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Supplementary Note 1 

These are the steady-state governing transport (Nernst-Planck equation) and conservation 

equations of the ionic species, considering charge neutrality: 

−∇. 𝑁𝑖 + 𝑅𝑖 = 0          (S1) 

𝑁𝑖 = −𝐷𝑖∇𝑐𝑖 −
𝑧𝑖𝐷𝑖

𝑅𝑇
𝐹𝑐𝑖∇𝜙l + 𝑐𝑖𝑢        (S2) 

Ni is the molar flux vector, Ri is the reaction source term, Di is diffusivity, ci is the concentration, 

and zi is the charge of species i. u is the electrolyte velocity vector, F is Faraday’s constant and 𝜙l 

is the electrolyte potential. The above equations apply for H+, K+, HPO4
2- and H2PO4

- in our study. 

Local equilibrium of buffer species (i.e., H+, HPO4
2- and H2PO4

-) was also assumed. For the 

dissolved neutral species (i.e., H2 and O2), equation S2 is simplified to the diffusion-advection 

equation where zi = 0. The velocity term was determined by solving the mass and momentum 

(Navier-Stokes equation) conservation equations under laminar flow condition. 

∇. 𝑢 = 0           (S3) 

𝜌𝑢. ∇𝑢 = −∇𝑝 + 𝜇∇2𝑢 + 𝜌𝑔         (S4)   

 is the density, p is the pressure,  is the viscosity and g is gravity. At the electrode surface, mass 

fluxes were determined by the local current density (iloc) and the stoichiometry coefficients (i) of 

the redox equilibrium reaction.  



𝜈Ox𝑂𝑥 + 𝑛𝑒− ⇌ 𝜈Red𝑅𝑒𝑑         (S5) 

𝑅𝑖 =
−𝜈𝑖𝑖loc

𝑛𝐹
           (S6) 

The stoichiometry coefficients for H+, H2 and O2 are −4, 2 and −1, respectively, when the number 

of electrons (n) is 4. The local electrode current density (iloc) was determined by Butler-Volmer 

equation. 

𝑖loc = 𝑗0 {𝑒𝑥𝑝 (
𝛼a𝐹𝜂

𝑅𝑇
) − 𝑒𝑥𝑝 (

−𝛼c𝐹𝜂

𝑅𝑇
)}       (S7) 

j0, a and c are exchange current density, anodic and cathodic transfer coefficient, respectively. 

The overpotential () for the anode and cathode was determined by:  

𝜂anode = 𝜙s − 𝜙l − 1.23 +
𝑅𝑇

2𝐹
ln

𝑐
H+,bulk

𝑐H+
       (S8) 

𝜂cathode = 𝜙s − 𝜙l − 0 +
𝑅𝑇

2𝐹
ln

𝑐
H+,bulk

𝑐H+
       (S9) 

𝜙s is the electrode potential. The Ohm’s law governs the transport of charge in the electrode, and 

Nernst-Planck equation determines the charge transport in the electrolyte. 

𝑖s = −𝜎𝑠∇𝜙s           (S10) 

𝑖l = 𝐹 ∑ 𝑧𝑖𝑁𝑖𝑖            (S11) 



𝑖l = −𝑖𝑠 = ∑ 𝑖loc          (S12) 

il and is are the current density in the electrolyte and electrode, respectively, and s is the electrode 

conductivity (see manuscript for further descriptions of s). Steady-state solutions of all the 

governing and conservation equations were obtained using the MUMPS solver, which is a direct 

method based on lower-upper (LU) factorization (matrix triangulation), and the following 

dependent variables: p, u, 𝜙l, 𝜙s, 𝑐H+, 𝑐HPO4
2−, 𝑐H2PO4

−, 𝑐O2
, 𝑐H2

. 

  



Table S1. Table of baseline parameters used in the simulations. Unless specifically mentioned in 

the manuscript text or figure captions, the parameters here were used. 

 Parameter Value Ref. 

Electrolyte Initial H+ concentration, 𝑐H+,𝑖 10-7 M (pH = 7)  

 Initial HPO4
2- concentration, 𝑐HPO4

2−,𝑖 1.2 M  

 Initial H2PO4
- concentration, 𝑐H2PO4

−,𝑖 0.8 M  

 Initial dissolved O2 concentration, 𝑐O2,𝑖 0 M  

 Initial dissolved H2 concentration, 𝑐H2,𝑖 0 M  

 Diffusivity of H+, 𝐷H+  9.3 × 10-9 m2/s S1-2 

 Diffusivity of K+, 𝐷K+  1.96 × 10-9 m2/s S1-2 

 Diffusivity of HPO4
2-, 𝐷HPO4

2− 0.69 × 10-9 m2/s S1 

 Diffusivity of H2PO4
-, 𝐷H2PO4

− 0.85 × 10-9 m2/s S1 

 Buffer equilibrium constant, Keq 1.5 × 10-4 mol/m3 S3 

 Diffusivity of O2, 𝐷O2
 2.4 × 10-9 m2/s S1 

 Diffusivity of H2, 𝐷H2
 5 × 10-9 m2/s S1 

 Inlet velocity, vin 0.27 cm/s  

 Inlet entrance length, Lentr 0.01 m  

 Outlet pressure, pout 105 Pa  

 Dynamic viscosity, µ 0.89 mPa s S1 

 Density, ρ 998.5 kg/m3 S1 

 Temperature 300 K  

Electrode HER exchange current density, i0,HER 10 A/m2 S4-5 

 HER anodic transfer coefficient, αa,HER 0.5  

 HER cathodic transfer coefficient, αc,HER 0.5  

 OER exchange current density, i0,OER 10-4 A/m2 S4,S6-8 

 OER anodic transfer coefficient, αa,OER 1.9  

 OER cathodic transfer coefficient, αc,OER 0.1  

 Electrode conductivity, σel 105 S/m  

 Applied average current density, japp,s 10 mA/cm2  

Geometry Cell height, hcell 10 cm  

 Cell width, wcell 3 cm  

 Electrode height, hel 8 cm  

 Electrode thickness, simulated, del 1 mm  

 Electrode thickness, real, del,0 0.5 µm  

 

  



 

Figure S1. Reynolds number (Re) for the various cell widths (wcell) and inlet velocities (vin) 

investigated in this study. For all combinations, Re remains well below the laminar-turbulence 

transition value. 

 



 

Figure S2. Schematic of the cell indicating edges where several boundary conditions were applied: 

(a) average current density at the anode’s electrical contact (red) and ground at the cathode’s 

electrical contact (orange), (b) insulation, −𝑛. 𝑖s = 0 (blue edges), and (c) no flux, −𝑛. 𝐽𝑖 = 0 

(green edges). 



 

Figure S3. Schematic illustration of potential distribution within the cell, which constitutes the 

total cell voltage (Vcell). Vohmic,substrate-anode = substrate ohmic loss at the anode, Vohmic,substrate-cathode = 

substrate ohmic loss at the cathode, Eeq-anode = thermodynamic equilibrium potential for the reaction 

at the anode surface, Eeq-cathode = thermodynamic equilibrium potential for the reaction at the 

cathode surface, OER = kinetic overpotential for the oxygen evolution reaction, HER = kinetic 

overpotential for the hydrogen evolution reaction, VpH grad-anode = Nernstian loss due to pH gradients 

at the surface of the anode, VpH grad-cathode = Nernstian loss due to pH gradients at the surface of the 

cathode, Vohmic,electrolyte = electrolyte ohmic loss. 

 



 

Figure S4. Relative error of (a) average electrode potential for varying maximum mesh element 

size and (b) average local current density for varying relative tolerance. The black arrows show 

the chosen mesh size and relative tolerance for our simulations. 

 



 

Figure S5. Optimized mesh configuration used in this study. Magnifications of area close to the 

center of the electrodes (red) and at the edges of the electrode (yellow) are also shown. The 

vertical blue line in these magnified figures identifies the electrode-electrolyte interface. 
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Figure S6. Time-dependent average pH at the surface of the anode (black) and cathode (red) 

for inlet velocity (vin) of 0.0 and 0.27 cm/s. The average current density at the surface of the 

electrodes (japp,s) is 10 mA/cm2. 

 



 

Figure S7. Percentage of transmitted light that are blocked by the metallic lines for various contact 

widths (wcontact) and spacing between the metallic lines (dcontact). Note that a decrease of wcontact 

results in higher resistive loss within the metallic lines; for a silver line with a thickness of 2 m, 

an average length of 2 cm and dcontact of 1 cm, the voltage loss along the line is 18 and 36 mV for 

wcontact of 1 and 0.5 mm, respectively (japp,s = 10 mA/cm2). 



 

Figure S8. Local current density distribution at the surface of the electrode (cathode) (a) with and 

without 1 cm Ni lines (vin = 4 cm/s) and (b) for various inlet velocities (dcontact = 1 cm). (c)  Substrate 

ohmic loss with increasing inlet velocity. The electrodes have metallic lines with spacing of 1 cm. 

The electrolyte is 2 M KPi buffer (pH 7). japp,s = 10 mA/cm2, hel = 8 cm, hcell = 10 cm, and wcell = 3 

cm. 

 



 

Figure S9. (a) Product crossover as a function of inlet velocity for various cell widths. (b) 

Concentration contour for O2 (black) and H2 (red) where ci = 0.01 × ci|x=surface,y=outlet. The electrolyte 

is 2 M KPi buffer (pH 7). Faraday efficiency of 100% is assumed. japp,s = 10 mA/cm2, hel = 8 cm, 

and hcell = 10 cm. 



 

Figure S10. (a) Contribution of the electrolyte ohmic loss (Vohmic,electrolyte), the pH gradient loss 

(VpH grad), and the substrate ohmic loss (Vohmic,substrate) as a function of the electrolyte velocity close 

to the electrodes (see bottom x-axis), as obtained by including the respective volume force (Fvol, 

see top x-axis) to simulate bubble-induced convection. The electrolyte velocity profiles close to the 

electrodes are shown in (b). The electrolyte is 2 M KPi buffer (pH 7). japp,s = 10 mA/cm2, vin = 1 

cm/s, hcell = 10 cm, hel = 8 cm, dcontact = 1 cm, and wcell = 1 cm. 
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