, and this can
be locally considered as a plane wave.

Assuming plane wave illumination, E(r,) = Eye!(®~KT) where
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k is the wave vector of the incident wave,

o = koc = kv (S61)
c=1//log (562)
v=1/\/Iloee (S63)
k = ko+/1i€ (S64)

then we can write the equation for the scattered electric field in
the following form:

k2 eikR

- ([nx[dxn]}ﬂ—k%[nx[anH
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The factor ¢*R appears in this equation, as the phase shift of
the scattered wave between the points r and R.

§1.5.2 Intensity

In this section we provide a tool for analysing the ’strengths’ of
different multipole excitations which together represent the cur-
rent density within an arbitrarily chosen volume (see Fig. 1 in
main text). The problem we are solving is that one cannot di-
rectly compare different multipoles, e.g. the electric dipole and
quadrupole moments, since they have different units. Neverthe-
less, all multipoles represent an excitation in the system, and thus
there should be a way of comparing them. Here we propose to
use the power of the light that would be emitted by the different
multipoles, if there were no other currents outside the consid-
ered volume. Thus electric quadrupole excitation, for example,
could be said to be ’stronger’ than electric dipole excitation, if the
power emitted by the quadrupole (in all directions), was greater
than that of the electric dipole.

Using the Poynting vector definition, the energy radiated IT
into solid angle dQ can be expressed as:

1
=~ | S EPR2 a0
2\ o

The total energy scattered on such system per unit time (intensity
of scattered light) can be obtained by integrating over all solid

angles:
I:/ dIl
Q

To perform the integral above, we average dII over all angles.
Therefore, the total energy can be obtained by multiplication of
the average power, dI1, by the solid angle of a sphere:

(S66)

I =4mdll (s67)

In dI1 only n, a unit vector into an observation point, depends
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on a direction. By averaging, we use several useful and well-
known relations (see, e.g.,>).

Eventually, we obtain the expression for the intensity of light
scattered per unit time:

k4

k2
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127y g e gy
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Basically, different terms depend differently on optical contrast of
the medium e.

Notes and references

1 A.B. Evlyukhin, C. Reinhardt, E. Evlyukhin and B. N. Chichkov,
JOSA B, 2013, 30, 2589-2598.

2 A. B. Evlyukhin, T. Fischer, C. Reinhardt and B. N. Chichkov,
Physical Review B, 2016, 94, 205434.

3 L. D. Landau and E. Lifshitz, Course of theoretical physics, 1975,
281.

4 C. F. Bohren and D. R. Huffman, Absorption and scattering of
light by small particles, John Wiley & Sons, 2008.

5 J. A. Schouten, Tensor analysis for physicists, Courier Corpora-
tion, 1989.



	Detailed derivation of multipoles and amendments
	Electric dipole moment and first amendment
	Electric quadrupole moment, magnetic dipole moment and second amendment
	Electric octupole, magnetic quadrupole moments and third amendment
	Electric multipole moments
	Representation of multipole moments through polarization
	Electric and magnetic fields
	Intensity



