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S1. Absorption spectra

In Figures S1(a-d) we show photoluminescence (PL) and absorption spectra for all studied CdSe NCs measured at 7 = 4.2 K. One can
clearly see that with decreasing the NC diameter from 6.1 nm down to 3.3 nm the PL maximum is shifted to higher energies from
2.017 eV up to 2.366 eV. This shift is provided by the quantum confinement effect. A similar behavior is seen for the lowest peak in the
absorption spectra, which corresponds to the lowest bright exciton state. Namely, it shifts from 2.039 eV up to 2.455 eV. The absorption
spectra demonstrate a clear modulation corresponding to the optical transitions between different energy levels.! This can be better
seen when the second derivative of the absorption spectrum is plotted, 12 see Figures S1(e) and S1(f). For example, in sample D6.1
(Figure S1(f)) the first absorption peak at 2.039 eV is due to the transition between 153/, and 1S,,% and the second peak at 2.127 eV
can be assigned to the transition between 253, and 1S,. The length of vertical bars reflects the oscillator strength of the transitions.
The parameters of all samples evaluated from the PL and absorption spectra are summarized in Table 1. We also present in Figure S2 a
comparison between the absorption and photoluminescence excitation (PLE) spectra for the sample D4.9. As one can see, both spectra
show maxima near the calculated quantum size levels of the exciton. In the PLE spectrum, several additional narrow features are

observed.
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Fig. S1 (a)-(d) PL spectra (color lines) and absorption spectra (black lines) for all studied samples measured at T = 4.2 K. (e,f) Absorption spectra
(black line) and their second derivatives (red line) for D3.3 and D6.1 samples.

Figure S3 shows the energy of the first absorption maximum as a function of the NC diameter measured by SAXS (see Methods). The
results are given for two temperatures of 4.2 and 300 K. At 4.2 K our results are compared with the experimental data from Figure 6 in
Ref. 3, obtained at 7= 10 K for CdSe NCs grown by wet chemistry (blue line).
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Fig. S2 PLE spectrum at T = 10 K and absorption spectrum at 7 = 4.2 K of sample D4.9. Vertical green dashed lines show the quantum size levels of

the exciton. The inset shows a narrow feature shifted by 30 meV from the 155,15, PLE peak. PL spectra measured under nonresonant excitation are
shown by the green solid lines.
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Fig. S3 Exciton absorption energy (the first peak in the absorption spectra) vs NC diameter for the studied CdSe NCs in glass. Symbols are the
experimental data points for temperatures of 4.2 K (blue) and 300 K (red). The average NC diameter was determined by SAXS. The red line is an
interpolation of the experimental data at 7 = 300 K. The blue line corresponds to the experimental data for the 153,15, absorption peak at 7 = 10 K for
colloidal bare-core CdSe nanocrystals from Figure 6 in Ref. 3

S2. Bright-dark splitting of excitons in CdSe NCs in glass

S2.1 Theory: temperature dependence of recombination dynamics

The exciton fine structure in semiconductor NCs at zero magnetic field is shown schematically in Figure 1(d). If the system is excited
by a short laser pulse, the populations of bright and dark excitons are described by the following rate equations: 4

dN,

A NAITA+ 1001 V)] N N, (5D
dN,

sz = —Nr(T'r +7%NB) +Nay(1 +Np). (52)

Here, N4 and Np are the bright and dark exciton populations, respectively. I'4 and I'r are the radiative recombination rates of the bright
and dark excitons. ¥ is the zero-temperature relaxation rate from the bright |A) to the dark |F) exciton state, it is often referred to as a
spin-flip rate. yNp is the thermal activation rate of the reverse process, where Np = 1/[exp(AEsr /kgT) — 1] is the Bose-Einstein phonon
occupation at temperature 7. AEsr is the bright-dark exciton splitting, kp is the Boltzmann constant. Under nonresonant excitation,
just after the fast initial energy relaxation, the bright and dark exciton states are equally populated: Ns(t = 0) = Nr(t = 0). To account
for the nonradiative recombination, the PL intensity can be written as:

I(t) = NaTaNo +nrTFNF, (S3)



where 14 and np are the radiative quantum efficiencies of the bright and dark states, respectively. By solving the rate equations (S1) -

(S3) in the approximation yy > I'4 > I'r, the radiative recombination dynamics reads as: 4
NalaNp +nrl'F ( ) [ B ] ( )
I(t)= ——————exp|( — +nal'4 [N4(0) — exp | — , S4
(t) 15 2N5 o MaTa |Na(0) = 5 v | PP\ (84
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1 _1Fr+1y A—1F AF
Thong = > — ( 3 ) tanh ( ZkBT) , (S5)
g =W (1+2Ng). (S6)

Trong and Tgj,,, are the time constants corresponding to the long and short component of the PL decay, respectively. The temperature
dependence of the PL decay of excitons in neutral NCs can be described by the equations (S4)-(S6). AE4r can be evaluated by fitting
an experimentally measured dependence TZoIn g(T) with equation (S5).

$2.2 Experiment: temperature dependence of PL decay and evaluation of AE,p

The photoluminescence dynamics for all studied samples measured at T = 4.2 K for B =0 T are shown in Figure S4. The best fits of the
PL decays are achieved with four-exponential functions. The fits are shown by the black lines and the corresponding parameters (times
and amplitudes) are listed in Table S1. One can see that the characteristic decay times have about the following values: 7; is on the
order of 0.5 ns, 7> on the order of 3 ns, T3 on the order of 25 ns, and T4 on the order of several hundred ns. For colloidal semiconductor
NCs, one may expect the bi-exponential decay with the first component related to the bright exciton emission and bright to dark exciton
relaxation. The muliexponential decay is the signature of the inhomogeneity in the ensemble where there are nonradiative processes
in some of the NCs which accelerate both the bright and dark exciton decays. Similar situation was observed in the Ref. 5, there we
also observed multiexponential decay for CdSe nanoplatelets at low temperatures. Corresponding decay were successfully fitted with
three exponential function with the long decay component also ascribed to the dark exciton. The intermediate decay component was
shown to be related to nonradiative recombination of dark excitons. Probably, in the studied CdSe NCs in the glass these intermediate
decay components also correspond to the nonradiative decay of the dark excitons. The shortest time 7) is also contributed by the bright
exciton recombination and its relaxation to the dark exciton state. The longest time 74 can be assigned to the recombination of dark
excitons.
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Fig. S4 Photoluminescence decay in CdSe NCs measured at 7 = 4.2 K for B=0 T. The black lines are fits with four-exponential functions.

Table S1 Parameters of the PL decay of the CdSe NCs in glass fitted with four-exponential functions.

Sample D3.3 D4.1 D4.9 Dé6.1
NC diameter (nm) 3.3 4.1 4.9 6.1
Time constant 77 (ns) 0.4 0.5 0.5 0.8
Amplitude A; 2.1 1.4 1.8 0.9
Time constant 75> (ns) 2.8 3.3 2.3 4.6
Amplitude A, 0.2 0.2 0.4 0.3
Time constant 73 (ns) 27 29 15 23
Amplitude A3 0.03 0.06 0.07 0.11
Time constant 7; (ns) 410 315 245 170
Amplitude A4 0.04 0.08 0.05 0.06

The PL decay can be also reasonably well fitted with three-exponential functions. We show these results for comparison in Figure S5
and give the parameters in Table 1. One can see that the 7} times are similar in both cases. The 75 time in the three-exponential fit lies
in between the 7, and 73 times in the four-exponential fit. The longest 73 time in the three-exponential fit is about 20 — 25% shorter
than the 7 time in the four-exponential fit. For the evaluation of AEsr from the temperature dependence of the longest time, we use



the data from the four-exponential fit.
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Fig. S5 Photoluminescence decay in CdSe NCs measured at T = 4.2 K for B=0 T. The black lines are fits with three-exponential functions.

Table S2 Parameters of the PL decay of CdSe NCs in glass fitted with three-exponential functions.

Sample D3.3 D4.1 D4.9 D6.1
NC diameter (nm) 3.3 4.1 4.9 6.1
Time constant 77 (ns) 0.5 0.7 0.6 1.0
Amplitude A; 2.0 1.3 1.6 1.0
Time constant 75> (ns) 7.4 9.8 5.7 9.8
Amplitude A, 0.1 0.2 0.2 0.3
Time constant 73 (ns) 316 263 208 137
Amplitude A3 0.04 0.09 0.05 0.06

Figure S6(a) shows a representative example of the PL dynamics variations with increasing temperature from 4.2 up to 50 K. It is
given for the sample D4.1 at B =0 T. The long tail of the PL decay shortens with increasing temperature, i.e. the recombination rate
TE(;Ing accelerates. The temperature dependence of TI;)}ng is plotted in Figure S6(b) by dots. The fit by equation (S5) is shown by the
red line. From the fit we evaluate the bright-dark splitting AE4r = 4.3 meV. The AE,r values for the other studied samples are given in
Table 1 and shown by the open diamonds in Figure S6(c). They are compared with the literature data available for the wet chemistry
grown and glass-embedded CdSe NCs, see the closed circles in Figure S6(c). Good agreement is found for AE,r in D6.1, D4.9 and D4.1,
while for D3.3, AE4r deviates from the general tendency.

Lines in Figure S6(c) show size dependences of AE4r calculated as: AEAr =21 +A/2 — (402 +A2/4—nA)'/2,67 where 1 o< (ag/a)? is
a measure of the electron-hole exchange interaction, A =23 meV is the crystal field spitting in spherical wurtzite CdSe NCs of the hole
states with angular momentum projections +3/2 and +1/2, ag = 5.6 nm is the exciton Bohr radius in bulk CdSe, a is the NC radius.
The dashed line is calculated with accounting for the short-range exchange interaction (but not the long-range) between electron and
hole® corresponding to n = 0.1(ap/a)® meV. The solid line fits AEy» determined from FLN (see next section) and it is calculated with
n = 0.2(ap/a)’ meV. Note, that the full account of both, short-range exchange and long-range exchange interaction’ would correspond
to 1 = 0.37(ap/a)® meV.
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Fig. S6 (a) PL decay in sample D4.1 at various temperatures increasing from 4.2 K up to 50 K. (b) Temperature dependence of the decay rate for
the long component 't:[olng in D4.1. The red line shows a fit with equation (S5) for AEsr = 4.3 meV. (c) Size dependence of the bright-dark splitting
AE,r. The green diamonds are the data from 7;,,¢(T) dependence. The green open squares are the data determined from FLN. Literature data for wet
chemistry grown and glass-embedded CdSe NCs are shown by the solid circles. 88-0 Size dependences of AE4r calculated with n = 0.1(ap/a)® meV
and 1 = 0.2(ag/a)® meV for spherical wurtzite CdSe nanocrystals are shown by dashed and solid lines, respectively.



$2.3 Evaluation of AE,y from fluorescence line narrowing

An alternative method of AE,r determination is fluorescence line narrowing, which also allows us to compare the intensities of the
ZPL and 1PL emission lines of the dark exciton. For resonant excitation of the CdSe NCs we used a ring dye laser with R6G dye and
a dye laser with DCM dye. The scattered light was analyzed by a Jobin-Yvon U1000 double monochromator equipped with a cooled
GaAs photomultiplier. To record sufficiently strong signals of the dark exciton emission and to suppress the laser stray light, a spectral
slit width of 0.2 ecm~! (0.025 meV) was used. The measurements were performed on samples immersed in pumped liquid helium
(typically at a temperature of 2 K). The FLN signal was measured in backscattering geometry with linearly polarized excitation (H) and
subsequent detection of the PL with orthogonal linear polarization (V). We evaluate AE4r = 3.5, 7.5 and 8.4 meV in the samples D6.1,
D4.9 and D4.1, respectively. The relative intensity of the ZPL emission is larger in nanocrystals with a smaller diameter.
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Fig. S7 Fluorescence line narrowing spectra of samples D4.1, D4.9 and D6.1. The black lines show the FLN spectra as recorded. The red lines
show the ZPL and 1PL emission after subtraction of the nonresonant PL background. The black arrows show the energies of the optical phonon
Ero =26+0.5 meV and the bright-dark exciton splittings AEsr(D4.1) = 8.4 meV, AE;r(D4.9) =7.5 meV and AEsr(D6.1) = 3.5 meV.

S3. Degree of circular polarization (DCP) dynamics

The magnetic field induced circular polarization is determined by the exciton population of the Zeeman spin levels split in a magnetic
field. The equilibrium DCP, F{?, is determined only by the thermal distribution, i.e. by the ratio of the exciton Zeeman splitting to
the thermal energy kT, while the time-integrated DCP, P™, is also affected by the spin-relaxation and recombination processes. 1! It
is because when the spin relaxation time is longer than the exciton lifetime, the thermal equilibrium is not established, which results
in P < P9, The relationship between them can be described by P (B) = dFP:?(B), where 0 < d < 1 is the so-called dynamical factor.
In case of a single exponential decay d = 7/(7 + 7;), where 7 is the exciton lifetime and 7, is the exciton spin relaxation time. For a
multi-exponential decay, an averaging should made, accounting for the times and relative amplitudes of each component, e.g. see Ref.
5. For the present study it is important to ensure that the P/ measured under cw excitation is close to P, i.e., that d ~ 1.

The polarization-resolved PL decay is shown in Figure S8(a) for the sample D6.1. The 6~ and o polarized components are measured
at 7 =2.2 Kand B =17 T, and the corresponding time-resolved DCP P.(¢) is shown by the black line. After pulsed laser excitation, the
DCP changes rapidly within a nanosecond from 0 to about —0.35, and then slowly evolves until saturating at —0.49, which corresponds
to the equilibrium DCP, P{?. P.(¢) can be described by the following empirical expression: 12

Pc(th):PCeq(B)[l_exp(_t/fx(B))L (87)

where 7, characterize the DCP rise time but is not the true spin relaxation time in general case. P¢? is strongly influenced by the magnetic
field and temperature, see Figure S8(b). It increases with increasing magnetic field and is suppressed by elevated temperature. At
T =2.2 K, PS4 varies from 0 up to —0.48 at B = 15 T, when the temperature increases, it drops to —0.44 at T = 4.2 K and to —0.38 at
T=6K.

Figure S9(a) shows the time-resolved DCP measured at B =5 T for various temperatures, which can be well reproduced by equa-
tion (S7), see the solid red lines. With increasing temperature, the DCP rise accelerates, while the equilibrium DCP, P¢?, decreases
(—0.30at T =2.2 Kand —0.08 at T = 10 K) as shown in Figure S9(b).

Figure S10 shows the magnetic field dependence of P™ at T =20 K and 4.2 K for comparison. The P™ at T = 20 K is smaller than
the one at liquid helium temperature and changes almost linearly with magnetic field.

The magnetic field dependence of the dynamical factor d(B) = P (B) /PS?(B) in all studied samples is shown in Figure S11.At T =4.2 K
it is close to unity. Therefore, the time-integrated DCP is close to the value expected for the equilibrium exciton polarization.

In Figure S12, we present a comparison of the magnetic field dependences of the time-integrated DCP measured in this work with the
dependences from Refs. 13-16. One can see that in all cases a similar increase of the DCP in low magnetic fields is observed, while the
saturation of the DCP at B = 30 T varies significantly. For glass embedded CdSe NCs the saturation value of the DCP in high magnetic
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Fig. S8 (a) Polarized PL decay for sample D6.1 measured for T =2.2 K and B =17 T. Red and blue lines correspond to o™ and ¢~ polarizations,

respectively. Black line shows the time-resolved DCP. (b) Magnetic field dependence of equiliorium DCP (P{9) at T = 2.2, 4.2 and 6 K for the sample
D6.1.
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Fig. S9 (a) Temperature dependence of the time-resolved DCP, P.(r), at B=75 T, shown by grey curves. Red lines are fits with equation (S7). (b)
Temperature dependence of the equilibrium DCP, P, at B=5 T for sample D6.1.

fields increases with decreasing NC diameter. For the colloidal CdSe NCs studied in Refs. 13-16 there is no obvious dependence of the
DCP saturation on the NC diameter.

S4. Model description
S4.1 ZPL and 1PL emission

To describe the experimental dependences of the DCP and the positions of the 67 and 6~ polarized PL maxima, we extend the
theoretical model of the circularly polarized emission from an ensemble of randomly oriented nanocrystals, first developed in Ref. 13.
The extension accounts for the linearly polarized contribution coming from the dark exciton recombination assisted by optical phonons.
The model in Ref. 13 accounted for only the zero phonon line (ZPL) emission of the +2 dark excitons via the admixture of the +1£
bright excitons. This admixture results in the recombination of the +2 dark excitons with the emission of photons that are circularly
polarized in the plane perpendicular to the c-axis of a nanocrystal (Figure $13).%17 The spatial distribution of the PL intensity, in this
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Fig. S10 Magnetic field dependence of the P/ at T = 4.2 K and 20 K for all samples.
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Fig. S12 Magnetic field dependences of the DCP at T = 4.2 K in CdSe nanocrystals from the present study (open circles) and literature data: red line
from Ref. 15 for 3.6 nm CdSe/CdS(1ML) NCs, black line from Ref. 13 for 5.7 nm CdSe NCs, magenta line from Ref. 14 for 2.6 nm CdSe/ZnS NCs
(average between DCP at T = 1.6 K and 10 K), yellow line from Ref. 16 for CdSe and CdSe/CdS NCs with diameters of 3.5 -5 nm.

case, corresponds to the emission of a 2D dipole and has a maximum for the propagation of light along the direction of the c-axis
(Figure S13(c)). The model in Ref. 13 does not consider the contribution of the optical phonon-assisted recombination of the dark
excitons.

However, it is well known from fluorescence line narrowing experiments, that the dark exciton PL also has a strong contribution
from optical phonon-assisted recombination. & In the model described below, we consider the recombination of dark excitons with the
assistance of one optical phonon, the so-called 1PL emission. The 1PL emission is arranged predominantly via admixture of the 0V
bright exciton.!” This results in the recombination of &2 dark excitons with the emission of photons that are linearly polarized along
the c-axis of a nanocrystal. ®17 The spatial distribution of the PL intensity, in this case, corresponds to the emission of the 1D dipole and
has a maximum for the propagation of light in the plane perpendicular to the c-axis (Figure S13(c), green curve). Also, we analyze the
impact of the dark exciton recombination via the admixture of the 0V bright exciton, caused by the interaction with acoustic phonons. 17
The inhomogeneous broadening of the PL spectra in the samples under investigation is much larger than the typical energies of the
acoustic phonons. For this reason, we neglect the energy shift between the ZPL emission and the acoustic phonon-assisted emission,
i.e. we consider the emission at the ZPL energy which includes the contributions coming from the admixture of the 0V and +1% bright
excitons to the dark exciton.

With the account of the ZPL and 1PL contributions and the random orientation of the NCs in an ensemble, the spectral dependences
of the o polarized PL intensities in a magnetic field are given by:

1

Ii(EvB) = /0 dx Z |:Ii‘,iZPL('x7 B)fZPL(E - 6Ei(B>x)) +I[%E1PL(X>B)f1PL(E - BEi(Brx))} B (88)
: i=%2

where §E.,(B,x) = £grupBx/2 are the Zeeman shifts of the £2 dark excitons, up is the Bohr magneton, gr is the dark exciton g-factor,

x = cos O with 6 being the angle between the c-axis of the nanocrystal and the magnetic field direction. Il.iZPL (x,B) and Ifl p(x,B) are

the intensities of the dark exciton emission with 6 (6~) polarization in the external magnetic field applied in the Faraday geometry

for NCs without and with emission of an optical phonon, respectively.

The functions fzp.(E) and fipy(E) determine the inhomogeneous broadening of the PL spectra due to the NC size dispersion in an
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ensemble. We consider the case of a normal distribution:

s 1 _ (E—38Ei(B,x) —Egp )

fzpL(E — 8E;(B,x)) = s P < 2 ; (89)
1 E —8E;(B,x)—E%, )?

f]pL(E — 5E,-(B7x)) = Wi o exp <—( (waz) IPL) > = fZPL(E — 5E,-(B,x) +EL0)~

Here E; o = 26 meV is the optical phonon energy in CdSe, EgPL and E{p, = E%PL — E; o are the maxima of the ZPL and 1PL emission
from the dark excitons, corresponding to the maximum of the size distribution.
The experimental data on the DCP of the emission presented in this paper are measured under continuous-wave excitation. Thus, we

are interested in the time-integrated PL intensities IliZPL(x B) and Ili1 p(x,B), which are defined as follows:

IIZ,ZPL(X’B) = FiZ,ZPL(x’B)Nex(X7B)7 IIZ,IPL(X7B) =T, 1pp. (X, B)Nex(x, B), (810)
G
Nex(x,B) = ———, (811)
eX( ) %Ot(x>B)

where G is the generation rate of excitons, ¥, is the total exciton recombination rate, N, is the equilibrium population of the excitons.
The external magnetic field not only splits the exciton Zeeman sublevels (by the field component parallel to the c-axis), but also
mixes the bright to the dark exciton states (by the field component perpendicular to the c-axis). This mixing results in the additional
activation of the dark exciton, which can be described within second order perturbation theory in moderate magnetic fields 617 The
resulting magnetic field and angular dependent recombination rates FLZPL (x,B) contributing to the ZPL emission are given by:

1 eUpB 2
l"ilZPL(x,B)_z'ygn2()@3){((%\/;8) (1—x2)+1> (1$x)2+xac(l—x2):|7 (s12)
+ 1 gelisB\’ 2 2 2
Cha 8 = gremia(ed) | (S922) (=201 ) 2024 21 -2)|. (513)
Ve = ﬁi n:02<a—3)3meV (514)
T’ “\a '



where g, is the electron g-factor, € is the characteristic energy of interaction, which results in the admixture to the dark states of the
+1% bright exciton states in zero magnetic field, y,. = Yuc/7 is the ratio of the linearly and circularly polarized recombination rates
of the ZPL emission at B =0 T, 1 is the lifetime of the 0V bright exciton, n.,(x,B) are the Boltzmann populations of the +2 dark
exciton states, respectively. Note that the angular dependence (x-dependence) arises not only from the perpendicular component of
the magnetic field, but is also caused by the spatial profiles of the emission distribution for the 1D and 2D dipoles. In modeling we
use 1 = 0.2(ap/a)® meV which fits AE4r values from FLN measurements. The only parameter in our modeling which depends on 7 is
riin determining polarization properties of 1PL emission (see below). For 1 = 0.1(ap/a)® meV corresponding to short-range exchange
interaction between electron and hole, relative change of r;;,, does not exceed 2% for the whole range of considered NC diameters, and
does not affect our conclusions about the role of the 1PL emission of the dark excitons.

The angle-specific recombination rates of the dark excitons with assistance of the optical phonons are given by:

1
I 1 (6,B) = 3% (x. B2 (6,B) [ria (1 =) + (1 = ) (17002 (S15)
1
Iy 1pr(6,B) = §Y£X(X7B)"+2(X73) [rlin(l =)+ (1= ) (1 ix)z} ; (516)
gellsB 2 2
x(x,B) = xo 1+C|pL(2ﬂ£> (I—=x9)]. (817)

Here xo = 1.0/ is the ratio of the 1PL recombination rate to the ZPL recombination rate at B=0 T. ¢;p is a phenomenological
parameter, which determines the increase of the 1PL recombination rate in a magnetic field. The parameter r;;,, determines the fraction
of the optical phonon-assisted recombination rate via the admixture to the 0 bright exciton. According to Ref. 17 it equals to:

-1

E2 (A+4n+Ep)?

Plin = Lo(A+4n+E0) — (S18)
2(3AT’+EL0(A+4T])+EL0)2

The factor 2 in the denominator instead of 4 in equation (19) from Ref. 17 is used because here we are interested in recombination
rates, while in Ref. 17 transition dipole moments were compared.

The total recombination rate equals to:

_ gelipB\’ 2
Yiot (X, B) = Ye (1=x)"+14+x(x,B)+ Xac | - (519)

2V2¢

$4.2 Ensemble-averaged PL decay

The fitting of the DCP and the positions of the polarized PL maxima is performed together with fitting of the 7;,,,(B) dependence.
As the PL decay is measured from an ensemble of randomly oriented nanocrystals, we need to develop a procedure for averaging the
exciton lifetime over the ensemble. Let us consider the decay of the normalized PL intensity of the dark excitons at a fixed energy E for
the randomly oriented ensemble. The increase of the dark exciton recombination rate depends on the angle 6 between the c-axis of the
NC and the direction of the magnetic field. The total PL decay equals to the sum of decays from NCs having all possible values of the
angle 6:

Jo dxG(x, B)exp [~t%ior (x, B)]

I(E,B,t) =A , S20)
(E.B.0) =4 & dxG(x,0) (
~ Yeor (va) %Ot (X,B)
or(x,B) = = ; S21
Fio (. B) Yot (X,0)Tg—0  (Ye + VL0 + Yac)TB=0 (521)
G(x,B) :fZPL(E) Z F?,:ZPL(va)‘FflPL(E) Z F;SPL(X>B)~ (S522)
=42 =42

Here I(E,B,0) is PL intensity at t = 0, Ay is the amplitude of the decay component corresponding to the dark exciton recombination
in the total PL decay. Note that ¥4 (x,0) = % + YLo0 + Yac is the radiative recombination rate of the dark excitons in zero magnetic field
and tg— is the lifetime of the dark excitons in zero magnetic field. We neglected the contribution of the Zeeman splitting of the dark
excitons in the functions fzp;,(E) and fipr(E), as these energies are much smaller than the characteristic PL linewidth. The characteristic
lifetime determining the PL decay of the dark excitons in magnetic field for a randomly oriented ensemble of NCs can be calculated as:

 Jo dxG(x,B) i1 (x,B) "

S23
[01 dxG(x,B) (523)

Tens (B)



It has the meaning of an ensemble-averaged dark exciton lifetime. The comparison of the calculated lifetimes Tens(B) (curves) and the
experimental times 77,,¢(B) (symbols) is presented in Figure 1(f). The fitting parameters are €, X0, Xac, and cpz, see Tables S3 and

S4. These parameters are fixed by fitting the 77,,¢(B) dependences and used in the further fitting of the field dependences of the PL
intensities and PL maxima.

S4.3 Energy of PL maximum in zero magnetic field

In an inhomogeneous ensemble of NCs the energy of the PL. maximum at B =0 T is determined by the relative intensities of the ZPL
and 1PL emission of the dark excitons. One can find the energy of the PL. maximum using the following consideration. At B=0 T the
PL intensity is given by:

1
:/O dx Z [I;EZPL(X)fZPL(E)+I@i1PL(x)f1PL(E)} : (524)
i=£2

In zero magnetic field the averaging over the random angle distribution of the ensemble in Eq. (S24) results in the same intensity for
both circular polarizations I (E) = I~ (E), as expected.

We can rewrite Eq. (S24) in zero magnetic field as

IF(E,0) = fzpL(E) (Izpr) + fipr(E) (hipL) (s25)
where
A+2x0c
I d 0 , S26
= x X om0 = 30555 (526)
_ 2202 = 11in)
I d. _— S2
(hpr) = / xlzﬂ,lm 30 20) (827)

Taking the derivative of Eq. (S25) we find the following condition for the PL maximum Ep,x as

Ero A
Emax = EZPL W(Emax) = EZPL - ELOﬁO(Emax) ) (528)

where o = (Izpr) / (ipr) = (2+ Xac) / X0(2 = 71in), Bo = (14 Bof (Emax)) ! and

E%O(l B 2B0 (Emax))
2w?

_ fzrL(Emax)
f(Emax) B flPL(Emax) P

(529)

It should be noted that the parameter f allows us to find the relation between y,. and ¥ in zero magnetic field. The parameter 3 can
be determined from the comparison of the ZPL and 1PL intensities measured in fluorescence line narrowing experiments.

In Figure S14(a) the dependence of En,x on the parameter ¥ is presented with y,. =0, rj;; = 0.7 and w = 30 meV. One can see that
an increase of y, representing the relative intensity of the 1PL emission, results in a shift of Ey,x towards the maximum of the 1PL
emission. For a fixed yy = 1.5 one can see in Figure S14(b) that a sufficiently large inhomogeneous broadening (w > 15 meV) results in
a constant shift of E,x from E%PL. For w < 15 meV a sharp return of Epyx to E(Z)PL is observed. The reason is that the spectra of the ZPL

and 1PL emission do not overlap anymore. In this case one can separate the ZPL and 1PL peaks, as usually observed in fluorescence
line narrowing experiments.
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Fig. S14 Energy of the PL maximum E..x as a function of (a) the LO-assisted recombination rate and (b) the inhomogeneous broadening of PL
spectrum.



S4.4 Calculation of PL maximum energy in magnetic field

To calculate the energies of the 6+ and ¢~ polarized PL maxima, presented in Figures 3(e-h), we use the following approach. Taking
the derivative of Eq. (S8), we find a condition for the total maxima of the o™ polarized PL in magnetic field, EL . (B). We assume
that the Zeeman energies §E; and the maximum shifts in magnetic field AEL,, (B) = EiL,, (B) — Emax are much smaller than w and keep
only the linear-in-magnetic field corrections to the energy terms and to the distribution functions, to write the following conditions for
AE, (B):

grsB (8L (B)) fo(1 — EZ B3 /w?) + (8Lip, (B)) [1 — EZ (1 — Bo)? /w?]

AEq«(B) = i 2 B2/ 2 I 2 B2 /2
2 (Lp(B)) fo(1 = EfpBg /w?) + (Iip (B)) [1 = Ef (1 — Bo)* /w?]
Bo(foBs(B)+1)—1 $30
O BB (1 BB W) + (1~ a1~ Bo)2/w] (530
Here,
(1ZpL(B) / dx Z izeL(xB), (Iip,(B) / dx Y Lip (x.B), (S31)
i=+2
1
<612ALPL(B)> :/0 dx[IfZ,ZPL(va)71%2,ZPL(va)]7 (832)
1
(8Ip,(B)) :/0 dx[ITy pp (%, B) =I5 1 pp (%, B)]. (833)

and B+ (B) = (I;p,(B)) / (If»,(B)). The second term in Eq. (S30) depends on the magnetic field only via B+ (B). Note that B4 (0) = By
and both terms in Eq. (S30) vanish at B =0.

Schematic in Figure S15 shows the density of dark exciton states +2 split in magnetic field (upper panel) for the ensemble of
annocrystals with size dispersion ~ 5%. The energy of the -2 state is lower, and its population (density) is higher. When we consider
both ZPL and 1PL emission of the dark excitons (lower panel), we find that left- and right-handed polarized PL maxima are shifted
to lower energies as compared to the maxima of -2 and +2 densities of states in the upper panel. Wherein the maximum of 6~ PL
spectrum has higher energy, and its intensity is also higher.
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Fig. S15 Density of the dark exciton states +2 (upper panel) and spectra of the circularly polarized PL (lower panel). Blue and red curves are plotted for
B= 30T. The black curve shows PL spectra at B= OT. Vertical dash lines show maxima positions. Spectra are plotted for a randomly oriented ensemble
of nanocrystals with accounting for size dispersion.

$4.5 Fitting parameters

The calculated results presented in Figures 1f, 2 and 3 were achieved assuming that the ZPL emission is governed solely by the admixture
of the +1F bright exciton. The fit parameters for this scenario are given in Table S3.



Table S3 Fitting parameters in Figures 1f, 2 and 3.

Sample D3.3 D4.1 D4.9 D6.1

gF 1.6 1.8 1.8 1.6 best fit

ge 1.42 1.32 1.23 1.1 Refs. 18-20

gh —0.06 —0.16 —0.19 —0.16 en="(8.—gr)/3
£ (meV) 0.23 0.24 0.25 0.32 best fit

Xo ="Y0/Ye 0.8 1 1.3 1.5 best fit

Xac = Yac/YS 0 0 0 0

cipL 0.2 0.35 0.45 0.5 best fit

w (meV) 50 36 32 30 PL linewidth

We also considered the case, in which the ZPL emission contains a contribution from the recombination of the dark excitons via the
admixture of the 0V bright exciton. For all studied samples we assumed that the recombination rates of the dark excitons through the
admixture of the £1° and 0V bright excitons are equal, i.e. Y = Yuc/Y = 1. The fit results in this case are presented in Figures $16
and S17. Within this scenario we also observe a good agreement with the experimental data. The main result that we obtain from the
inclusion of the dark exciton recombination via the admixture of the 0V bright exciton is an increase of the g-factor gr ~ 2.5 which is
close to the value reported for single CdSe NCs.2! The dark exciton g-factors and other fitting parameters for this scenario are given in

Table S4.

Table S4 Fitting parameters in Figures S16, S17 and S19.

Sample D3.3 D4.1 D4.9 D6.1
3r 2.4 2.6 2.6 2.4 Dest fit
ge 1.42 1.32 1.23 1.1 Refs. 18-20
o ~0.32 —0.42 —0.45 —0.43 gn=(g.—gr)/3
€ (meV) 0.18 0.19 0.19 0.25 best fit
20 =10/ Ye 1 1.4 1.75 2.25 best fit
Xac = Yac/ Ve 1 1 1 1
ClpL 0.12 0.18 0.25 0.25 best fit
w (meV) 50 36 32 30 PL linewidth
-0.84D3.3
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x, 1D6.1
A -0.4
-0.2 1
0.0 €— ——
0 10 20
Magnetic field (T)

Fig. S16 Magnetic field dependences of P (B) measured at the PL maximum in all samples under study. Lines are fits with Eq. 3. The contribution to
the ZPL emission via admixture of the 0V bright exciton is taken into account.
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Fig. S17 PL intensity and spectral shifts in magnetic field. (a-d) Time-integrated intensity of the o™ (red) and o~ (blue) polarized PL as function of the
magnetic field in CdSe NCs. (e-h) Corresponding PL peak energies. For all panels, the symbols correspond to the experimental data, while curves
show the results of calculations. In the calculations, the contribution to the ZPL emission via the admixture of the 0V bright exciton is taken into account.
Dashed lines in panel (e) show the Zeeman splitting of the dark exciton spin sublevels —2 (blue) and +2 (red) in a nanocrystal with c-axis parallel to
the magnetic field direction and gr = 2.4.



$4.6 Spectral dependence of DCP at B=30 T

Here we present a comparison of the calculated and experimental spectral dependences of the DCP for all studied CdSe NCs at B=30T.
The results of the calculation for the ZPL emission governed only by the admixture of the bright exciton +1~ with the fitting parameters
from Table S3 are presented in Figure S18. The results of the calculation with additinal inclusion of the ZPL emission governed by
the admixture of the bright exciton 0V with the fitting parameters from Table S4 are presented in Figure S19. From the fit results
we conclude that the increase of the degree of the PL polarization towards higher energies is governed by the decrease of the 1PL
contribution. This effect is pronounced in large NCs, while in the sample D3.3 the DCP is almost constant across the PL spectrum.
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Fig. S18 PL spectra of the o' (red) and o~ (blue) polarized components at B =30 T and PL spectrum at B=0 T (black). Green line shows the
experimental spectral dependence of the circular polarization degree at B =30 T. Red dashed line shows the calculated spectral dependence of the
DCP at B =30 T with accounting for the ZPL emission via the admixture of the &1 bright excitons solely.
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Fig. S19 PL spectra of the o' (red) and o~ (blue) polarized components at B =30 T and PL spectrum at B=0 T (black). Green line shows the
experimental spectral dependence of the circular polarization degree at B =30 T. Red dash line shows the calculated spectral dependence of the DCP
at B =130 T. The emission of the dark excitons at the ZPL energy via the admixture of the 0V bright exciton is included.



$4.7 Fitting for non-equilibrium population of +2 states

Here we consider the case when the populations of the +2 states due to slow spin relaxation do not approach the equilibrium values
in the applied magnetic field. We assume that after nonresonant excitation the excitons relax to the +1- states which are split in
the applied magnetic field. We also assume that before the relaxation to the +2 states thermal equilibrium between the +1% states is
achieved. Then excitons from the —1% state relax to the —2 state, while excitons from the +1~ state relax to the +2 state. In this case,
the populations of excitons in the 42 states are determined by the g-factor of the bright exciton, while the splitting of the +2 states is
determined by the g-factor of the dark exciton. The relationship between the bright exciton g-factor and the g-factors of electron and
hole is given in Ref. 22. From fitting of the experimental data (Figures S20, S21, S22) without the acoustic phonon-assisted contribution
to the ZPL, we find g5, = —0.5 for D6.1; —0.6 for D4.9; —0.77 for D4.1; and —0.43 for D3.3, with all the other fitting parameters being
the same as in Table S3.
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Fig. S20 Magnetic field dependences of the P (B) measured at the PL maximum for all samples. Lines are fits with Eq. 3. Only the contribution to
the ZPL emission via the admixture of the &1 bright exciton is taken into account. The populations of the dark exciton states +2 are considered to be
determined by the relaxation from the +1* states.

Considering the acoustic phonon-assisted recombination of the dark excitons in addition to the assumption about the slow spin
relaxation between the +2 states, we perform fits of the experimental data (Figures S23, S24, S25) with g, = —1.2 for D6.1; —1.4 for
D4.9; —1.6 for D4.1; and —1.6 for D3.3. The other fit parameters given in Table S4 remain unchanged, except for cip; = 0.08 for the
sample D3.3.
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Fig. S21 PL intensity and spectral shifts in magnetic field. (a-d) Time-integrated intensity of the o™ (red) and o~ (blue) polarized PL as function of
the magnetic field in CdSe NCs. (e-h) Magnetic field dependences of the corresponding PL peak energies. For all panels the symbols correspond to
the experimental data, while the curves show the results of calculations. Only the contribution to the ZPL emission via the admixture of the +1% bright
exciton is taken into account. The populations of the dark exciton states +2 are considered to be determined by the relaxation from the +1* states.
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Fig. S22 PL spectra of the ¢t (red) and o~ (blue) polarized components at B =30 T and PL spectrum at B=0 T (black). Green line shows the
experimental spectral dependence of the circular polarization degree at B =30 T. Red dashed line shows the calculated spectral dependence of the
DCP at B = 30 T with accounting for the ZPL emission via the admixture of the +1% bright excitons solely. The populations of the dark exciton states
+2 are considered to be determined by the relaxation from the +1* states.
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Fig. S23 Magnetic field dependences of the P (B) measured at the PL maximum in all samples. Lines are fits with Eq. 3. The contribution to the ZPL
emission via the admixture of the 0V bright exciton is taken into account. The populations of the dark exciton states +2 are considered to be determined
by the relaxation from the +1% states.
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Fig. S24 PL intensity and spectral shifts in magnetic field. (a-d) Time-integrated intensity of the o* (red) and o~ (blue) polarized PL as function of the
magnetic field in CdSe NCs. (e-h) Magnetic field dependences of the corresponding PL peak energies. For all panels the symbols correspond to the
experimental data, the curves show the results of calculations. The emission of the dark excitons at the ZPL energy via the admixture of the 0V bright
exciton is included. The populations of the dark exciton states 42 are considered to be determined by the relaxation from the +1% states.
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Fig. S25 PL spectra of the ot (red) and o~ (blue) polarized components at B =30 T and PL spectrum at B=0 T (black). Green line shows the
experimental spectral dependence of the circular polarization degree at B =30 T. Red dash line shows the calculated spectral dependence of the DCP
at B =30 T. The emission of the dark excitons at the ZPL energy via the admixture of the 0V bright exciton is included. The populations of the dark
exciton states +2 are considered to be determined by the relaxation from the 41~ states.



$4.8 Dark exciton and hole g-factors determined from fitting

In Figure S27 we show the dark exciton and hole g-factors determined from fitting of the experimental data. These g-factors are releated
to each other by the equation g, = (g. — gr)/3. Here g, is electron g-factor. The size dependence of the electron g-factor (see Figure
$26) is well studied and can be found in Refs. 18-20. One can see in Figure S27 that the consideration of the linearly polarized ZPL
emission and the non-equilibrium population of the dark exciton states significantly modifies the derived dark exciton g-factor (from
~ 1.6 to ~5) and hole g-factor (from ~ —0.1 to ~ —1.4). These results indicate that the value of the hole g-factor determined from the
analysis of the polarized PL under nonresonant excitation depends on the number of considered recombination channels of the dark

exciton and its spin relaxation.

Fig. S26 Size dependence of the electron g-factor in CdSe NCs according to Refs. 18-20.
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Fig. S27 Size dependence of the dark exciton and hole g-factors determined from fits using the following assumptions: (a,b) Fast spin relaxation
between the +2 states and ZPL emission via the +1% admixture; (c,d) Fast spin relaxation between the +2 states and ZPL emission via the +1% and 0V
admixture; (e,f) Slow spin relaxation between the +2 states and ZPL emission via the +1* admixture; (g,h) Slow spin relaxation between the +2 states
and ZPL emission via the +1- and 0V admixture.
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