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Effective Hamiltonian model

First-principles-based effective Hamiltonian approach is employed to investigate the 

ferroelectricity of PbTe monolayer. To have a clearly understanding of different energy 

contribution in the phase transition from paraelectric to ferroelectric in PbTe, we build an 

effective Hamiltonian based on the model in Ref.[1]. The effective Hamiltonian model 

includes two degrees of freedoms, i.e. local soft mode  and strain . For the PbTe u 

monolayer, soft mode  denotes the displacement of Te atom with respect to Pb atom. We u

only consider the movement of Te atom perpendicular to the monolayer surface because no 

in-plane distortion is found. The effective Hamiltonian Etotal consists of five parts, which are 

the local mode self-energy Eself, short range interactions Eshort, dipole-dipole interactions Edpl, 

elastic-local mode interaction Eint and elastic energy Eelas. They can be expressed as:
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The local mode self-energy Eself includes up to fourth-order terms; The short-range 

interactions Eshort is expanded up to second order and only the interactions between neighbor 

unit cells that share the same atom are considered. Here,  is the coupling constant that ijJ

contains three parts as schematically illustrated in Fig. S6; In the dipole-dipole interaction 

Edpl, is Born effective charge and  is the optical dielectric constant. In this work, we *Z 

considered the dipole-dipole interaction in the range of fortieth nearest unit cells. Since the 

short interaction changes with a uniformly distributed soft mode, it’s unnecessary to consider 

the parameter  ,  and  separately. Thus Eq. (3) can be reduced to:1J 2J 3J

                                            (7)   21
2

short
i

i
E J u u

To obtain the short interaction parameters of the Hamiltonian from DFT calculations, we 

build a 2*2*1 supercell. We firstly obtained the energy of this supercell when all the unit 

cells are in ferroelectric phase. After that, we keep one of them in ferroelectric phase while 

the others are changed into paraelectric phase. The energy difference between these two 

configurations are used to achieve short interaction parameters. Meanwhile, the dipole-dipole 

interaction should be excluded.

The elastic energy and elastic-mode interaction are also considered due to the large cell 

deformation between paraelectric and ferroelectric phases. Since there is no in-plane 

polarization and strain along the z-direction,  in Eq. (5) can be written as:lB
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To compare the effect of electron doping on 2D PbTe with that on traditional 

ferroelectric BaTiO3, an effective Hamiltonian model is also built for BaTiO3. In BaTiO3, the 

soft mode has three components and the local mode self-energy Eself is expressed as:
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In addition, interaction between elastic and soft mode should consider all degrees of 

freedoms instead of only z-direction component. Other energy terms of Hamiltonian in 

BaTiO3 are similar to those in PbTe monolayer. All the parameters of the effective 

Hamiltonian for PbTe monolayer and BaTiO3 determined from DFT calculations are listed in 

Table S1 and Table S2.
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Fig. S1 Phonon dispersion curves of PbTe monolayer in square geometry (a) without (space 

group Pmmm) and (b) with (space group P4mm) buckling.

Fig. S2 (a) Variation of total energy of PbTe monolayer as a function of time during AIMD 

simulations at a temperature of 300 K. (a) The equilibrium structure of PbTe monolayer after 

5 ps AIMD simulations at a temperature of 300 K.



Fig. S3 (a) Variation of total energy of electron doped (n = 0.10 e/ f.u.) PbTe monolayer as a 

function of time during AIMD simulations at a temperature of 300 K. (b) The equilibrium 

structure of electron doped PbTe monolayer after 5 ps AIMD simulations at a temperature of 

300 K.

Fig. S4 Total electronic density of states of PbTe monolayer. The dotted line indicates the 

Fermi level.



Fig. S5 Energy contributions in the Hamiltonian during the ferroelectric phase transition in 

BaTiO3 at densities of (a) n =0 (b) n = 0.05 e/ f.u..

Fig. S6. Schematic diagram of coupling constants  ,  and  in the short range 1J 2J 3J

interactions.



Table S1. Parameters in the effective Hamiltonian model for PbTe with different doping 

densities.

Density
𝑍 ∗ 2

𝜀∞𝑎
3
0

𝜅2 𝛼2 𝐵11 + 𝐵12 𝐵1𝑧𝑧 𝐽

-0.05 0.17296 -0.01165 0.13562 66.960 4.3731 -0.37215
0.00 0.17181 -0.04647 0.12631 65.575 4.3122 -0.28723
0.05 0.17077 -0.03488 0.12368 64.853 4.3277 -0.28425
0.10 0.17037 -0.02829 0.11930 63.835 4.2724 -0.26514

Table S2. Parameters in the effective Hamiltonian model for BaTiO3 with different doping 

densities. The effect of electron doping on Born effective charge is neglected. 

Density 　a0 　𝑍 ∗ 　𝜀∞ 　𝜅2 　𝛼 　γ 　𝐽

0.00% 3.95233 10.0644 6.748079 1.3388 106.1561 -219.652 -2.4934
5.00% 3.96062 0.51077 82.47372 -154.47 -0.70253
　 　B1xx 　B1yy 　B4yz 　B11 　B12 　B44 　

0.00% -161.107 -13.711 -18.532 134.29 46.609 51.865 　

5.00% -151.496 -17.891 -18.489 131.94 46.422 50.721 　


